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Abstract

The solutions provided in this work address the classic but still relevant
topic of establishing new classes of univalent functions linked to ¢-Chebyshev
polynomials and examining coefficient estimates features.  Aspects of
quantum calculus are also considered in this research to make it more unique
and produce more pleasing outcomes. We introduce new classes of univalent
functions connected to g-Chebyshev polynomials, which generalize certain
previously investigated classes. The link among the previously published
findings and the current ones are noted. For each of the new classes,
estimates for the Taylor-Maclaurin coefficients |ry| and |r3| are derived and
the much-studied Fekete-Szegt functional.

1 Introduction and Definitions

The normal calculus is replaced by quantum calculus, which does not have the
concept of limits. In mathematics and physics, it has a wide range of applications.

Jackson [1,2] introduces both g-derivative and g-integral as fundamental tools in
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a methodical manner. In reality, the g-calculus theory can be used to describe
univalent function theory. Furthermore, in recent years, fractional g-derivative
operators and g-integral have been employed to create numerous subclasses of
holomorphic functions using g¢-calculus operators (see for more details [3H11]).
Purohit and Raina [9] looked at the usage of g-calculus fractional operators to

define several holomorphic functions in U.

Chebyshev polynomials are used to investigate a subclass of univalent
functions in [12]. The authors computed the Taylor-Maclaurin coefficients as
and as for functions in the class L(«,t) in |12]. Chebyshev polynomials were
utilized by Altinkaya et al. [13] to discover coefficient expansions for a vast
subclass of univalent functions denoted by K(\, t). Recently, the Komatu integral
operator [14] was utilized to investigate a novel subclass of univalent functions
as well as Chebyshev polynomials. Researchers on the Univalent function using
the Chebyshev polynomial have recently contributed [15-19]. The g-analogs
of second-order bivariate Chebyshev polynomials were established by Al Salem
and Ismail [20]. Johann Cigler [21] developed the g-analogues of bivariate
Chebyshev polynomials in 2012, which allows for straightforward generalizations
of many features of classical univariate polynomials, as shown in , for more
details see [22,23]. The Univalent function, on the other hand, has not been
investigated using ¢-Chebyshev polynomials, which have numerous applications

in mathematics.

The function class is symbolized by the letter A, which has the following

representation:
o
f(z):z—i—Zrl,zl’, (z € 1), (1.1)
v=2

that are holomorphic in the region U = {z : z € C,|z| < 1} and satisfy the

following normalization conditions:

f0)=0=f'(0) - 1.

In addition, we will refer to S as the class of all functions in A that are univalent
in U.
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The following important univalence criterion was derived using inclusion

relations for the subclass SJ by the author in [24]:

Theorem 1.1. Let f € A satisfy

2:0(2) + 2"(2)
3C*( )+ 27 (2) > >0 (12

Then f(z) is starlike univalent in U.

Consider univalent normalized functions of the kind , the Fekete-Szego
functional |r3 — ¢r3| has a long history in geometric function theory. The authors
in [25] disproved Paley’s conjecture and Littlewood that the coefficients of odd
univalent functions are confined by unity in 1933. Since then, the functional has
gotten a lot of attention, especially in subclasses of the univalent function family.
This problem appears to have piqued the interest of scholars in recent years (see,

for example, [26H31]).

Definition 1.1. For g € (0, 1), the g-differentiation of function f can be defined

as
Dgf(0) = f(0) =0, Dgf = (2(1 = q))"'[f(2) — f(2¢)] and
’Dﬁf =D9¢(9qf) (z#0). (1.3)
Clearly, if we use in place of , we get

D,f(z) =271z + Z[V]qr,,z”] and ng(z) =zt Z[V + 1y [V)grvz” "
v=2 v=2

where [V]; = (—¢+ 1) (—¢" + 1) and limy_1[v]; = v.

For example, if f(z) = z¥, so applying (L.3)),
Dof(2) =Dy(z") = (1= q) 1(1 = ¢") x 2" = [V]gz""
and

lim D, f(2) = lim ([v];2" ") = v2""' = f(2).
qg—1 qg—1
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To the best of our knowledge, there are no studies of g-Chebyshev polynomials
connected to univalent functions in the literature. The primary purpose of this
study was to investigate the properties of univalent functions associated with
g-Chebyshev polynomials. The initial coefficient estimates for the Fekete-Szego
issue for univalent function subclasses HB(q,n,a), HN(q,n,a), and HL(q,n,a)
are derived using the ¢-Chebyshev polynomial expansion in this study. Using
particular ¢-Chebyshev polynomials, the authors concentrated on the bound of

coefficient functionals for novel subclasses of univalent functions.

2 Bounds of the Coefficients and Fekete-Szego

Inequalities

If the following subordination holds, a function f € A is considered to be in the
class HB(q,n,a), % <a<1l,0<qg<l,zeC,-1<n<2 2€0,

220,f(2) + 2°D2f(2)
f(2) + 294 f(2)

where ®y is the ¢-differential operator and < is the symbol for subordination [32].

< U(q,n,a) (2.1)

Thus, we can write
= 1
U(g,n,a) ZHpq,na <2<a<1,0<q<1,—1<n<2>, (2.2)
p=0

where

A+ )+ (23)

are called g-Chebyshev polynomial of the second kind. We have

Hp(qv n, a) = (1 + qp)aprl(Q7 n, a) + qp—lan72(q7 n, a)
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and

Hl(Q7nva) =a+ aq
Hy(q,n,a) =ng+ d” + a’q* + qa® + a*¢°

Hs(q,n,a) = nqa + nq3a + nq2a + nq4a + a?’[q6 + q5 + q4 + 2q3 + q2 +q+1).
(2.4)

Remark 2.1. We can see that
Hp(lv _17a) - Hp(a)v

where H,(a) is the classical Chebyshev polynomial of the second kind.

The estimates on the Taylor-Maclaurin coefficients |r2| and |rs| for functions

in the class HB(q,n,a) are determined.

Theorem 2.1. Let f(z) € HB(q,n,a). Then

2a(1 +
ira] < (1+4q)
14 2¢q
and
" |<2a2 (2¢® + 2¢* + 5g + 3) 2a + 2aq + ng
T )21+ 29) P +32+3¢+1
and for ¢ € R
2a
(g+1)?
for all ¢ € [¢1, ¢2],
|rs — ¢T%‘ <

2a | @*(q+1)(q?4+1)+qn 1 C+9)(+g)a 2¢a(q>+3q%+3q+1)(q+1)
(g+1)? (1+q)a 2g+1 (2¢+1)?

for all ¢ ¢ [¢1, P2],
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where

3a% 4+ 4a?¢3 + 7a*¢® + 8a2q + 2a%¢* — a — 5ag + ng
— 8aq? + 4ng? — 4aq® + 4ng3

o1 = 2a2¢° + 10a2¢* + 20a2¢3 + 20a2¢? + 10a%q + 2a%2 '
3a? + 4a%¢® + Taq* + 8a’q + 2a%¢* + a + 5aq + nq
s + 8aq? + 4nqg? + 4aq?® + 4ng3
9 = :

2a2¢° + 10a2q* + 20a2¢3 + 20a2¢? + 10a2q + 2a?

Proof. Let f(z) € HB(q,n,a). From , we get
229,f(z) + z%@éf(z)
f(2) + 204 f(2)

for some homorphic functions w such that w(0) = 0 and |w| < 1, for all z € U.

Taking it from ([2.5)), we get

220,f(2) + 2°D2f(2)
f(z) + 29,f(2)

=14 Hi(qg,n,a)w(z) + Ho(q,n,a)w?(z) + -, (2.5)

=14+ Hi(q,n,a)s12+[Hi(g,n, a)s2+Ha(g,n,a)s3]z*+- - -

(2.6)
If |w(2)] = |s12 + 8222 + 832 +--+| < 1 and 2 € U, it is a well-known fact that

|s¢] <1, forall ¢ €N, (2.7)
and
|sg — €57 < max{1 4 [¢[}, for all £ € R. (2.8)
As a result of (2.6)), it follows that

1+2¢q
2

ro = Hl(q7 n7a)817 (29)

@ +3¢>+3¢+1 2¢% + 5q + 2
T3 —
2 4
From (2.4)) and ([2.9)), we get

r2 = Hy(q,n,a)ss + Hy(q,n,a)s?.  (2.10)

2M1+@‘

<
Iraf < 1+2g
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Then, usimg (2.9) in (2.10), we can find the bound on |rs|.

. 2H1(g,n,a)se 2H(q,n,a)s? (4 4+ 10g + 4¢*)H?(q,n, a)s3
ST P A3 +3¢+1 | P32 +3¢+1 45 +16¢1 +25¢3 +19¢2 + T+ 1
(2.11)

In light of (2.4)) and (2.7)), we have (2.11])

2a” (2¢® + 2¢* 4 5q + 3) 2a + 2aq + ng

r3| < :
Irs] < (¢+ 1% (1+2¢) ¢ +3¢%+3q+1

From (2.9) and (2.11)), for ¢ € R, we get

HQ(Q,TL,G) 2+q
H1<Q7n7a) 1+2q

2H1(Q7n7 a/)
G+3¢2+3¢+1

‘r3_¢7%‘ = Hl(Qvnva)

@ +32+3¢+1
(14 2¢)?

— 24

Hl((bnaa’)}’s% .

In light of ({2.8]), we arrive to the following conclusion:

2H1(Q7nva')
3 5 max< 1,
q°+3¢=+3qg+1

H2(qanva) 2+q
Hl(qanaa) 1+2q

}. (2.12)

a?(1+q) (1+¢*) +aqn
(I1+q)a

|7"3—¢7"g| < Hl(‘]vn7a)

_9 @ +32+3¢+1
(1+2¢)?

Finally, by applying (2.4]) in (2.12)), we have

2a
t 1)2 maxq 1,

2+q)(1+qa 2¢a(d®+3¢>+3¢+1) (1+q)
1+2¢ (1+2¢)*

Hl (Q7 n, CL)

rs — ¢r3| <

}. (2.13)

a®(14q) (1+¢*) +qn (2+q)(1+q)a_2<ba(q3—|—3q2+3q+1) (1+q)
(1+q)a 1+2¢q (1+ 2¢)*

Because a is greater than zero, we have

<1

Earthline J. Math. Sci. Vol. 10 No. 2 (2022), 365-384



372 Timilehin Gideon Shaba and Dere Zainab Olabisi

< ¢1 < ¢ < ¢o.

O]

Theorem leads us to Corollary in the particular case where ¢ = 1 and

n=—1.

Corollary 2.1. Let f(z) € HB(a). Then

4a
Vﬂ<§*
and
16a® 4 4a — 1
lrs| < — s
and for ¢ € R
g for all ¢ € [p1, po],
‘7“3 — qﬁr%} S
2
a4l 1 90— ¢32| for all ¢ ¢ (61, ),
where
24a? —18a — 9 24a® +18a — 9
=t =TS
64a 64a

Consequently, assuming the following subordination holds true, a function
f € A'is considered to be in the class HN (¢, n,a), % <a<1l,0<qg<1l,zeCC,
—1<n<2 2T,

<zi)qf(z))’8 D,f(2) + 205 f(2)
f(2) Dqf(2)

Where ©,, is the g-differential operator and U(g,n,a) is given by (2.2)).

1-p
) < U(q,n,a). (2.14)

Theorem 2.2. Let f(z) € HN (¢, n,a, ). Then

aq—i—a
r <
Iral < 1-B+q

http://www. earthlinepublishers.com
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and
‘T‘<2a2(q2+1)(1*B+Q)2+(2q2*2qﬁ+4q*ﬁ2*5*2q25+2)2(1+qm2
= 21— 8+ (2+q—B—q2B+1)
a(l+q)+qgn
I+q)(P+q-B-¢*B+1)
and for ¢ € R

for all ¢ € [¢1, ¢2],

a?(1+q)(1+¢?)+qn | (2¢>—2qB+4q—B—B>—2¢*B+2)(1+q)a
(I+q)a 2(1+q—f)?

2 a
|r3 N (Z)TQ‘ S Frep—gA

_ag(q+1)* (> +q—B—a*B+1)
(¢+1-8)

for all ¢ & [¢1, pa],

where
(¢ +1)a2(¢* + 1) (g +1 - B)* + (2¢* — 298 — B* — 2¢°8
b1 = +4q—B+2)(g+1)a] —2(¢+1—B)*lga+a— qn]
2(g+1)3a?[(1+ g+ ¢*)(1 - B) + qf] ’
(1+q)a?2(* +1)(1 4 q — B)* + (2¢* — 2¢8 — B> — 2¢°8
b = +4q—6+2)(Q+1)a]—2(q+1—5)2[qa+a+qn]_

2(q+ 1)3a?[(1+ ¢+ ¢*)(1 = B) + qf]

Proof. Let f(z) € HN (q,n,a,3). From (2.14), we get

f(z) Dqf(2)
=1+ Hi(q,n,a)w(z) + Holq,n,a)w?(2) + -, (2.15)

<z@q f(z)>ﬁ (”qu(Z) + z®§f<z>> o
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for some homorphic functions @ such that w(0) = 0 and |w| < 1, for all z € U.

Taking it from ([2.15)), we get
<Z©qf(z))ﬁ (’qu(z) + z@ﬁf

1-5
z
( )> 1 Hy (g, @)z + [Hy (g, my a)ms

f(2) D,/ (2)
+ Hy(a,n,q)m3)z> +--- . (2.16)
If | (2)| = |m1z +mez? +m3z3+---| < 1 and z € U, it is a well-known fact that
Im¢| <1, forall ¢ €N, (2.17)
and

Ima — ¢m?| < max{1 +|¢|}, forall (€ R. (2.18)

As a result of , it follows that
(14+q—pB)re = Hi(q,n,a)mq, (2.19)

20 —2qB+4q—B—B*—2¢*B+2 ,
- Hl(Q)nva)mQ + HQ(Q: n,a)m%. (220)

(¢ +2¢°+29—B—*B—qB—q*B+1)r3

From (2.4) and (2.19), we get

aq + a
ro| < ——.
|ﬂ_1—ﬁ+q
Then, usimg (2.19) in (2.20]), we can find the bound on |rs].
Hi(q,n,a)ms Ha(g,n,a)m?

BT AT )@ tq-B-@B+D) (1t @+q-B-¢B+1)

(2¢® —2gB + 49 — B — 8% — 2¢*B + 2)H%(q, n, a)m?
2(1+q-B)°(2+q—B—a28+1)(1+q)
In light of (2.4)) and (2.17)), we have ([2.21])

2a2(q2+1) (1+q—5)2+(2q2—2qﬁ+4q—ﬁ2—6—2q25+2)2(1+q)a2

(2.21)

Irsl < 2 (g2 2
2(1-p4+q)" (¢*+q—B—-q¢*B+1)
a(l+q)+qgn
A+ (@P+q—B—-¢*B+1)
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From (2.19)) and (2.21)), for ¢ € R, we get

Hl(qanva)
1+q)(®?+q—-B—-¢*6+1)
2¢% — 2qB +4q — B — B* — 2¢*B + 2

2
r3 — ory| =
| ’ ¢ 2| ( Hl(Qan7a)

Hs(q,n,a
m2+{ 2(q )

+ Hl q)naa)
2(1+q—-p)? (
2 2
¢ +q-—pF-—qp+1 2
_(1+Q)¢ Hl(Q7n7a) my|-
(1+q—-p)°
In light of (2.18]), we arrive to the following conclusion:
Hi(g,n,a) Hs(g,n,a)
2 1\q, N, 24,1,
r3 — ory| < maxs 1, | ——=
s S T @ q- -] { Hi(q,n, a)
2¢°> —2qB +4q — B — B?> —2¢*°B+ 2
L2 —29f 49— f 62 ap Hi(g,n, )
2(14+q-5)
2 2
¢ +q-—pF-—qp+1
(1499 Hi(q,n,a)| ». (2.22)
(1+q—8)°

Finally, by applying (2.4]) in (2.22)), we have

2 2
9 a a (1+q)(1+q)+qn
rg — ¢ry| < max 1,
AU gy e { (1+4q)a

(2¢* —2¢8+ 49— B—B*—2¢°B+2)(1+q)a
2(1+q— B)°
L ad(g+ 1)’ (P+g-B—¢*B+1) } (2.23)
a’(1+q) (1+q2)+qn+ (24> —2g8+4q— B — B> —2¢*8+2) (1 +q)a

(q+1-p)?
Because a is greater than zero, we have
(1+q)a 2(1+q-B)°
Cad(g+ 1) (P +g-B—¢B+1)

(q+1-p5)°

+

<1
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< ¢1 < ¢ < ¢o.

Theorem [2.2] leads us to Corollary [2.2] in the particular case where g = 0.

Corollary 2.2. Let f(z) € HN(q,n,a). Then

Iro| < a
and )
Irg| < a’q® +2aq* + 3a%q + 2a® 4+ aq + a + nq
3 = 3
(¢+1)(q(g+1)+1)
and for ¢ € R
a
1+q+q?
for all ¢ € [¢1, ¢2],
|rs — ¢r3| <

a 2a2+2a2¢%>+3a2q+a? P +ng—ap—a?Pp—2a%qp—2a2¢% ¢
1+q+¢? (I1+g)a

for all ¢ & [p1, Pal.
Remark 2.2. Putting ¢ = 1 and n = —1 in Corollary we have Corollary 4
in [12).

Consequently, assuming the following subordination holds true, a function
f € A is considered to be in the class HL(q,n,a), % <a<l,0<g<l,z€C,
—-1<n<2, €0,

Dgf(2) o _ D,f(2) + 202 (2)
< f(z) )(1 M)_‘_M( D,f(2) ) < U(g,n,a). (2.24)

Where D, is the ¢-differential operator and U(g,n,a) is given by (2.2)).
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Theorem 2.3. Let f(z) € HL(q,n,a, ). Then

a(l+q
|T2\ < g
qg-+p
and
¢+ ¢+ 2qu + 2¢° n 4 p? + 1P + pa® + qa® + ¢*a?
Iry| < + a2q?p + 2qua? + ¢3pa’ + ¢?pa?
3l = 2
(1+q)" (¢ +p+d*n)
a(l+q)+qgn
(1+¢q)(g+p+q*n
and for ¢ € R
( __a
qt+ut+ap
for all ¢ € [¢1, ¢2],
2 2 3, 3.0 2
ap + aq + aq® + 2aq p + 2aqp + aq’p — ag’p — 2aq°¢
|rs — ¢r3| < a — aq¢ — apg — 2a¢*pug — agtpg — 2aqué — 2aq3pg
atutqiu (g+n)?
a?(1+q) (14¢% ) +qn
(I+q)a
fOT’ all ¢ ¢ [¢17 ¢2]7
where
a2q4 +G2M2 +a2u+qa2 +q5a2 +q2a2 +2a2q2 +a2u2q2 +2q3a2 +q3a2ﬂ/2 +qa2u2
+5ga’ 1+ 3a°¢* 4 20° P+ 4q’a’ n + 3¢ a’p + 2¢°a* 1 — ¢*a — ¢*a + ng® — 2qap
é — 2¢%ap + 2ng*p — ap® — qap?® + nqpu?
1= )
(1+9)%a®(q+ p + ¢>p)
a2q4+a2‘u2 +a2u+qa2 +q5a2+q2a2+2a2q2 +a2ﬂ2q2 +2q3a2+q3a2u2+qa2u2
+5qa° 1 + 3a°¢* 4+ 20° P+ 4%’ + 3¢’ + 2¢°a* p + ¢Pa + ¢*a + ng®
o = + 2qap + 2¢%ap + 2ng*p + ap® + gap® + ngu?

(1+9)*a?(q+p+¢2p)
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Proof. Let f(z) € HL(g,n,a,p). From (2.24), we get
<z©qf(z)> A=)+ (qu(z) + 295 f(2)

=1+ Hi(g,n,a)w(z
1) 9,7 ) e

+ HQ(Q7n7a)w2(z) T (225)
for some homorphic functions w such that w(0) = 0 and |w| < 1, for all z € U.

Taking it from ([2.25)), we get

294f(2) B Dqf(z) + z@ﬁf(Z)
(57 ) a-me ( 2,7)

+ [Hl (qv n, a)bQ + HQ(Qa n, a)b%]z2 e (226)

) =14 Hi(¢,n,a)b1z

If | (2)| = |b1z + bp2% + b32® +---| < 1 and 2z € U, it is a well-known fact that
|b,| <1, forall €N, (2.27)

and
by — kb3 < max{1 + ||}, for all x € R. (2.28)

As a result of (2.26)), it follows that
(q + ,U)TQ = Hl (CI7 n, a)bla (229)
(L+q) (g+p+a°u)rs + (—qu — g — u— g*u)r3
= Hy(q,n,a)by + Ho(q,n,a)b3. (2.30)

From ([2.4) and ([2.29)), we get

ira] < a(l+ q).
gt p
Then, usimg (2.29)) in (2.30), we can find the bound on |r3]|.
Hl(Qa n, Cl)bg HZ(qv n, a)b%

P 0T areren) 0o gt pt )

(n+ r+ qu+ q)Hi (g, n, a)b?
(¢+1)° (1+q) (q+u+q?n)

(2.31)
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In light of (2.4) and (2.27)), we have ([2.31))
¢ +q" + 2qp+ 2¢°n + 12 + 4P + pa® + ga® + ¢*a?
+ a?q*p + 2qpa® + ¢pa® + ¢ pa?
(1+9)% (g + 1+ a2p)
a(l4q)+qgn
(14+q)(q+p+dn)

From (2.29)) and (2.31)), for ¢ € R, we get

Hl(Qvna (I) b HQ(Q?”v CL)
s |botq T+
14q) (¢ +p+ ¢?u) Hi(q,n,a)

Irs3] <

|T3 - ¢T§| = (

u+q2,u+qu+qH1 (1+q) o (qg+n+d°n)
(q+p)? (q+ p)?
In light of (2.28]), we arrive to the following conclusion:

H
g — ¢7“§| < (9, 0) ) max{l,

(Q7 Uz a) -

HI(Q7n7 a)}b%

H2(q7 n, a’)
Hl(Q? n, a’)

(14+q)(¢+pn+q?p

(14+q) ¢ (q+n+qn)
(q+p)?

p+Cp+ap+q

@+ Haene)

Hl(Q?”a (1) -

(2.32)
Finally, by applying (2.4) in , we have

2 a
|rs — ors| < m max{l,
ap + aq + aq® + 2aq* i+ 2aqp + ag’p — ag’¢
—2a¢*¢ — aq¢p — apd — 2aq*pp — ag’ud — 2aqud — 2agdpud
(q+ p)?

Because a is greater than zero, we have

a2+a2q2+a2q+a2q3+nq+
a—+ aq

}.

a® + 612q2 + azq + a2q3 + nq+
a+ aq

ap + aq + ag® + 2aq i + 2aqp + ag’p — ag®¢
—2a¢*¢ — aqdp — apg — 2aq*pug — aqtud — 2aqpue — 2aq3 g
(q+p)’

+ <1
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< ¢1 < ¢ < ¢o.

Theorem [2.3] leads us to Corollary 2.3 in the particular case where pu = 1.

Corollary 2.3. Let f(z) € HN(q,n,a). Then

Ire] < a
and
’r‘<a2(q2+q+2) a(l+q)+qgn
T 14q+¢? (1+q)(1+q+q%)
and for ¢ € R
( a

T+q+¢2

fO’F all ¢ € [¢17¢2]7
|rs — ¢r3] <

a 2a2+2a2¢%>+3a2q+a?gP+ng—ap—a? P p—2a%qp—2a2¢%¢
1+g+q? (1+q)a

for all ¢ & [p1, d2].

Remark 2.3. Putting ¢ = 1 and n = —1 in Corollary [2.3] we have Corollary 3.2
in [13).

3 Conclusion

The g-calculus covers a wide range of topics including differential equations,
quantum group theory, analytic number theory, special polynomials,
combinatorics, special functions, quantum theory, and other related theories. We

constructed three new classes of univalent functions linked to the ¢-Chebyshev

http://www. earthlinepublishers.com
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polynomial, HB(q,n,a), HN(q,n,a), and HL(q,n,a), building on the work of
Altnkaya and Yalcin [13]. For the three new classes, we found the Fekete-Szego

problem and coefficient estimates |ro| and |r3|. More research is needed to improve

the sharpness of the boundaries of the coefficient estimates produced here. The

findings are intriguing since they incorporate quantum calculus into the study,

which is a common strategy in recently published and acknowledged articles.
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