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Abstract

In the paper submitted, by employing the linear operator Ijα,β defined using the convolution of univalent
functions k and h belonging to the class A, which consists of holomorphic functions in the disk
U = {s : s ∈ C : |s| < 1} that satisfy the condition k(0) = k

′
(0)−1 = 0, we proved that the convolution

under this operator belongs to the new class S(υ,β,α)(h)(Φ), according to the concept of the convex hull
method of differential subordination, for any convex univalent function mapping the unit disk into the
right half-plane, Φ, in U with Φ(0) = 1.

1 Introduction

For s belonging to the unit disk U = {s : s ∈ C : |s| < 1}, the class of holomorphic functions A

is defined by A =
{
k : k ∈ H (U) : k(s) = s+ ε2s

2 + ε3s
3 + . . . with k(0) = 0 and k′(0) = 1

}
, where

H (U) = {k : k holomorphic in U}.

For two holomorphic functions k(s) = s+ ε2s
2+ ε3s

3+ . . . and h(s) = s+ e2s
2+ e3s

3+ . . ., the special
product of these functions, called the convolution, is indicated by h∗k and is symbolised by a power series
of the form

(h ∗ k)(s) = s+

∞∑
i=2

εieis
i = (k ∗ h)(s). (1.1)

Let B(s) and S(s) be two holomorphic functions in U . The subordination relation [1] between B(s)

and S(s) is expressed as B(s)≺ S(s) if there is a holomorphic function T(s) in U with the properties
T(0) = 0 and |T(s)| < 1 (s ∈ U), such that B(s)= S (T(s)). If S(s) is univalent, then B(s)≺ S(s) if and
only if B(0)= S(0) and B(U) ⊂S(U).
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A function k ∈ A, as a member of the class Kλ(Υ), is convex of complex order Υ (Υ∈ C\{0}) and type
λ if and only if

Re

(
1 +

1

Υ

(
sk

′′
(s)

k′(s)

))
> λ, (s ∈ U , 0 ≤ λ < 1) .

A function k ∈ A, as a member of the class S∗
λ(Υ), is starlike of complex order Υ (Υ∈ C\{0}) and type

λ if and only if

Re

(
1 +

1

Υ

(
sk

′
(s)

k(s)

))
> λ, (s ∈ U , 0 ≤ λ < 1) .

Many studies have examined classes of functions derived from Kλ(Υ) and S∗
λ(Υ) according to the value

of λ and the use of the concept of subordination. Among the studies that have focused on these topics, we
mention the following: S∗, introduced by Ajab et al. [2], S∗

Υ(Φ), investigated and studied by Ravichandran
et al. [3]; and the collection M0,Υ(Φ) defined by Suchitra et al. [4]. Note that S∗

0(Υ) = S∗(Υ) and
K0(Υ)= K(Υ) (see [5,6]). Previously, results involving convolution were obtained by applying Alexander’s
theorem, which showed that if the condition sk

′
(s) = k(s) ∗ h(s) holds for a function h and if k is

convex, this leads to the following important result: k is convex if and only if k ∗ h is starlike, where
h(s) =

(
s

(1−s)2

)
. These ideas have motivated the investigation of the class of functions k that satisfy the

subordination condition
s(k ∗ h)′(s)
(k ∗ h)(s)

≺ Φ(s),

where h(s) ∈ A is a fixed function and Φ is a convex function mapping into the right half-plane.

The following subclasses of univalent holomorphic functions will be investigated. The function h(s) ∈ A

is assumed to be fixed in the sequel, unless otherwise noted. The function Φ(s) is presumed to be a fixed,
convex, univalent function mapping into the right half-plane, such that Φ(0) = 1, and Φ

′
(0) > 0.

For k ∈ A, the differential operator Ijα,β [7] is defined by

I0α,βk(s) = k(s),

I1α,βk(s) =
αk(s) + βsk

′
(s)

α+ β
= s+

∞∑
l=2

(
α+ βl

α+ β

)1

εls
l,

...

Ijα,βk(s) = Iα,β

(
Ij−1
α,β k(s)

)
= s+

∞∑
l=2

(
α+ βl

α+ β

)j

εls
l, (1.2)

where α ∈ R and β ≥ 0 with α+ β > 0, j ∈ N0 = N∪[0].
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Now, for Υ ∈ (0, 1] and for all s ∈ U , we define the following new subclasses:

S(Υ,β,α)(h)(Φ) =
{
k ∈ A : k satisfying 1 +

1

Υ

s(Ijα,β(h ∗ k))
′

(s)(
Ijα,β(h ∗ k)

)
(s)

− 1

 ≺ Φ(s),

where

(
Ijα,β(h ∗ k)

)
(s)

s
̸= 0
}
,

(1.3)

K(Υ,β,α)(h)(Φ) =
{
k ∈ A : k satisfying 1 +

1

Υ

s(Ijα,β(h ∗ k))
′′

(s)

(Ijα,β(h ∗ k))
′
(s)

 ≺ Φ(s),

where

(
Ijα,β(h ∗ k)

)
(s)

s
̸= 0 ,

(
Ijα,β(h ∗ k)

)′

(s) ̸= 0
}
,

(1.4)

C(Υ,β,α)(h)(Φ) =
{
k ∈ A : k satisfying 1 +

1

Υ

s(Ijα,β(h ∗ k))
′

(s)(
Ijα,β (h ∗ T)

)
(s)

− 1

 ≺ Φ(s),

for some T(s) ∈ S(γ,β,α)(h)(Φ)
}
,

(1.5)

Gξ
(Υ,β,α)(h)(Φ) =

{
k ∈ A : k satisfying ξ

1 +
1

Υ

s(Ijα,β(h ∗ k))
′′

(s)

(Ijα,β(h ∗ k))
′
(s)


+ (1− ξ)

1 +
1

Υ

s(Ijα,β(h ∗ k))
′

(s)(
Ijα,β(h ∗ k)

)
(s)

− 1

 ≺ Φ,

where
(
Ijα,β(h ∗ k)

)′

(s) ̸= 0 and ξ any real number
}
,

(1.6)

Q(Υ,β,α)(h)(Φ) =
{
k ∈ A : k satisfying 1 +

1

Υ


(
s(Ijα,β(h ∗ k))

′)′

(s)

(Ijα,β(h ∗ T))
′
(s)

− 1

 ≺ Φ(s),

for some T(s) ∈ K(Υ,β,α)(h)

}
,

(1.7)

S̃(Υ,β,α)(Φ) =
{
k ∈ A : k satisfying

1

Υ

s(Ijα,β(k))
′

(s)(
Ijα,β(k)

)
(s)

 ≺ Φ(s), where
Ijα,β(k)(s)

s
̸= 0
}
. (1.8)

Recall that Ruscheweyh and Sheil-Small [8], Shanmugam [9], Padmanabhan and Parvatham [10], and
Goodman [11] studied a collection of functions that are convex, starlike, and close-to-convex, and they
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proved that these classes are closed under convolution with convex functions. To understand the breadth
of studies that have addressed the concept of subordination for functions with geometric properties using
operators, we refer to the work of researchers in references [7, 12–20].

In the present submission, we extend the classes of starlike, convex, quasi-convex and close-to-convex
functions to give various subclasses of A and consider several inclusion properties of functions associated
with the operator Ijα,β . Some properties of the new classes are studied. We would like to point out that,
during the research, we use the abbreviation “co. un.” to denote a convex univalent function to avoid
repetition of the term.

It is worth noting that the collection of pre-starlike functions is a set that is represented by the symbol
Aδ [21] which is defined as Aδ =

{
k ∈ A : k ∗ s

(1−s)2−2δ ∈ S∗(δ), where δ ≤ 1
}

. Note that in this research,
in order to denote the class using a single symbol, we will denote the class S∗(δ) by S∗

δ .

To prove our primary conclusions, the following results are required for our investigation.

Theorem 1.1 ([21]). Let δ ≤ 1. If k ∈ Aδ and h ∈ S∗(δ), then k∗Fh
k∗h (U) ⊂ co (F (U)) for any holomorphic

function F ∈ H (U), where co (F (U)) is the convex hull of F (U).

Theorem 1.2 ([22]). Let v1, v2 ∈ C, Φ ∈ H(U) be a co. un. function in U , and Re(v1Φ(s) + v2) > 0. If
K(s) is holomorphic with K(0) = Φ(0) in U , then

K(s) +
sK

′
(s)

v1K(s) + v2
≺ Φ(s) implies K(s) ≺ Φ(s).

Theorem 1.3 ([22]). Let Φ ∈ H(U) be a co. un. in U , with Φ(0) = 1, and let v1, v2 ∈ C. Assume that
the differential equation

Θ(s) +
sΘ

′
(s)

v1Θ(s) + v2
= Φ(s)

has a univalent solution Θ that satisfies Θ(s) ≺ Φ(s). If

K(s) = e+ e1s+ e2s
2 + . . .

satisfies

K(s) +
sK

′
(s)

v1K(s) + v2
≺ Φ(s),

then K(s) ≺ Θ(s), where Θ(s) is the best dominant.

Theorem 1.4 ([23]). Let Φ be a co. un. in U , and let p be holomorphic in U with Re (p(s)) > 0. If
K(s) is holomorphic in U and K(0) = Φ(0), then K(s) + p(s)

(
sK

′
(s)
)

≺ Φ(s) (s ∈ U), it follows that
K(s) ≺ Φ(s) (s ∈ U).
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2 Main Results and Inclusion Properties Involving Differential Operator

Theorem 2.1. Let Φ be a co. un. and right half plane function with Φ(0) = 1 and 0 < Υ ≤ 1, and let h be

a fixed function in A such that, for every k ∈ A that satisfies
Ijα,β(h∗k)(s)

s ̸= 0 and
(
Ijα,β(h ∗ k)(s)

)′

̸= 0,
the following statements hold:

1) K(Υ,β,α)(h)(Φ) ⊂ S(Υ,β,α)(h)(Φ).

2) k ∈ K(Υ,β,α)(h)(Φ) if and only if s(Ijα,β(k))
′

(s) ∈ S(Υ,β,α)(h)(Φ).

Proof of (1). Since
Ijα,β(h∗k)(s)

s ̸= 0, let m(s) be a holomorphic function in U defined by

m(s) = 1 +
1

Υ

s(Ijα,β(h ∗ k))
′

(s)(
Ijα,β(h ∗ k)

)
(s)

− 1

 . (2.1)

That is,

(Υ m(s) + ( 1−Υ) =
s(Ijα,β(h ∗ k))

′

(s)(
Ijα,β(h ∗ k)

)
(s)

. (2.2)

Using the fact that
(
Ijα,β(h ∗ k)(s)

)′

̸= 0 and the condition Re (Υm(s) + ( 1−Υ)) > 0, we obtain

m(s) +
sm

′
(s)

Υm(s) + ( 1−Υ)
= 1 +

s(Ijα,β(h ∗ k))
′′

(s)

Υ(Ijα,β(h ∗ k))
′
(s)

.

If k ∈ K(γ,β,α)(h)(Φ), where Φ is a function satisfying the hypotheses, it follows that k satisfies the
subordination condition in (1.4). As a consequence, we get

m(s) +
sm

′
(s)

Υm(s) + ( 1−Υ)
≺ Φ(s).

Suppose v1 = Υ, v1 = 1−Υ, and that m(s) is holomorphic in U and satisfies the property m(0) = Φ(0).
By applying Theorem 1.2, we get m(s) ≺ Φ(s). Thus, K(γ,β,α)(h)(Φ) ⊂ S(γ,β,α)(h)(Φ).

Proof of (2). Suppose that there are two functions h, k ∈ A such that (Ijα,β(h∗k))(s)
s ̸= 0,(

Ijα,β(h ∗ k)
)
(s) ̸= 0.

Since

1 +
1

Υ

s
[
h ∗ s(Ijα,β(k))

′]′
(s)(

h ∗ s(Ijα,β(k))
′)

(s)
− 1

 = 1 +
1

Υ


[
s(Ijα,β(h ∗ k))

′]′
(s)(

Ijα,β(h ∗ k)
)′

(s)

− 1


= 1 +

1

Υ

s(Ijα,β(h ∗ k))
′′

(s)

(Ijα,β(h ∗ k))
′
(s)

 .

(2.3)
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If k(s) ∈ K(Υ,β,α)(h)(Φ), then, by (1.4) and (2.3), we have

1 +
1

Υ

s
[
h ∗ s(Ijα,β(k))

′ ]′
(s)(

h ∗ s(Ijα,β(k))
′)

(s)
− 1

 ≺ Φ(s).

This implies that s
(
Ijα,β(k)

)′

(s) ∈ S(Υ,β,α)(h)(Φ).

Conversely, if s
(
Ijα,β(k)

)′

(s) ∈ S(Υ,β,α)(h)(Φ) then, from (1.3), we get

1 +
1

Υ

 s
[
h ∗ s(Ijα,β(k))

′ ]′
(s)(

h ∗ s(Ijα,β(h ∗ k))
′)

(s)
− 1

 ≺ Φ(s).

Hence, by (2.3), we conclude that

1 +
1

Υ

s(Ijα,β(h ∗ k))
′′

(s)

(Ijα,β(h ∗ k))
′
(s)

 ≺ Φ(s).

Therefore, k ∈ K(Υ,β,α)(h)(Φ).

Theorem 2.2. Suppose that Φ be co. un. function fulfilling the condition

Re

(
sE

′
(s)

E(s)

)
> δ (0 ≤ δ < 1), (2.4)

and T ∈A, with T ∈Aδ. If k ∈ S(Υ,β,α)(h)(Φ), then (k ∗ T ) (s) ∈ S(Υ,β,α)(h)(Φ).

Proof. For a function k ∈ S(Υ,β,α)(h)(Φ), we define the function m(s) as

m(s) = 1 +
1

Υ

s(Ijα,β(h ∗ k))
′

(s)(
Ijα,β(h ∗ k)

)
(s)

− 1

 (0 < Υ ≤ 1).

It is clear that m(s) is holomorphic in U and m(s) ≺ Φ(s). Suppose that T (s) is a function in Aδ. To
prove that E(s) =

(
Ijα,β(h ∗ k)

)
(s) ∈ S(Υ,β,α)(δ), observe that, since k ∈ S(Υ,β,α)(h)(Φ), and Φ is co. un.

and satisfies condition (2.4), we have Re

(
sE

′
(s)

E(s)

)
= Re(1−Υ+Υm(s)) > δ. It follows that

Re

1 +
1

Υ

s
(
Ijα.β(h ∗ k)

)′

(s)(
Ijα,β(h ∗ k)

)
(s)

− 1


 > δ.

Thus, E ∈ S∗
δ(Υ). Since T ∈Aδ, E ∈ S∗

δ(Υ) ⊂ S∗
δ and since Φ is convex, Theorem 1.1 gives

(T ∗Em)(s)

(T ∗E)(s)
≺ Φ(s), (2.5)
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since s
(
Ijα,β(h ∗ k)

)′

(s) = (h ∗ s(Ijα,β(k)
′

)(s).

This implies

1 +
1

Υ

s(Ijα,β(h ∗ T ∗k))
′

(s)(
Ijα,β(h ∗ T ∗k)

)
(s)

− 1



=
(Υ− 1)(T ∗ (Ijα,β (h ∗ k)) (s) + (1−Υ)(T ∗

(
Ijα,β(h ∗ k)

)
(s) + Υ(T ∗m(Ijα,β (h ∗ k)) (s)

Υ
(
T ∗Ijα,β(h ∗ k)

)
(s)

=
(T ∗Em) (s)

(T ∗E)(s)
.

Thus, the subordination relation

1 +
1

Υ

s(Ijα,β(h ∗ T ∗k))
′

(s)(
Ijα,β(h ∗ T ∗k)

)
(s)

− 1

 ≺ Φ(s)

holds. This implies (k ∗ T ) (s) ∈ S(Υ,β,α)(h)(Φ).

Corollary 2.1. The inclusion relation S(Υ,β,α)(h)(Φ) ⊆ S(Υ,β,α)(T ∗h)(Φ) holds if both functions Φ and T
fulfill the requirements of Theorem 2.2.

Proof. Suppose that k ∈ S(Υ,β,α)(h)(Φ). By Theorem 2.2, k ∗ T ∈S(Υ,β,α)(h)(Φ). By the associative
property, Ijα,β ((T ∗ h) ∗ k) = Ijα,β(h ∗ (k ∗ T )) which implies that k ∈ S(Υ,β,α)(T ∗h)(Φ).

Corollary 2.2. For k ∈ K(Υ,β,α)(h)(Φ), the inclusion relation K(Υ,β,α)(h)(Φ) ⊆ K(Υ,β,α)(T ∗h)(Φ) holds, and
(k ∗ T ) (s) ∈ K(Υ,β,α)(h)(Φ) holds if both functions Φ and T fulfill the requirements of Theorem 2.2.

Proof. If k ∈ K(Υ,β,α)(h)(Φ) and satisfies the condition (Ijα,β(h∗k))(s)
s ̸= 0,

(
Ijα,β(h ∗ k)

)′

(s) ̸= 0, then,

according to part (2) of Theorem 2.1 and Theorem 2.2, we obtain
(
T ∗s

(
Ijα,β(k)

)′)
(s) ∈ S(Υ,β,α)(h)(Φ),

since Ijα,β ((T ∗ h) ∗ k) = Ijα,β (h ∗ (k ∗ T )) . Hence (k ∗ T ) (s) ∈ K(Υ,β,α)(h)(Φ), and the first inclusion
follows from Corollary 2.1.

Remark 2.1. If Υ = 1, j = 0, h = s
1−s , and δ = 0 , then, for Φ(s) = 1+s

1−s . Theorem 2.1 implies that
K(Υ,β,α)(h)(Φ)= K ⊆S(Υ,β,α)(h)(Φ) = S∗ and k ∈ K if and only if sk

′ ∈ S∗. Also, Theorem 2.2 implies
that, for k ∈ S∗, and T ∈K , we get (k ∗ T ) (s) ∈ S∗.

Theorem 2.3. For k ∈ C(Υ,β,α)(h)(Φ), k1 ∈ S(Υ,β,α)(h)(Φ), and both functions Φ and T fulfill the
requirements of Theorem (2.2), we have (T ∗k) (s)∈ C(Υ,β,α)(h)(Φ) and (T ∗ k1) (s) ∈ S(Υ,β,α)(h)(Φ).
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Proof. Suppose that m(s) is a function defined by

m(s) = 1 +
1

Υ

 s(Ijα,β(h ∗ k))
′

(s)(
Ijα,β (h ∗ k1)

)
(s)

− 1

 ,

with a function Ψ = T and E(s) =
(
Ijα,β (h ∗ k1)

)
(s). Then Ψ ∈ Aδ and E ∈ S∗

δ(Υ) ⊂ S∗
δ . An application

of Theorem 1.1 implies that (T ∗Em)(s)
(T ∗E)(s) ∈ co(m (U)). By the convex property of Φ(s) and since m(s) ≺ Φ(s),

it follows that
(T ∗ Em) (s)

(T ∗ E)(s)
≺ Φ(s). (2.6)

A simple calculation, as in Theorem 2.2, reveals the following:

1 +
1

Υ

s
(
Ijα,β (h ∗ T ∗k)

)′

(s)(
Ijα,β (h ∗ k1)

)
(s)

− 1



=
(Υ− 1)

(
T ∗ (Ijα,β(h ∗ k1)

)
(s)−

[
(Υ− 1)

(
T ∗ (Ijα,β (h ∗ k1)

)
(s)−Υ

(
T ∗m(I

j
α,β (h ∗ k1))

)
(s)
]

Υ
(
T ∗ (Ijα,β (h ∗ k1))

)
(s)

=
(T ∗(Em)) (s)(

T ∗ (Ijα,β (h ∗ k1))
)
(s)

=
(T ∗ Em) (s)

(T ∗ E) (s)
.

Thus, by the subordination in (2.6), we get

1 +
1

Υ

 s(Ijα,β(h ∗ T ∗k)
′

(s)(
Ijα,β (h ∗ T ∗k1)

)
(s)

− 1

 ≺ Φ(s).

This yields T ∗k ∈ C(Υ,β,α)(h)(Φ) with respect to (T ∗k1) (s) ∈ S(Υ,β,α)(h)(Φ).

Corollary 2.3. The inclusion relation C(Υ,β,α)(h)(Φ) ⊆ C(Υ,β,α)(T ∗h)(Φ) hold, if both functions Φ and T
fulfill requirements of Theorem 2.2.

Proof. If k ∈ C(Υ,β,α)(h)(Φ) with k1 ∈ S(Υ,β,α)(h)(Φ), then, by Theorem 2.3, we obtain

1 +
1

Υ

 s(Ijα,β(h ∗ T ∗k)
′

(s)(
Ijα,β (h ∗ T ∗k1)

)
(s)

− 1

 ≺ Φ(s).

Thus, k ∈ C(Υ,β,α)(T ∗h)(Φ). This concludes that C(Υ,β,α)(h)(Φ) ⊆ C(Υ,β,α)(T ∗h)(Φ).

Theorem 2.4. Suppose Φ be co. un. and right half plane function with Φ(0) = 1 and 0 < Υ ≤ 1 . Then

1) Gξ
(Υ,β,α)(h)(Φ) ⊆ S(Υ,β,α)(h)(Φ) where ξ > 0.
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2) Gξ
(Υ,β,α)(h)(Φ) ⊆ Gρ

(Υ,β,α)(h)(Φ) where 0 ≤ ρ < ξ.

Proof of (1). Let

X (ξ, k(s)) = ξ

1 +
s(Ijα,β(h ∗ k))

′′

(s)

Υ
(
Ijα,β(h ∗ k)

)′

(s)

+ (1− ξ)

1 +
1

Υ

 s(Ijα,β(h ∗ k)
′

(s)(
Ijα,β(h ∗ k)

)
(s)

− 1

 ,

and define the holomorphic function m(s) in U by m(s) = 1 + 1
Υ

(
s(Ijα,β(h∗k)

′
(s)

(Ijα,β(h∗k))(s)
− 1

)
.

By differentiating the last equation with respect to (s) and performing simple calculations, we obtain

ξsm
′
(s)

Υm(s) + (1−Υ)
=

ξs
(
Ijα,β(h ∗ k)

)′′

(s)

Υ
(
Ijα,β(h ∗ k)

)′

(s)

+
ξ

Υ
−

ξs
(
Ijα,β(h ∗ k)

)′

(s)

Υ
[(

Ijα,β(h ∗ k)
)
(s)
] .

That is,

ξsm
′
(s)

Υm(s) + (1−Υ)
− 1

Υ
+

s

[(
Ijα,β(h ∗ k)

)′

(s)

]
Υ
[(

Ijα,β(h ∗ k)
)
(s)
] + 1

= ξ

1 +
s
(
Ijα,β(h ∗ k)

)′′

(s)

Υ
(
Ijα,β(h ∗ k)

)′

(s)

+ (1− ξ)

1 +

s

[(
Ijα,β(h ∗ k)

)′

(s)

]
Υ
[(

Ijα.β(h ∗ k)
)
(s)
] − 1

Υ

 .

That is,

ξsm′(s)

Υm(s) + (1−Υ)
+

1 + s

[(
Ijα,β(h ∗ k)

)′

(s)

]
Υ
[(

Ijα,β(h ∗ k)
)
(s)
] − 1

Υ

= X (ξ, k(s)) .

The condition Re (Υm(s) + (1−Υ)) > 0, implies that

ξsm′(s)

Υm(s) + (1−Υ)
+m(s)= X (ξ, k(s)) .

Thus, let k ∈ Gξ
(Υ,β,α)(h)(Φ), so that X (ξ, k(s)) ≺ Φ(s). Set v1 = Υ

ξ and v1 = 1−Υ
ξ , where ξ > 0. Since

m(s) is holomorphic in U and satisfies the property m(0) = Φ(0), Theorem 1.2, together with the right
part of the last equation, ensures that G(s) ≺ Φ(s). Therefore, k ∈ S(Υ,β,α)(h)(Φ).

Proof of (2). When ρ = 0, case (1) applies. Now, suppose that ρ > 0. We have

X (ρ, k(s)) = ρ

1 +
s
(
Ijα,β(h ∗ k)

)′′

(s)

Υ
(
Ijα,β(h ∗ k)

)′

(s)

+ (1− ρ)

1 +
s
(
Ijα,β(h ∗ k)

)′

(s)

Υ
(
Ijα,β(h ∗ k)

)
(s)

− 1

Υ


Earthline J. Math. Sci. Vol. 16 No. 6 (2026), 1201-1214
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=

(
1− ρ

ξ

)1 +
s
(
Ijα,β(h ∗ k)

)′

(s)

Υ
(
Ijα,β(h ∗ k)

)
(s)

− 1

Υ


+

ρ

ξ

ξ
1 +

s
(
Ijα,β(h ∗ k)

)′′

(s)

Υ
(
Ijα,β(h ∗ k)

)′

(s)




+ (1− ξ)

1 +
1

Υ

s
(
Ijα,β(h ∗ k)

)′

(s)(
Ijα,β(h ∗ k)

)
(s)

− 1




=

(
1− ρ

ξ

) 1 +
1

Υ

s
(
Ijα,β(h ∗ k)

)′

(s)(
Ijα,β(h ∗ k)

)
(s)

− 1


+

ρ

ξ
[X (ξ, k(s))] .

That is, X (ρ, k(s)) =
(
1− ρ

ξ

)
m(s)+ ρ

ξ [X (ξ, k(s))] is a convex combination of two functions subordinate
to the convex function Φ(s).

Since, by part (1),

1 +
1

Υ

s
[
Ijα,β(h ∗ k)′(s)

]
[
Ijα,β(h ∗ k)(s)

] − 1

 ≺ Φ(s) and X (ξ, k(s)) ≺ Φ(s),

this implies that X (ρ, k(s)) ≺ Φ(s). Thus, k(s) ∈ Gρ
(Υ,β,α)(h)(Φ).

Theorem 2.5. Let Φ be a co. un. function mapping into the right half-plane, with Φ(0) = 1 and
0 < Υ ≤ 1. Then

1) K(Υ,β,α)(h)(Φ) ⊆ Q(Υ,β,α)(h)(Φ) ⊆ C(Υ,β,α)(h)(Φ).

2) k ∈ Q(Υ,β,α)(h)(Φ) if and only if s(Ijα,βk)
′
(s) ∈ C(Υ,β,α)(h)(Φ).

Proof of (1). If we put k = T, it follows from Definition 1.7 that K(Υ,β,α)(h)(Φ) ⊆ Q(Υ,β,α)(h)(Φ). To prove
the other inclusion, assume that

F(s) = 1 +
1

Υ

s
(
Ijα,β(h ∗ k)

)′

(s)(
Ijα,β (h ∗ T)

)
(s)

− 1

 .

After differentiating the function F(s) and performing some calculations, we get

ΥF ′
(s)

(ΥF(s) + (1−Υ)
=

(
s
(
Ijα,β(h ∗ k)

)′)′

(s)

s
(
Ijα,β(h ∗ k)

)′

(s)

−

((
Ijα,β (h ∗ T)

))′

(s)(
Ijα,β (h ∗ T)

)
(s)
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F ′
(s)

(ΥF(s) + (1−Υ)
=

(
s
(
Ijα,β(h ∗ k)

)′)′

(s)

Υ (ΥF(s) + (1−Υ))
(
Ijα,β (h ∗ T)

)
(s)

− 1

Υ


(
Ijα,β (h ∗ T)

)′

(s)(
Ijα,β (h ∗ T)

)
(s)



F ′
(s) =


(
Ijα,β(h ∗ T)

)′

(s)(
Ijα,β(h ∗ T)

)
(s)


 1

Υ


(

s
(
Ijα,β(h ∗ k)

)′)′

(s)(
(Ijα,β (h ∗ T)

)′

(s)

− 1

Υ
(ΥF(s) + (1−Υ))

 ,

that is,

F(s) +
sF ′

(s)(
s(Ijα,β(h∗T))

′
(s)

(Ijα,β(h∗T))(s)

) =

1 +
1

Υ


(

s
(
Ijα,β(h ∗ k)

)′)′

(s)(
(Ijα,β (h ∗ T)

)′

(s)

− 1


 .

Thus, there exists a function T ∈K(Υ,β,α)(h)(Φ) such that1 +
1

Υ

s
(
Ijα,β(h ∗ k)

)′

(s)(
Ijα,β (h ∗ T)

)
(s)

− 1


 ≺ Φ(s) when k ∈ Q(Υ,β,α)(h)(Φ).

Also, by applying Theorem 2.1, part (1), we have T ∈S(Υ,β,α)(h)(Φ), this implies

Re

s(Ijα,β(h ∗ T)
′

(s)

Ijα,β (h ∗ T) (s)

 > 0.

We conclude, by applying Theorem 1.4, that F(s) ≺ Φ(s).

Thus, k ∈ C(Υ,β,α)(h)(Φ).

Proof of (2). Since1 +
1

Υ


(
s
(
Ijα,β(h ∗ k)

)′)′

(s)(
Ijα,β (h ∗ T)

)′

(s)

− 1


 = 1 +

1

Υ


s

(
h ∗
(
s
(
Ijα,β(k)

)′))′

(s)

h ∗
(
Ijα,β (T)

)′

(s)

− 1

 . (2.7)

Thus, if k ∈ Q(Υ,β,α)(h)(Φ) with respect to a function T ∈K(Υ,β,α)(h)(Φ), then

1 +
1

Υ


(
s
(
Ijα,β(h ∗ k)

)′)′

(s)(
Ijα,β (h ∗ T)

)′

(s)

− 1

 ≺ Φ(s).

By Theorem 2.1, part (2), and by the definition of (1.5), we get s
(
Ijα,β(k)

)′

(s) ∈ C(Υ,β,α)(h)(Φ).
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Conversely, if s
(
Ijα,β(k)

)′

(s) ∈ C(Υ,β,α)(h)(Φ), then there exists a function T1 ∈ S(Υ,β,α)(h)(Φ) such

that (Ijα,β(h∗T1))
′
(s)

s ̸= 0 and such that it satisfies 1 + 1
Υ


(
s

(
h∗s(Ijα,β(k))

′))′

(s)

Ijα,β(h∗T1)(s)
− 1

 ≺ Φ(s).

Suppose that there exists T ∈K(Υ,β,α)(h)(Φ) such that sT
′
= T1. Then the right-hand side of (2.7) is

subordinate to Φ(s). This implies that the left-hand side of (2.7) is subordinate to Φ(s), which implies
that k ∈ Q(Υ,β,α)(h)(Φ).

Corollary 2.4. If k ∈ Q(Υ,β,α)(h)(Φ) and the functions Φ and T fulfill the requirements of Theorem 2.2,
then T ∗ k ∈ Q(Υ,β,α)(h)(Φ).

Proof. If k ∈ Q(Υ,β,α)(h)(Φ), then, by part (2) of Theorem 2.5, s
(
Ijα,β(k)

)′

(s) ∈ C(Υ,β,α)(h)(Φ). Thus,

Theorem 2.3 gives s
(
Ijα,β (T ∗ k)

)′

(s) ∈ C(Υ,β,α)(h)(Φ). Again, by part (2) of Theorem 2.5, we obtain
(T ∗ k) (s) ∈ Q(Υ,β,α)(h)(Φ).

Corollary 2.5. The inclusion relation Q(Υ,β,α)(h)(Φ) ⊆ Q(Υ,β,α)(T ∗h)(Φ) holds if both functions Φ and T
satisfy the requirements of Theorem 2.2.

Proof. Let T and M be univalent functions in A, and let k ∈ Q(Υ,β,α)(h)(Φ). By Corollary 2.4, we have
T ∗ k ∈ Q(Υ,β,α)(h)(Φ), provided that T ∗M ∈ K(Υ,β,α)(h)(Φ) according to Corollary 2.2. Thus, we get

1 +
1

Υ


(
s
(
Ijα,β(h ∗ T ∗ k)

)′)′

(s)(
Ijα,β (h ∗ T ∗M)

)′

(s)

− 1

 ≺ Φ(s).

Hence k ∈ Q(Υ,β,α)(T ∗h)(Φ). This implies that Q(Υ,β,α)(h)(Φ) ⊆ Q(Υ,β,α)(T ∗h)(Φ).

Remark 2.2. If Υ = 1 in Definitions 1.3-1.8, we have a new collection of functions S(β,α)(h), K(β,α)(h),
C(β,α)(h), Q(β,α)(h) and Gξ

(β,α)(h).

3 Conclusion

Expanded subclasses of starlike, convex, quasi-convex, and close-to-convex functions that are equivalent
to the corresponding classes were introduced by the researcher Shanmugam. These classes contributed to
the development of known convolution properties of univalent holomorphic functions. The properties
of univalent functions related to a linear operator were derived using the convex hull method. We
demonstrated that these classes are closed under convolution with convex functions. Results involving
inclusion relations were also proved by applying some theorems on the differential subordination theory
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developed by Miller and Mocanu, as well as Alexander’s theorem, based on the fact that “every convex
univalent function is starlike,” which is equivalent to “K ⊂S∗”.
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