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Abstract

By making use of g-derivative and g¢-integral operators, we define a class of
analytic and bi-univalent functions in the unit disk |z| < 1. Subsequently, we
investigate some properties such as some early coefficient estimates and then
obtain the Fekete-Szego inequality for both real and complex parameters.

Further, some interesting corollaries are discussed.

1 Introduction

In what follows, let A represent the class of analytic functions normalized by
the conditions f(0) = 0 = f/(0) — 1 so that f(z) is of the Maclaurin series

representation:
oo
f) =2+ amz™ (2| <1), (1.1)
m=2

Also let S represent the subset of A which is the class of analytic and univalent
functions in |z| < 1. In view of function class S, the Koebe one-quarter theorem
is a familiar theorem that asserts that the range of every function f € S covers
the disk

D= {w:|w| <0.25} C f(]z| < 1).

For this reason, f € S of the form (I.1)) has the inverse function f~! such that
R =2 (2l <)
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and
FUHw) =w  (lw] <ro(f), ro(f) = 0.25)

where by simple calculation we get
F(w) = fHw) = w — asw? + (243 — az)w® — (5a3 — 5asaz + ag)w* +--- . (1.2)

A function f € S is said to be bi-univalent if both f(z) and F(w) are univalent
in |z] < 1. We represent by = the class of analytic and bi-univalent functions in
|z| < 1.

—_

We thus remark that class = is a non-empty set because the functions:
fle)=2 [f(z)=2(1-2)"" f(z)=—log(l-2)
and more are in =. Note that the familiar functions:
F2) = 21— 272 f(B:2) = 2(1—€?2)2 and f(z) = 2(1— )"

that are in class & are non-members of =.

Historically, Lewin [I8] presented the class = of A and established that every
function f € = has coefficient estimate |az| < 1.51. Other established estimates
for f € = that improved that of Lewin [I8] are |as] < V2, |az| < 4/3 and
lag| < 1.485 in [0, 24], [33] respectively. The estimates |a,,| (m = {3,4,...}) are
presumed yet unsolved. We refer interested readers to the works in [6] [7], 9] [15]
211, 22, 25, 26], 27, 29, B4, 35] for more information on history, properties and
definitions of some existing subclasses of =.

In recent times, the concept of g-calculus (g-difference, g-integral, g-series and
g-numbers) has attracted the attention of theorists of geometric functions. The
concept of g-analysis was first introduced in the works of Jackson [I1I, 12} 13]
and since then many researchers (such as in [7, [I5], 16, 17, 25, 32]) have used
it in various ways to define and establish some properties of many classes of
functions in Geometric Function Theory. In particular, Aral et al. [4], Annaby
and Mansour [3], Kac and Cheung [14] and Srivastava [28] extensively discussed

some applications of g-calculus in so many areas of (¢-)analysis.
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Definition 1.1 ([I1,[12]). For function f(z) € A of the form (1.1]) and ¢ € (0, 1),
the g-derivative operator D, : A — A of f(z) is defined by

Dyf(2) = Lo e — 14 2[ Jgamz""" (2 #0)

Dyf(0) = f'(0) =1 (2=0) ifit exists
(1.3)
Dgf(Z) =Dy(Dyf(2)) = mZ:? [m — 1]q[m]qamzm_2

where [m], = 11_

- R i —
“m=14+q+q+-+g :>1;%1[m]q m.)

Using the idea of ¢g-integration introduced by Jackson [13], Aldweby and Darus
[1] defined the Bernardi g-integral operator of f € A as follows.

Definition 1.2 (BERNARDI ¢-INTEGRAL OPERATOR). Let f(z) € A, then the
Bernardi g-integral operator £, : A — A (¢ € (0,1), k> —1) is defined by
(o]

1+ &, [ . 1+k .
L f(2) = [Zk]"/o tk 1f(t)dqt:z+m_2w’qamz : (1.4)

Remark 1.3. The following properties hold for the function in ([1.4)).

1. hm Zyof(z) =[5t f(t)dt = z + E (L) amz™ is the Alexander integral
m=2

operator in [2] .

2. liﬁl.ﬁf%l(z) =2 [Sft)dt = 24+ Y (%) amz"™ is the Libera integral
q =

operator in [19].

oo
3. ng%kf(z) = %ﬁfo‘z thLf()dt = 2+ S0 (%ﬂ) amz™ is the Bernardi
m=2

integral operator in [5].

4. ZLyof(z) =[5 71 f(t)dgt = 2+ Z amz is the g-analogue of Alexander

mtegral operator.
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5. Zya( 2]" fo dgt = 2z + Z mﬂql amz™ is the g-analogue of Libera

mtegral operator.

6. 2Dy(Z40f() = £(2) = = Im(Dy(Zy0 f ()]

Motivated by the works of Lasode and Opoola [15] and Srivastava and Bansal
[29]; the g-derivative operator in ([1.3) and the g-integral operator in ([1.4]), we

hereby present our new class as follows.

Definition 1.4. Let ¢ € (0,1), vy € C\ {0}, A € [0,1] and ¢ € [0,1). A function
f € Z is said to be a member of class 5,(k, v, A, ) if the conditions

Re {1 + ’1y [Dq(,,%,kf(Z)) + MDA Ly f(2) — 1} } >4 (]z] <1) (1.5)
and
Re {1 + i [Dq(f%k}'(w)) + MD2( Ly F(w)) — 1}} >5 (wl<1)  (L6)
hold where F(w) = f~!(w) is defined in (L.2).
Remark 1.5. The following itemized subclasses hold.

1. ligl Z4(0,1,0,6) = =(9) is the function class investigated by Srivastava et
q

al. [31].

[1]

2. 11%1 Z4(0,1,X,0) = Z(\,9) is the function class investigated by Frasin [9],
q

see also Srivastava et al. [30].
3. 54(0,1,0,0) = Z4(9) is the function class investigated by Bulut [7].
4. 54(0,1,X,9) = Z4(A, 0) is the function class investigated by Sabil et al. [25].
5. Z4(0,1,X,8) = Z4(A, 0) is the function class investigated by Motamednezhad
and Salehian for p = 1 in [23].

The purpose of our present paper is to investigate a subclass of bi-univalent
functions with positive real parts in |z| < 1. The coefficient estimates |az|, |as],
lay| are discussed, and the upper bound for the Fekete-Szego functional |az — aa3|

for real and complex parameters are established.
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2 Applicable Lemmas

Let P be the class of analytic functions of the form
p(z) =1+ mezm (p(0) =1, Rep(z) >0, |z| <1). (2.1)
m=1

Lemma 2.1 ([I0]). Ifp € P, then |pm| <2 (m € N).

Lemma 2.2 ([20]). If p € P, then 2py = p? + (4 — p2)x for some = with |z| < 1.

3 Main Results

Unless otherwise declared, we assume henceforth in this paper that ¢ € (0, 1),
vy€C\{0}, A€ [0,1],5 €[0,1), k> —1 and f € =. With these background, we
establish our main results.

3.1 Coeflicient estimates

Theorem 3.1. Let f(z) € Z4(k,7v,),0). Then

oof < — Y210 D) (31)

VBBl + 2100
21y|(1 =6 49121 - 6)?

Jas| < [1+k]q|;|( : )2 —+ o hFa=07 (3.2)

s Bla(t+ o) {Faa], 1+ [1],0)}
< 213 -9) 10[y[*(1 — 9)?

laal = 5, [+l [kl - (33)

i (L4 BlgA) gt le( + [HgA) gt Ble (1 + [2]gA)
Proof. Consider the functions
B(z) =1+ Z bnz™, C(z) =1+ Z cm2™ €P, (3.4)
m=1 m=1

so that from (1.5)), (1.6), (2.1]) and (3.4])) we define the equations

1+ i Dy Ly f (2)) + MDA L f (2)) = 1] =3+ (1= 9)B(z) (2] <1) (3.5)
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and
1+’1y Dq(f%kf(w))+Ang($q,k}'(w))—1 =0+(1-9)C(w) (Jw|<1). (3.6)

Comparing coefficients in (3.5)) leads to

E :[ gz 24(1 + [tgA)az = +(1 = 6)b, (3.7)
1+ Bl = (1 = O (39)
L+ BlNa = (1 5 59)
and comparing coefficients in in view of leads to
- E I :t’ [2]¢(1 + [1]gA)az = v(1 = b)e, (3.10)
Fik} [8g(1 + [2]gA)(203 — a3) = (1 = d)e2, (3.11)
{4 i g [4]4(1 + [3]gA) (503 — 5azas + ag) = v(1 — &)z, (3.12)
Adding (3.7) and (3.10) leads to
o ’,j a1+ (002~ S04 100
=71 =0)b +7(1 =) = { Z% z C_%Cl (3.13)
Now if we square and and add the results together we obtain
2
2 { Eig%ﬂ + [”W} a3 =72(1 = 0)2(b3 + ). (3.14)
Adding (3.8) and (3.11) leads to
2 (1 —6)(b2 + c2)
ay = (3.15)
* 7 23,1+ [20)

http://www. earthlinepublishers.com
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and applying Lemma yields inequality (3.1)).
Also, subtracting (3.8)) from (3.11)) leads to
Y(1 = 9)(by — c2)

2
asz = asy + 14k (316)
2B 3le(1 + [2162)
so that by applying (3.13) in (3.14]) and putting the result in (3.16)) leads to
2(1—6)%p? 1—68)(by—c
az = [1+k]’y Cll) oL/ S Q[Yik]q . )(12 22))\ (3.17)
(B, 0+ 10} 2E Bl + 2
and applying Lemma yield inequality (3.2)).
Likewise, subtracting (3.9) from (3.12) leads to
1—6)(bs—c
4= [11(% bs—ca) _ 5(a3 — asaz) (3.18)
e [4la(1+ [3lgA)
and observe that from (3.7) and (3.16)) we obtain
2 2
3 _ (1 = 6)*(b2 — c2)by
2T T T g (1 4 (1) B3], (1 + [2o) (3.19)
TR 2], (1 + [N 2 3], (1 + 21,0
so that by putting (3.19)) into (3.18) leads to
(1 = 0)(bs — c3) 572(1 = 6)*(by — c2)br (3.20)
N 1+k 1+k :
P [4](1+ [3]00)  ARER2le(1+ [N B [3le(1 + [21g))
and applying Lemma yields inequality ([3.3)). O
Corollary 3.2. Let f(z) € ligl Zq(k,v, A, 6). Then
q
20y|(1 =9
o £ /2D
3(5E)(1+2))
‘a3’ < ‘7|2(1 _5)2 2‘7|(1 _5)
T EDAIH N2 3(FER)(1+2))
oy < P57 hla-9
T3GEHGE)A+ N1 420 257 (1 +3K)

Remark 3.3. The estimates in Theorem [B.J] will reduce to the results of the
authors mentioned in Remark when some involving parameters are varied

accordingly.
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3.2 The Fekete-Szeg6 Functional

Fekete and Szego [8] released a classical theorem which states that for all f(z) =
2+ agz® + azz® + -+ € S, the coefficient functional

3—4da if a0,
a3 — a3 £{ 1420/~ if 0< o<1,
da—3 if a=1,

is satisfied. This became a great consideration when Fekete and Szegé [§] proved
the Littlewood-Parley conjunction to be negative. This inequality is known to be
sharp since there is always a function in S such that the equality holds for each
a € R. For some recent works on Fekete-Szego problem for some subclasses of =
see [15, 21), 22].

Motivated by the works of the aforementioned authors, we now obtain the

Fekete-Szego inequalities for the class =, (k, 7, A, 0).
Proposition 3.4. From (3.4) and Lemma we obtain

2by = b% +x(4 — b%) 9
202 C% y(4 C%) ( 2 2) ( 1)( y)

for some z,y such that |z|, |y| < 1.
Theorem 3.5. Let f(z) € Z4(k,v,\,0) and o € R. Then

[y1(1=6) >
e e@l for lo(@)] 21

a3 — aas| < (3.21)
v for 0= |p(a)| £ 1

k
A Bla (1+(2]03)

where ¢(a) =1 — a.

http://www. earthlinepublishers.com
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Proof. Consider (3.15)) and (3.16]), and using (3.13)) we obtain

az — aa% = a% + (L= 0)(b = ca) — ad?
2f s 3], (1 + 2] )
(1 —0)(ba — c2) 9
= +(1—-a)a
2l (3], (1 + [21,0) ’
_ (1= 0)(ba —ca) (—a) (1 = 0)(b2 + c2)
2l 3], (1 + 2], ) 2f s (3], (1 + [2]g)
(1 -9)
— d(a) + 1)b2 + (¢(a) — 1)ca}
2%iﬂgwb<1+wzhx>{( 2l i

for ¢(a) = (1 — ). Now applying triangle inequality and Lemma [2.1] leads to

2 1-6
jas — aad] £ 0= f1500)) + 1}
BTkl [3](1 + [2]gA)
from where we can conclude that inequality (3.21)) holds. O

Theorem 3.6. Let f(z) € Z¢(k,v,\,0) and B € C. Then

i [1+klq 2
__2hla=8) 1 e 200 (1411 0) }
5772 (5], (14 (21, ) for |1—p[ € |0, 2071(1-8) B2 (3], (1+(2),0)
|az—pa3| < ]
(14Kl 2
4l 2(1-6) 1— 1 {221,410 )
{ [21q<1+qu>}2| Pl dor = Ble iy 2 (3l (1+ (21,0
) (3.22)
Proof. Consider (3.15)) and (3.16)), and using (3.13)) we obtain
az — Baz = a3 + 7(]1 “Oba ) Ba}
1
22 8lo(1 + [21)
(1 =0)*(1 - B)bt n (1 —9)(ba — c2) (3.23)
14k 2 [L+k] : ‘
[,y 2Bl + 2
Applying Preposition [3.4] leads to
2 232 2
(1= 6)% V(1= 8- 1)
az —faz = (1-5) A — A8 a1 21 X (x—y). (3.24)
(e 4+ 1,0} 4Bl + 2
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Recall that for B(z) € P in (3.4), |b1] £ 2 by Lemma and for simplicity, let
b =0b; < 2 so that we may assume without any restriction that b € [0,2]. Now,
using triangle inequality and letting X = |z| £ 1 and Y = |y| < 1, then (3.24)

becomes

2(1 —0)2%v? ~(1— 8)(4 — b?)
Jaz — Ba| = |(1 - ) ——L¢ @)
s RN L E TN TR
[y[2(1 = 6)p? (1 — 8)(4 — b?)
= |1 - B| (X + Y)
[, 0} Al Bla(l + 21
=P Y). (3.25)
For X,Y € [0,1],
max{p(X,Y)}
[y12(1 = 0)*b° Iy|(1 = 8)(4 — b%)
—o(1,1) =1 — 4]
’ [l [0} 2fa Bla(l + 21
:’1 _ 6’ ‘7| ( )2b2 2|")/’(1 — )
(B0 + ) EeBh+ 2
_ (1 = §)p?
P %j’;}g 3],(1 + [2],0)

SIRUL Y P o ,
{2,004 0} 217/(1 = &) e 3l (1 + [214)
2(1 - )

e 3], (1 + [2],)

For b € [0,2],

= (b).

b

onea-ap [ {BEERGO - mo)
B kg

[ ), 1+ [0 ) 21(1 - 8) fr 31y (1 + 21,

W'(b) =

(3.26)
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implies that there is a critical point at ¢’(b) = 0. Clearly,

{IEtepa], 1+ 1))}

2)(1 = 6) [ [8]g(1 + [2]43)

W) <0, if [1—8|€ (3.27)

thus, the function 1/1 b) is strictly a decreasing function of |1 — f| €
{ el 0+ 1]@)}
" 2091(1-8) gL 8la (1+[2143)

) , therefore,

[Btklq
21v[(1 =4
max{y(b) : b € [0,2]} = $(0) = [Hk}q| -9 (3.28)
m[z”]q(l + [2]¢A)
Likewise for
Etafal, (14 L))
/ {[2+k]q q
w (b) 3 0, |1 _B| € 9 1_ [1+k], 1 91 \ ; 0 (329)
1L = ) 3], (1 + [21,)
implies that function (b) is an increasing function of |1 — f| €
0Mg 17 (14140}
{ LRI [1[+]Z]( M )} , 0], therefore,
271(1-8) G 8l (121 A)
max{(b) : b € [0,2]} = ¥(2) = AP =1 — B (3.30)
’ ko) (14 [0}
{[2+k]q[ Jq(1+ [1q )}
hence the proof is complete. ]
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