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Abstract

In this paper, we determine the necessary and sufficient conditions for the power series
f(z) whose coefficients are probabilities of the Borel distribution to be in the family
J(p,1,a,B,y) of analytic functions which defined in the open unit disk. We derive a
number of important geometric properties, such as, coefficient estimates, integral
representation, radii of starlikeness and convexity. Also we discuss the extreme points
and neighborhood property for functions belongs to this family.

1. Introduction

Indicate by A,, the family of all functions f of the form

f@ =27+ ) an, (LD

n=p+1
which are analytic and multivalent in the open unit disk U = {z € C: |z| < 1}.

Also, let W}, denote the subfamily of A4,, consisting of functions of the form:

[00]

f(2) =27 — Z a,7" (a, = 0,p € N). (1.2)

n=p+1

The function f € W, is said to be starlike of order p(0 < p <p) if it satisfies the
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condition:

zf ’(Z)}

Re > (zel),

{ f@ "

A function f € W, is said to be convex of order p(0 < p < p) if it satisfies the condition
zf "(Z)}
Re {1+——> (z € U).
{ ORI

A function f € W, is said to be close-to-convex of order p(0 < p < p) if it satisfies the

condition

Re {f’(z)} >p (zeU).

zpb-1

Let the function f and g be analytic in U. We say that the function f is subordinate to
g, if there exists a Schwarz function w analytic in U with w(0) =0 and |[w(2)| <
1 (z € U) such that f(z) = g(w(z)). This subordinate is denoted by f < g or f(z) <
g(2)(z € U). It is well known that (see [6]), if the function g is univalent in U, then
f < gifand onlyif f(0) = g(0) and f(U) c g(U).

Denote by S*(a) and C(a) the families of starlike and convex functions of orderp,
respectively. These families were introduced and studied by Silverman [9].

The elementary distributions such as the Poisson, the Pascal, the Logarithmic, the
Binomial have been partially studied in the Geometric Function Theory from a theoretical
point of view (see [1,3,4,7,8,10,11]).

A discrete random variable x is said to have a Borel distribution if it takes the values

. o A 20e721 9234
1,2,3, ... with the probabilities e—, ° , °
1! 2! 3!

, ... respectively, where A is called the

parameter.

Very recently, Wanas and Khuttar [12] introduced the Borel distribution (BD) whose
probability mass function is

(Ar)r—le—/lr
Plr=71)="————, r=123,...

Wanas and Khuttar [12] introduced a series whose coefficients are probabilities of the
Borel distribution (BD)
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oo _ n-p-1 —A(n—p) oo
Np(4;2) = zP — Z (/'l(n p()r)L — p)!e ’ zn =zP — Z &, (1) 2",

n=p+1 n=p+1

where 0 < A <1 and

An—p))" " e i)
1) = (r)l )

We consider a linear operator D(p,A)f : W, — W, defined by the convolution or
Hadamard product

a,z",

(A=) P eAn-D)
D(p,Df(2) = Np(X; 2) * f(2) = zP — Z G pg,)l_p)!e

n=p+1
where a, =2 0,0<A<1landz€U.
We now recall the following Lemmas that will be used to prove our main results.

Lemma 1.1 [S]. If f and g are analytic in U with f < g, then
2n 2n
f |f(re'®)|" do < f lg(ret®)|"ds,
0 0

where u > 0,z = re®and (0 <r < 1).

Lemma 1.2 [2]. Let a« = 0. Then Re(w) > a if and only if |w—(p+ )| <
lw + (p — )|, where wbe any complex number.
2. Main Results

We begin this section by defining the family J(p, 4, @, 5, v) as follows:

Definition 2.1. A function f of the form (1.2) is said to be in the class J/(p, 1, @, 8,7)
if satisfies the following condition:

( )

2D, Df @) +yz* (D, Vf )"
| (D@ Df @) +B2(D@,A)f ()] |
+1 =1 [B2(0@, Df @) + (1 = D@, D (2)])

where 0 <a<1, 0<f<1, 0<y<land0<A1<1.
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Theorem 2.1. Let f € W, then f € ](p, A, a, B,v) if and only if

> =D+ D - a— (= Dap)dn,Dan

n=p+1
S@e-D+DE-—a—(—-Dap), (2.2)
where 0 < A1<1, 0<a<1, 0<pf<1, 0<y<1landp€N.
The result is sharp for the function

Ye-D+DP-—a—(@—-1Dap) o
r-D+Dm—a—-n—-Dap)®,,(1)" °

(m=>p+1, p€EN). (2.3)

f(2) =zP -

Proof. Assume that f € J/(p, A, @, B,7), so we have

( )
| |
re { 2D, Df @) +v72 (D@,Nf (2)" } -
vz[(D(p, D () + B2(D(0, 2,)f ()]
l+(1 - [pz(DG. V@) + (1 = BD(, Df ()] J

Then
( \
o PZP = 5521 By (DN Z + (D — 1P = T By Dy — Dty 2" .
szp - Z-;.lo=p+1 cpn,p (/1) ynan,z™ + YﬁP(P - 1)Zp - ?10=p+1 (pn,p (A)Y.Bn(n - 1)anzn
+(1 - y)Bpz? — Z):p+1¢n,p(/1)(1 —y)pna,z" + (1 -y)(1 - ﬁ)(zp — Xn=p+1 cpn.p(l)anzn)

Or equivalently

{(V(P “D+D@-a—-@—-Dap)z? - 7 priyr—D+Dn—a—- n— 1)aﬁ)¢n,p(/1)an2"}
R > 0.
a(l +y(p— 1))(1 + B — 1))21’ - ;’l":pﬂ @, (A)a(l +y(n-— 1))(1 +B(n— 1))anzn

This inequality is correct for a z € U. Letting z = 17 yields
Re {(V(P —D+DE-a-({@-Dap)z’

_ Zm G- D D —a (- 1)a,8)d>n_p(/1)an} > 0.
n=p+
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Therefore

Z:;pﬂ(ﬂn -D+Dn—a—-m-Dap)d,,Da,
<@p-D+D@p@—-—a-(p-Dap).

Conversely, let (2.2) hold. We will prove that (2.1) is correct and then f €
Jp, A4, a,8,y). By Lemma 1.2, we put

2(D (. Df @) +y72 (D, Df (2))"
vz| (DG, DfF @) +B2(D(. 2)f ()]
+(1 =1 [B2(DG. D ) + (1 = D, Df ()]

Or show that

1
IN()|

2D, Df(@) +yz* (D, Nf (@) — (0 + @)z(D(p, Df(2) —
+a)y D@ ADf@)"| =0,

where
N@) =yz|(D, D) +B2(D(,2)f ()]
+ (=) [B2(D@, Df () + (1 = B)(D(p, Df ()]
and it is easy to verify that Q — T > 0.
And so the proof is complete.
Corollary 2.1. If f € J(p, A, @, B, V), then

o < Ge-D+D@P-a—(p—Dap)
"Thy-D+DMn—a— (- Dap)P,,)’

(n=p+1,p€eN).

Theorem?2.2. Let a function f € J(p, A, a, B8,7). Then f is p-valently close-to-convex
of order p (0 < p < p) inthe disk |z| < Ry, where

{(p )y -1+ D —a—(n- 1)aﬁ)¢n’p(ﬂ,)}rlp

R1 = lnf
n

Ge-D+D@-—a-(p—Dap)
(n=p+1; peN).

The result is sharp, with the extermal function f given by (2.3).
Earthline J. Math. Sci. Vol. 10 No. 2 (2022), 341-353
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Proof. It is sufficient to show that

'@
o1 P|=p—p (0=<p<p)

for |z| < R4, we have that

f'(2) _
bl ) Gy (naglan .
n=p+1
Thus
f'(@)
1 pl[=p—p
if
D, (Day |z
Z np( )_nl | <1 2.4)
n=p+1 p P
Hence, by Theorem 2.1, (2.4) will be true if
1 2P < -D+Dn—a—-m-Daf)P,,1)
p—p T e-D+DEp-a-(@-Dap)

and hence

ol < {(p —p)y(n -1+ Dn—a—(n— 1)a/3)q>n,p(,1)}$
- e-D+DE-—a—(p-1Dap) '

(n=p+1; peN).
The result is sharp for the function f given by (2.3).

Theorem 2.3. Let f € [(p, A, a,B,v). Then f is p-valently starlike of order p (0 <
p < p) in the disk |z| < R,, where

- {(p —Py(— D+ D -a— (- 1)aﬁ)¢n,p(z>}ﬁ
? m-pGE-D+DE—a-(p-Dap) '

(n=p+1; peN).

The result is sharp for the function f given by (2.3).
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Proof. It is sufficient to show that

zf'(2)
f(2)

—p‘Sp—p 0 <p<p),

for |z| < R,, we have
zf'(2) ‘ < Yn=p+1 Pnp(D(n — pla,|z|"7?

f@ 1= X5 peq Qelz™P
Thus
Z]{(S) - p‘ <p-p
if
%dbn,p@)anlzln—p <1 (2.5)
n=p+1

Hence, by Theorem 2.1, (2.5) will be true if

(n—p) 2P < r-D+D-a-®-1Dap)

w-p " Tee-D+Dp-a-(p-Dap)

and hence

p@-pyn-D+1)(n—a—-((n-1ap) ﬁ |
el = {(n —-p)y@-D+Dp-—a—(p— 1)aﬁ)} , (m=p+1; peN).

Setting |z| = R,, we get the desired result.

Theorem 2.4. Let f € J(p, A, a,B,y). Then f is p-valently convex of order p (0 <
p < p) in the disk |z| < R3, where

Re = in f{(P pyn—1D+1Dn—a—-m—1ap)
ST - -D+DE-—a-(@-Dap)

The result is sharp with the extermal function f given by (2.3).

n-p
} , m=p+1; peN).

Proof. It is sufficient to show that

‘Hzﬁ()) p‘Sp—p 0<p<p),
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for |z| < R3, we have

1+ zf"(2) ‘ _ Znzpr1 Pop@D 1 (n = play |27

f'(2) P — Xn=p+1 PnpDanlz[*7P
Thus
zf"(z) ‘
1+———-p|<p-p
‘ (2 pl=p—0p
if
n(n —p) _
—d, ,(Da,|z|*"P < 1. 2.6
2 2 —p) np(Dan (2.6)
=p+1

Hence, by Theorem 2.1, (2.6) will be true if

n(n —p) 2P < -D+Dn—a—-n-Dap)
p(® —p) Te-D+DP-a-(p-Dap)

and hence

2] < {p(p -pym-D+1DMn—a-n—1Dap)
Tlnn-p@-D+D@-—a—(p—Dap)

Setting |z| = R3, we get the desired result.

1
n-p
} , m=p+1; peN).

Theorem 2.5. Let the functions f, defined by
f(2) = 2P — Z 2" (0ny 20, n2p+1, pEN, r=12,..,1), (2.7)
n=p+1

be in the class [(p, A, a, B,y) for everyr = 1,2, ..., L.
Then the function h, defined by

hy(z) = zP — Z ez, (e, =0, n=p+1, peN),
n=p+1

also belongs to the class [(p, A, a, B,y) where

l
1
en=72an_r, (n=p+1, peN).

r=1

Proof. Since f,- € J(p, A, a, B,y) it follows from Theorem 2.1 that

http:/fwww.earthlinepublishers.com
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n-D+Dn—a-®—-1Daf)Pp,(Day,

n=p+1

Se-D+D@-a—((@-Dap),

foreveryr = 1,2, ..., 1. Hence

> =D+ DO —a— = Dap)Pyye,

n=p+1

C 1
= ) 0a =D+ D -a- (- Daf) Oy | 7 ans

n=p+1 =1

l o)
1
= D 6r-D+DO— a0 — Dap) Py, Dan

=1 \n=p+1

Se-D+D@-a—(@-Dap).

By Theorem 2.1, it follows that h; € J(p, 4, @, B,7).

Theorem 2.6. Let the functions f,- defined by (2.7) be in the class | € (p, 4, a,B,v)

foreveryr = 1,2, ..., 1. Then the function h, defined by

l

ha(2) = ) (@)

r=1

is also in the class | € (p, A, a, 3,v) where

l
Zcr =1, (¢, =0).
r=1

Proof. By Theorem 2.1 for every r = 1,2, ..., [, we have

D =D+ D - a = (= Dap)PryNan,

n=p+1

Se-D+D@-—a—((@-Dap).

Earthline J. Math. Sci. Vol. 10 No. 2 (2022), 341-353
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But
l l o) o) 1
h,(z) = Z o fr(2) = Z ¢, | zP — Z an,z" | =2zP — Z Z CrQn, | 2™
r=1 r=1 n=p+1 n=p+1 \r=1
Therefore

© l
> =D+ D0 —a =~ (= Dap)PpD | D cran,
r=1

n=p+1

[00]

l
Yol D G-+ D0 -a— (- Dap)Py,Dan,
r=1

n=p+1

l
<) & 0@ -D+DE-a-@-Dap)
r=1

=p-D+DE-a-(p-1Dap)
and the proof is complete.
Theorem 2.7. Let t > 0. If f € J(p, A, @, B,y) and suppose that f; is defined by
Yp-D+Dp-—a—-(p—-1ap) 45
G-D+DE—a—(s—Daf)P;,(A1) "’
(s=p+1; peN).

fs(2) = zP —

If there exists an analytic function w defined by

Gls—D+ D —a—(s — Dap)ds, () <

s—p _
w(z) = a,z"7 P,
(w() Ge-D+D@-a-@-Dap) L ™
n=p+1
Then, for z = re'® and (0 < r < 1),
2T 21
[ ir@ras < [ 1r@rde, @> o). 28)
0 0
Proof. We show that
21T [o'e) T
f 1- Z a,z"P| db
0 n=p+1

http:/fwww.earthlinepublishers.com
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2T
Go-D+Dp-a-@p-Dap) |
= Of - G D e a6 Dapoe, - |

By applying Lemma 1.1, it suffices to show that

[ee)

e Yep-D+Dp-—a-(@-Dap) .
D I R B e ey e Dap)o,, D>

n=p+1

Set

O Y -D+Dp—a—(p—1Dap) s—p
D I e e e y e Dapd,m W)

n=p+1

We find that
sp_ =D+ DG-—a—(s-Dap)Ps,(D) <
) = D D0 e - D 2

n=p+1
which readily yield w(0) = 0.

Furthermore using (2.2), we obtain

_ |06 -D+ D6 —a— (- Dap)ds, (D)

S—p P
(w(z)| Gpp-D+Dp-—a—-((p-1ap) L anz
¢ =D+ D —a— (= Dap)Py,pA)
< |z| anH p-D+Dp—a—(p-—-1Dap) o
<|z| < 1.

Next, the proof for the first derivative
Theorem 2.8. Lett > 0. If f € J(p, A, «, B,V) and

__G@-D+Dp-a-p-Dap)
GE-D+Ds—a—(s—Dap)Ps, (1)~

(s=p+1; peN).

fs(z) = 2P

Then for z = re'® and (0 < r < 1),

Earthline J. Math. Sci. Vol. 10 No. 2 (2022), 341-353
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21T 21T
f f (270 < f £ (2o, (x> 0). (2.9)
0 0

Proof. It is sufficient to show that

(00

1— Z P gz P < 1— sp-D+DP-a-—(@-Dap)

PG -1+ D(s—a—(s—1ap) by, (A)

n=p+1

This follows because

p(y(s— 1)+ 1D(s —a— (s — Dap)d;,(1) <« n

lw(2)|*7P = —ayz"?

sGgp—-D+D@—a—(p—Dap)

n=p+1

IA

2l i (= D+ DO —a— (= Dap)Py,()
Gp-D+DpP-a-(p—-Dap) "

n=p+1

<|z| < 1
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