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Abstract

The aim of this paper is to use a correspondent theorem to characterize containment
of a degenerate 2-factor injective subdirect products. Namely, let 2, A be degenerate
2-factor injective subdirect products of My x Mo x Ms, we provide necessary and
sufficient conditions for 2 < A. Based on a decomposition of the inclusion order
on the subgroup lattice of a subdirect product as a relation product of three smaller
partial orders, we induce a matrix product of three incidence matrices.

1 Introduction

The importance of Goursat lemma is self-evident. It is widely used in many fields, such
as geometries, arithmetics, categories and many more. It is a very good mathematical
tool to describe subobjects of direct product of two objects. It appears that there is
no straightforward generalization to three factors. Indeed, Sen et al. [18]] investigate
a generalization to an arbitrary finite number of factors by devising a non-symmetric
version of Goursat’s lemma for two factors that can then be applied recursively. There
are a number of interesting possibilities for generalizing this useful lemma. Anderson
and Camillo [4]] describe how Goursat’s lemma can be stated in the context of rings,
ideals, subrings and in modules. The most general category in which one can hope to
have a Goursat lemma is an exact Goursat category, and for a proof of this fact confer
([7], Proposition 4.2).

Neuen and Schweitzer [[8] investigate the structure of subdirect products of 3-factor
direct products. The central observation in this structure theorem is that the dependencies
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196 Brice Réné Amougou Mbarga

among the group elements in the subdirect product that involve all three factors are of
Abelian nature. They call a subdirect product of M x My x M3 2-factor injective if each
of the three projections onto two factors is injective.

This dissertation provides a containment relation theorem between subgroups of a
degenerate 2-factor injective subdirect products, as those who gives by Lewis [[16} [6] in
the case of 2-factor. In other words, let €2, A be degenerate 2-factor injective subdirect
products of My x My x Ms, we provide necessary and sufficient conditions for 2 < A.
We show that this induces a decomposition of the partial order < as a product of three
partial orders, which we denote by <, <; /by Sb for reasons that will become clear in
Section 2. Thus

S=Oo K45 © Sh -

2  Preliminaries

Let M = M; x My x --- X Mg be a direct product of groups. We define for
i € {1,---,s} the map m; as the projection to the i-th coordinate and we define the
homomorphism ¢; : A — My X -+ X M;_1 X M1 X -+ X Mg : (my,ma, -+ ,mg)
(M, .oy mi—1, Mit1,...,ms). A group A < M of the direct product is said to be a
subdirect product if m;(A) = M; for all 1 < i < s. Goursat lemma is a classic statement
concerned with the structure of subdirect products of direct products of two factors. We
now focus on 3-factor subdirect products. We say A < M; x My x Ms is 2-factor
surjective if ; is surjective for all 1 < ¢ < 3. Note that the analogous definition of
1-factor surjectivity (i.e., all v; are surjective) means then the same as being subdirect.
Similarly, we say A is 2-factor injective if v; is injective for all 1 < ¢ < 3. Note that this
assumption is equivalent to saying that two components of an element of A determine
the third. Analogously 1-factor injective then means that one component determines
the other two. We argue that we can focus our attention on 2-factor injective degenerate
subdirect products. In what follows assume that A is a 2-factor injective subdirect product
of My x My x Ms. Let L; = ker(m;) N A = {(m1,m2,m3) € A| m; = 1}. Define
Z; = mi(Lg) Nmi(Lj), Dy = m;j(Lit2), E; = m;(Li41) where j and k are chosen so that
{i,7,k} ={1,2,3}.
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B
Here, we write A = B to denote that A and B are isomorphic via an isomorphism /3,
and (A, B) < (C, D) ifand only if A < C, and B < D. Let (X, <) be a finite partially
ordered set (poset) with incidence matrix

1 ify<z

A(S) = (azy)ayex, Wwhere aqy = { 0, else

Lemma 2.1. Let i, j, k be integers such that {i,j, k} = {1,2,3}. Then there is a
canonical isomorphism 3 := B; i from wi(L;) to mp(L;) that maps Zj to Z,.

Proof. Suppose without loss of generality that i = 1,7 = 2 and k¥ = 3. Define a map
B : ma(L1) — m3(L1) such that (1,ma, B(ma)~t) € A for all mg € ma(L1). Such a
map exists and is well defined since A is a 2-factor injective subdirect product. Assume
mg € Zy then (1,mg, B(m2)~1) € A and there is a m; such that (my,ma,1) € A. Then
(1,ma, B(m2)~ 1) (my,ma, 1)~ = (my 1,1, B(ma)™") so B(mg) € Z3. It follows by
symmetry that all Z; are isomorphic and that 3 [z, is an isomorphism from Zs to Z3. [J

Definition 2.2. Let A be a subdirect product of My x Mo x Ms. We say A is degenerate
if m;(ker(mit1)) N m;(ker(miyre)) = mi(ker(e;))(.e. Z; = 1) for some, and thus every,
ie{1,2,3}.

Neuen and Schweitzer [8] investigate the possibility of having a correspondence

theorem in the style of Goursat theorem [[18]] for 3-factors.

Theorem 2.3. There is a natural one-to-one correspondence between degenerate
2-factor injective subdirect products of My x Ms x Ms and tuples of the form k(A) =
(D1, Do, D3, E1, Eo, E3, 31, B2, B3) for which for all i € {1,2,3} (indices taken modulo

3) we have
1. D, E; 4 M;,
2. D;,NE; =1,
5
3. M;/E; = Miy1/Dita,

4. [Di, B =1,
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5. Bi(DiE;) = Eiy1Diy1,
6. 53(52(51 (mlDlEl))) = m1D1E1 for all mq € M1 ,
7. A= {(m1,ma,m3) € My x My x M3 | B;(m;E;) = mip1Diy1}.

Proof. Fori € {1,2,3} define a homomorphism 3; : M;/E; — M;1/D;+1 by setting
Bi(m;E;) = mit1D;yq if (m1,ma,m3) € A for some m; € M;. We first have
to show that j3; is well-defined. Without loss of generality consider ¢ = 1 and let
(m1, ma, m3),(m}, mh, ms) € A with miE; = m{E;. Then there is a (e, 1,l3) € A
with m/ e = my. We obtain (m}, mh, m})(e, 1, la)(m1, ma, m3)~" = (1, mhmy *, mf)
for some mf4 € Mj and hence, maDy = mbDs .So f5; is well-defined. Since A is a
subdirect product, 3; is a surjective homomorphism. Suppose (31(m1E1) = Dy. Then
(mye1,da,m3) € A for some e; € Ej,dy € Dy and mg € Ms. Also there is I3 € M3

with (1,ds,l3) € A and hence, (mlel,l,mglg_l) € A implying that m; € Ej. So
M;/E; £ Miy1/Djy1.

For every d; € Dj there is a es € Fy with (dy,e2,1) € A and S1(d1E1) = eaDsy €
E3Dy. By symmetry it follows that 3;(D;E;) = FE;11D;y; forall i € {1,2,3}. Now
let A’ be the group defined in item (7). Clearly A < A’ by the definition of 3; for i €
{1,2,3}. So let (m}, mf, mf5) € A’. Since A is subdirect there is a (m/, ma, m3) € A
with mg Dy = m/,E5 . So we can assume that mo = mb. But then, by 2-factor injectivity
of A, we get that mg = mj. Finally for (m, ma, m3) € A we have that 8;(m;D;E;) =
Bi(miD;)Bi(DiE;) = miy1Eir1Div1 = mip1Dip1Eip1. So Ba(f1(miDiEy))
By 'my D1 E; for all my € M;.

The converse is straightforward and will be omitted. U

Proposition 2.4. There is a natural one-to-one correspondence between degenerate
subdirect products of My x My x Ms and tuples of the form k(A) =
(P1, Py, P3, Dy, Dy, D3, Ey, Es, Es, 51, B2, B3) for which for all i € {1,2,3} (indices

taken modulo 3) we have
1. P, 4 M;,

2. D;,E; A M;/P;,
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3. D,NE; =1,

4. (My/P)/E; 2 (Miar)Prir)/Disa

5. Dy E] =1,
6. Bi(DiE;) = Eiy1Dig1,
7. B2(Bi(m1D1E1)) = B3 (m1DyEy) for all my € My /Py

Proof. There is a natural one-to-one correspondence between subdirect products of A’ <
M; x My x Ms and the tuples (Py, P», P3, A), where P; = m;(ker(v;) < M; for every
i € {1,2,3} and A is a 2-factor injective subdirect product of M; /Py x My /Py x M3/ Ps.
And we apply Theorem [2.3]then we have a correspondence as desired. (]

Theorem 2.5. There is a natural one-to-one correspondence between subdirect products
A of My x My x Ms which are 2-factor injective satisfying A = (L1, Lo, L) and tuples
of the form k(\) = (D1, Ds, D3, E1, Ea, E3, 81, B2, B3) for which for all i € {1,2,3}

(indices taken modulo 3) we have
1. D;, E; 9 M;,
2. E;D; = M;,

12
3. E; = Dy,

4. E;/Z; g Di1/Zitq,

5. [Di, Ei] =1,

6. Bi(DiNE;) = Diy1 N Eiy,
7. B3 |zs oB2 |z, oP1 |z,= id.

Proof. Define A to be the set of triples (mj,mq,m3) € M; x My x Ms that
satisfy m; = diei_l for e, € FE;, di € D;, di+1ZZ'+1 = Bz(ezZz)’ and
dBa(e2) ™ .85 (dr)es " Ba(daBi(er ™)) = 1. g
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3 Correspondence Theorems

We now describe and analyze the partial order of subgroups of M7 x My x M3 in terms
of pairs of morphisms.

Let A,Q < M; x My x Mjs be degenerate 2-factor injective subdirect products
and the tuples of the form x(A) = (D1, Do, D3, E1, Eo, E3, 51, B2, 53) and £(Q2) =
(B1, By, Bs, Ay, Ay, A3, 31, 35, 35) with the assumptions of Proposition Given

morphisms

@ 0; !

M;/E; = U; = M;y1/Dija,
o 9;_1

M;/A; = Ul = Mi1/Bij.

Then 51 = 9;10[2' = H(Hl,al) : MZ/EZ — Mi+1/Di+1 and Bz, = 07/;71 ; = H(H;,Oé;)
whose graphs are subgroups 2, A < My x My x Ms.

Proposition 3.1. Let o; : M;/E; — U; and 0; : M;y1/ D1 — U; be isomorphisms
for i € {1,2,3} (indices taken modulo 3), let B; = II(0;,¢;), B = II(0;,}) with
corresponding subgroups A, ) of M1 x Mo x Ms. Then Q) < A if and only if

(a) (Ei, Ds) < (Ai, Bi);
—19;—1

(b) \i = w; for \; = ompiag_l , Wi = 97;@; , and p;, (p; are the homomorphisms

defined by pi(m;A;) = miE;, ©j(miy1Bit1) = miy1Dit1;
(¢) Bipi = @B

i 0;
M;/E; — Uy <— Mi11/Di (1)

o 0’

M;/A; — U} <— M1 /By
Proof. Write
Q= {(ml,mg,mg) € My x My x M3|a;(m2A,) = (92(77%.,.131'4_1)}

and
A= {(ml,mg,mg) € My x My x M3]al(mlEz) = Qi(mi+1Di+1)}.
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Then Q < A if and only if (E;, D;) < (4;,B;), i = 1,2,3, and, for m; € M;;
(ml, ma, mg) € 2 < X\ we have (mZEZ)O” = (mi+1Di+1)9i, but if (mz) € (), then

(mE)™ = aypi((miAy)
= Naj((m;A;)
So,
(miE)* = 0;((mix1Dit1)
= 0;¢;((mit1Biv1)
= wib((miz1Biy1)

if and only if )\Za;(mZAZ) = wiﬁg(miHBiH) and (ml, ma, m3) € Q). Then \; = w;.
([

Let A,Q < M; x My x Ms be degenerate subdirect products and the tuples
of the form KL(A) = (P]_,PQ,P3,D]_7D2, D3,E1,E2,E3,B1,,32, Bg) and H(Q) =
(Q1,Q2,Q3, B1, By, B3, Ay, A, As, 81, 85, 3%) with the assumptions of Proposition
2.4l Given morphisms

=

o o
(M;/P)/E; = U; = (Miy1/Piv1)/Dia,
a; 0;_1
(M;/Qi)/A: = Ul = (Miy1/Qiv1)/Bis1.

We are now in a position to state the following corollary, in analogy to Proposition [3.1].

Corollary 3.2. Let (6730 (MZ/PZ)/EZ ;> Uz' and 91 : (MZ'+1/P1'+1)/D1'+1 L) Ui
be isomorphisms for i € {1,2,3} (indices taken modulo 3), let 3; = 11(0;, o), B =
I1(0}, of) with corresponding subgroups A, of My x My x Ms. Then Q < A if and

only if
(a) (M;/P;, E;, D) < (M;/Qi, A, By);

(b) X = w; for N = aupial !t wp = 00010
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(¢) Bipi = ¢ipBi.

(Mi/Py)/E; — > U; <" (Mi11/Pi11)/Dist (2)

i T Ai mwz T%’é
af 0!

(M;/Qi)/Ai —> Ul <—— (Mi11/Qit1)/Bi

Definition 3.3. Let A = (BZ : (Ml/PL)/El —N> (M/L'Jrl/P/L'Jrl)/DiJrl) and ) = (ﬁ; :
(M;/Q;)/A; == (M;41/Qi11)/Biy1) be degenerate subdirect products of My x My x
M3 and suppose that €2 < A. We write

(1) Q< Aif M/ P, = M;/Qi,1 = 1,2,3, i.e., if both A, 2 have same top groups,

(11) Q <y A, if (B, D;) = (4;,B;),i = 1,2,3, i.e., if both A, Q have same bottom

groups,
(49i) € <45 A, if the canonical homomorphisms ;, ¢} (see (2)) are isomorphisms.

All three relations are obviously partial orders. Moreover, they decompose the partial
order < on the subgroups of M x My x Mj.

Theorem 3.4. Let A = (ﬁz : (MZ/R)/EZ —N> (MZ’+1/.PZ'+1)/D1'+1) and Q) = (ﬁ; :
(M;/Q;)/A; == (M;11/Qi+1)/Biy1) degenerate subdirect products of My x Mo x M3
be such that 2 < A . Define a map

Bl (Mi/Qi)/(M;/Qi) NE;) —  (Mir1/Qis1)/(Mis1/Qir1) N Diy1)
gi(M;/Qi) NE;) v git1((Mit1/Qit1) N Dit1),
and a map
Bi: (Mi/Q)Ei/E; — (Miy1/Qiy1)Div1/Dis1
9l — git1Diy1.
Then

(1) B\l’ and EZ are isomorphisms with corresponding graphs Q@ and AB < My x My X
Ms.
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) QE’ and AE are the unique degenerate subdirect products of M1 x My x M3 with

Q< Qg <upp Mg <p A

Proof. Define by ¢/, p; as (2). According to the homomorphism theorem ¢; can be
decomposed into a surjective, bijective and injective part, that is p; = ©; 30; 2041, We

have a commutative diagram:

(M;/Qy) /A —= (M;/P,)/E;

<,0¢,1l Tsom

((Mi/Qi)[Ai) [ ker pi ——— TImp;

and @; = ¢} 3} 9} 1. By Corollary Bipi = @Bl Tt follows that (Imgp;)% =
Img), and (ker ;)% = keryl. Thus §; restricts to an isomorphism B; from
Imep; to Imy); and (! induces an isomorphism Bl’ from ((M;/Q;)/A;)/ ker ¢; to
((Mi11/Qit1)/Bit1)/ ker ¢ and the following diagram commutes:

Bi

/
©i2 Imep; Pi2 Imey;
ar
(M;/Qq)/Aq Bi (Mit41/Qit1)/Bis1 ,
ker ¢; iat ker ¢! ¥i,3
7/7
¥i,1 M Bi - %ﬁ
' E; ’ i1
/ ¥i1
(Mi/Qi) % (Miy1/Qiv1) ~ ¥}
A; B! Bit1

Img; = (M;/Qi)Ei/E; 3 Img = (Miy1/Qiv1)Dig1/Dia.

And
W = (Mi/Q:)/((Mi/Qi) N Ey),
(MHl/kg;;l()/BHl > (Miy1/Qiv1)/((Mix1/Qix1) N Dit1).
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We denote by Sis, x s, x a1 the set of all finite degenerate subdirect products of M; x
M. 2 X M: 3.

Corollary 3.5. The partial order < on Sy, x My x M IS a product of three relations:
S=S O Syp O Sh -
Moreover, if A(R) denotes the incidence matrix of the relation R, the stronger property
A(S) = A(<e) - A(Sipp) - A(<w)
also holds.

Proof. This follows from the uniqueness of the intermediate subgroups in Theorem [3.4]
O

4 Subgroups of a Direct Product

The goal of this section is to give another type of characterization of containment of

subgroups in a product of groups. This is accomplished in Theorem [.1]

Theorem 4.1. Let A, Q) < My x My x Ms be 2-factor injective subdirect products and
the tuples of the form k(A) = (D1, Do, D3, E1, Es, E3, 1, B2, B3) with Z; = D; N E;,
and k() = (A1, Ag, As, B1, B2, Bs,v1,72,73), Yi = A; N B; with the assumptions of
Theorem[2.5] Then Q2 < A if and only if

(1) A; < D;,B; < Ej,

Bi
(2) ( Z; ) - JZJAJA

bl

(3) (Bl N ZZ’)%‘ _ Aix1 N Zix
Yi Yier

(4) (B)) = A,

(5) 6;0 El = 7; o a; where EZ and 7; are restrictions of B; and y; respectively.
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An equivalent statement for (5) is that the following diagram is a commutative diagram.

BiZ; Bi  Aip1Zipa
Z; Zit1

ali lé’i
B; Vi Aia

B;NZ; Air1NZip1

Proof. (=) Assume that Q@ < A. Itis clearly that A; < D;, B; < E;, (BZi)f =

Z;
Aii1Z; AZivvy:  Ai1NZi . . o
w1 Zipl (BiZiyyi — Aitd[Zi1  The diagram below is a commutative diagram.
Zz+1 }/z }/1+1

(8)/(Bpy Tw (g2 (Al

Y; Yit1 Yit1
al ipi
B; Vi Aig1
B;NZ; Ai+1ﬂZi+1
Where ¢; and p; are isomorphisms and 7; = pfy}e; 1. Therefore, it suffices to

demonstrate that the diagram commutes. More explicitly that 6; o Ez = 7; o o. Let
(my,ma,mg) € € such that m; = aib;1 for b; € Bj,a; € Aj,ai+1Yir1 = 7i(biYs).
Since Q@ < A we know a;11Z;+1 = fi(b;Z;) and 5’@ is a restriction of 3. Then
((biZi)gi)ei = (ai+17Zi41)% = a;11(Ais1 N Z;11). On the other side, we obtain

((biZi)ai)’% = (bl(BZ N Zi))% = ai+1(Ai+1 N Zi+1).

Therefore, 6; o EZ = 7; o o, and the diagram commutes.
(<) Conversely, suppose the containments hold and the diagram commutes. Our
goal is to show Q2 < A. Let (m1, mg2, m3) € Q. Then v;(b;Y;) = ai+1Yiy1. We have

-1
7

biZ)P = (b;2:)*70
(bi(BiN Zi))%ei_l

—1
(@i+1(Aip1 N Zig1))?

= ai+14i41-

And S; |g,= ~i- We conclude that (my, ma, m3) € A, and Q < A. O

Earthline J. Math. Sci. Vol. 10 No. 1 (2022), 195-209
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Corollary 4.2. Let A, Q) < My x Mo x M3 be degenerate subdirect products and the
tuples of the form k(A\) = (Py, Pa, P3, D1, Do, D3, E1, Es, E3, 31, B2, B3) and k() =
(Q1,Q2,Q3, By, By, B, Ay, Aa, Az, V1,72, V3) with the assumptions OfProposition
Then Q2 < A if and only if

(a) Ai < E;,B; <D;,M;/Q; < M;/P;,

(b) ((Mi/Qi)Ei)/Bi _ (ML'+1/DQ;++11)Di+1

. ’
K3

(M;i/Qi) N EiNvi — (Mi1/Qiv1) N Diga
(c) ( A; ) - Bit1 :

(d) the following diagram is a commutative diagram

(M;/Q:i)E; Bi (Mi41/Qit1)Dig1
E; D1

(M /Qq) i (Miq1/Qiq1)
(M;/Qqi)NE; (Mi41/Qi41)NDiy1

Proof. The proof of this corollary come immediately from Theorem 4.1 and Proposition
O

S Application

The next application, that of determining the cyclic subgroups of M; x My x M3 will
involve more substantial use of Theorem Cyclic subgroups are not closed under

products.We shall henceforth use additive notation since M7,Ms,M3 will be abelian.

Theorem 5.1. Let A be a degenerate 2-factor injective subdirect products of My x Msy X
Ms with the assumptions of Theorem[2.3) and tuples of the form

K‘(A) = (Dla D27 D37E17 EQa E37ﬁ17627 53)

(a) The subgroup A is finite cyclic if and only if My, Ms, M3 are finite cyclic and each
of the pairs of integers (|D2|,|En|), (|D1l, |E3]), (|Dsl,|E2|) is coprime. In this
case one also has

[A] = lem(|Mal, | Mal, | M),
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(b) The subgroup A is infinite cyclic if and only if one of the following three cases (up

to obvious permutation of indices) occur:
(1) My =~ Z, My and M3 are finite cyclic, Do = E3 = {0}, and (| D3|, |E2|) are
coprime.
(ii) M =~ My ~ 7, Mgﬁl’lite CyCliC, and Dy = B = Es = D3 = {O}
(tit) M; ~Z and D; = E; = {0} fori =1,2,3.

Proof. This is an immediate consequence of Theorem 4.5 in [[18]. U
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