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Abstract

Basic properties of probability with Poisson distribution is used in obtaining
the coefficient bound by subordination principle which is the fundamental
purpose of this work. A class of analytic function f : £ — C with unit disc
€:{z € C:|z| <1} is established. Likewise known results of Fekete-Szego

inequalities type and the second bound of Toeplitz determinant are obtained.

1 Introduction and Preliminaries

Let £ = {z € C: |z] < 1}. The class A consists of all analytic functions f:& — C
normalized by f(0) = f'(0) — 1 =0 is of the form

f)=z2+4) az, zet (1.1)
k=2
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Let S denote the subclass of A consisting of univalent functions. Suppose Q is
the class of analytic functions w : { — C with w(0) = 0 and |w(z)| < 1. Let the
functions f and g be analytic in £; we say that f is subordinate to g in £, written
as f(z) < g(z) or simply f < g, see details [6], if there is some function w € Q
such that f(z) = g(w(z)) for all z € £. If g is univalent in &, then the following

relation follows f(z) < g(z) < f(0) = g(0) and f(&) C g(&).

Let ¢(z) be an analytic and univalent function with positive real part in £
with ¢(0) = 1; ¢’(0) > 0 and ¢(z) maps the unit disk  onto a region starlike

with respect to 1 and symmetric with respect to the real axis.

The familiar subclasses of S consisting of starlike and convex function is

represented as S* and X respectively.

Consider the convergent series Y~ ax of non-negative terms and let s denote

its sum:
[o¢]
s = Z ag, ap>0.
k=0

This defines a generalized discrete probability distribution whose probability mass
functions is given by p(k) = %, k = 0,1,2,---; the function p(k) is the
probability mass function because p(k) > 0 and ), p(k) = 1. Of interest is the
function ¢ defined by ¢(2) = > 7, arz®. Since 3%, ax is convergent, it follows
that ¢ is convergent for |z| < 1 and z = 1 see details [1,2,5] which investigated
generalized discrete probability distribution in conical domain. The power series,
whose coefficients are probabilities of the generalized distributions in relation to

(1.1) is of the form;

S

v(z) =2+ Y [+ (k—DAZF 0<a<1 zee (1.2)
k=2

A Toeplitz determinants is an upside down Hankel determinants, that is
Hankel determinants have constant entries along the reverse diagonal while

Toeplitz determinants have constant entries the diagonal.
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Thomas and Halim [3] introduced the symmetric Toeplitz determinant T,(n)

for analytic function f(z) of the form f(z) = z+a22%+a32>+... defined as follows;

Qn an4+1 --- Opig-1
An+1 (47%% <o Qniqg—2
Ty(n) =
Gptqg—1 Optq—2 --- (47%%

(where n,q =1,2,3,...a; = 1 for f(z) € S).

In particular,

T2(2) _ a2 ag

az a2
T5(2) = |aj — aj|

Definition 1. A function v(z) € A given by (2.1) is in the class S(3, A, z) if it
satisfies the condition:

5 B
Vo)(555) <o) eso<ssy

<p(z):1+Blz+Bg,22+Bgz?’+--~,Bl>0

Re(p) > 0 and v(z) as defined in (1.2).

In this work, the following Lemmas are employed

Lemma 1. If p(z) = 14 p1z+p2z? +--- € P, then the following shape inequality
holds:
bkl <2, (n€N). (1.3)

Lemma 2. [1,2] If w(z) = w1z + w2 + -+ € Q, then
lwy — tw?| < max{1,|t|} (1.4)

for any complex number t. The result is sharp for the function w(z) = z or

w(z) = 22,
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Lemma 3. [3] If p(z) =1+ 7 pp2" € P, then
2py = pi + x(4 - pi) (1.5)
for some z,|z| <1 and
Apy = pi +2p1(4 —pl)e —pr1(d—pha® + 24 —p})(L = |z[)p  (L.6)
for some complez value p, |p| < 1.

Lemma 4. Let the function P(z) = 1+ p1z + p2z%2 +--- be a member of a class
S(a, A, 2). Then, |pa —vp?| < 2maz {1,|2v — 1|}.

2 Coeflicient Bounds

Theorem 2.1. If the function v(z) € S(B, A, z), then

E < Q‘Bl‘
s (A+1D)(2-7)
az| _ |Bil(2+4Y)
s| T 2X+1D)(3-p)
as 1 BIBIP(B+1)(B—4) |B1)?
s S<1+3A><4—5>(2'31'”“8('33'+ 62— B (2—ﬁ><3fﬂ>y>>

ohere = (28, G555 ) na v = (- %552

Proof. For v(z) € S(B, A, z) then there exist w(z) called a Schwarz function with
w(0) =0 and |w(z)| < 1 such that

u’<z><yfz))6 — o(w(2)). (2.1)
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Now, insert the values of v(z) and /(2) in (2.1) we have

<1+k§;k[1+(k:—1) ]“’“ Lok 1) <1+Z “’“S‘lz’f*)_ﬂ (2.2)

then (2.2) becomes
a 2 ay az o
(1+2(/\+1)Sz+3(2)\—|—1)z +4(3>\+1)—z +- )(1+(A+1)sz+(2A+1)sz

a -8
+(3)\+1);z3+-~-) (2.3)

-8
simplifying <1 +A+1DLz+ 2A+1)222 4 (3N +1)%482% + > further we

obtain,

ap B(B+1) 207

A+ 17 - BA+ 1)?>22+

( ﬁ(3)\+1) +ﬁ(5+1)[(A+1)(2)\+1)]a;a2 BB+ 16)(/8 +2)

3a:1” 3
(A1) 83>z 4+

(2.4)
then (2.3) becomes

BB+
2

+ ((A+ (2 - ﬂ)%)z + ((A+ 1)2{ - 25} Z—g A+ 1)(3 - 5)%)%

+((3>\+1)(4—,6)%+(2>\+1)(>\+1)(5 —45)““”2 ()\+1)3(ﬂ2+,8)<1—(ﬁgz)>2—z)z3+..,
(2.5)

then

o(w(z)) = 1+ (Biw1)z + (Biwsg + Baw?)z? + (Biws + 2Bowywy + Baw?)z® + -+ (2.6)

Equating (2.5) and (2.6), compare the coefficient of z, z? and 23, we get

aq Biw,

s (A+12-p) @7
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az By 2
s T @I )BE D) ["”2 * Y“’l} 28)
as 1 3 BBI(B+1)(B—4) B2
S T aAsNE—p) (Bl“’”“’m““” (B” 62-5° (@ —B)(3—B)Y))
(2.9)
_ B2(B2—4p8) - B1(8%2-38
Where X = <2BQ — (21_5)(3_ﬁ)> and Y = <g? — ;((2—['3)2)> . D

Theorem 2.2. Let 0 < B < 1, jwy| = 2,|Bg| <2 and 0 < X < 1. If Ky €
S(B,\, z), where X = <232 — 312(52_4'8)> and Y = <gf - W), then

©-5)3-5) 227

@ 2|B|

s (A+1D)(2-7)

az [ B1](2 +4Y)

s|= @A+ DB 5)
a3l 1 BIBIPB+1(B-4) B ))
s|STranaE—p <2'Bl'+4“8<'33' T 6@ p) e P65 ))

Proof. From(2.7), (2.8) and (2.9), let |w,| = 2

aq Q‘Bl|

SIS0 0e-5) (210

as| _ |Bi|(2+4Y)

S| S @+ DB-B) (2.11)
as 1 BIB1>(B+1)(B—4) |B1]?
BEER ) (2'31' *4“8('33' LTO I (2—5)(3—5>Y>>

(2.12)
where X = <232 = gfjgf(gf?)) and Y = <§j = B;((f;ff)). 0

http://www. earthlinepublishers.com



Analytic Property of a Generalized Poisson Distribution 271

Remark 1. If |B,| < 2, then using Lemma 1

al 4

SIS 0FneE-8) (2.13)
as 2(244Y)

ST 2 +1)(B-5) 214

as

S

. 1B NE-4) 1
STraNE-p) <4+4X+<4+ 62-87  22-B)B- B)Y>>'
(2.15)

Theorem 2.3. Let the function P(z) = 1+ p1z + paz® + -+ be a member of a
class S(a, A, z). Then

wa—vw?| < — 2B mm{l 2u(2A + (3= B) + BiB(B—3)(A+1)> 2B2+ B }
T @68 ’ A+ 122 p)? B |J
Proof. From (2.7) and (2.8), we need to show that |2 —;LZ—; = |wg —vw}|. Using
Lemma 4,
a0t _ By s (B BUFE =38\ 5\ pBud
s T2l +B=p\ T\B 22-82 ) 1] (A+1)2(2-p)2
(2.16)
a 6| B wWo — pB12A+1)3-5) <32 _ Bu(p? —3@) w?
s 2T =g\ owe-a7 B ez-p2 )"
(2.17)
BB (B Bi(3-3) os)
(A+1)2(2-5)? Bi 2(2-p)?
a  af|_ B o2
s 2|7 CA+1)(3-7) w2 v
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hence

2u(2A+1)3=B) + B1B(B—3)(A+1)* 2B>+ B
(A+1)2(2-p8)? By

2
we2—vwi| <

2B
= mmax{l,

b

(2.19)
O

Theorem 2.4. Let v(z) be of the form (1.2) belongs to the class S(a, A, z). Then,

2 2
a2 _ M

(B1 + 2By)?

4
S‘@A+n%3—ﬂv
R ( 1 4B, (B — 38) )
- A\ 12 T @A+ 126 )2
4B -3p) <QBAB2—36)>‘
@ T 122 PG B) @5

0<A<1,0<fB<landzet.

52 g2

Proof. Using the coeflicients in Theorem 2.1,

52

a3 ai| Biw} 2B Bow?wy Biwiw?(3? - 38)
82_82_WQA+D%3—BF+@A+U%S—ﬁﬁ_@A+U%2—BV@—ﬁP
n Biw} _ BiByuwi(8* -3p)
2A+1)2(3—-8)*  (2A+1)*(2-B)*(3—B)?
Bjwi(8? — 38)° Biw} (2.20)

_l’_

42A+ 122 - BB -6 (A+122- )7
using Lemma 3 in (2.20)

aj B aj _ B (w} + 2w?z X +2%2X?) 2By Bow?(w? + (4 — wi)zx)
s s? (2)\ +1)2(3 — B)? (2XA+1)2(3 — B)?
Biwi (8 - 36)(wi + (4 — wi)x Bjw{

2T 122 -ARB P2 | (2A+1)2(3- P
_ BBuwi(8—3)
(2A+1)2(2 - B)%(3 - B)?
Blwi(8* — 3p) _ Biwi (2.21)
2T 22— B)(3-F2 (12— p)P |

+
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a3 a2 Biwj BiwizX Bix?X?
2 2|7 ‘4(2/\ T30 T2 123 -B)2  42r+ 12(3 - D)
N B1 Bow? 4BiBywix  BiBwix
(2 + ) B-=8) (A+1)*(B - /J’) (2A+1)2(3 - B)?
_ Biwi(8* - 38) _ 2B} wi(B* — 38)x
2(2A + 1) 2-8)PB=5)2 (2A+1)*(2-B)*@3 - B)?
4 Biwi(8* —3p)x + Biwi

220 +1)2(2-p)B -8 (2A+1)*(3-B)?
_ Bi Bywi(B* - 3p)
(21 + 1) (2-p8)*(2-p8)
Biwi(8* — 38) _ Biw?
A2A+1)22-0)'3B=8)>  (A+1)2(2-5)?]

_'_

(2.22)

We assume that X = (4 — w?). Applying Triangular Inequality and let w; = w,

a; af Biwi B1Bywi Biuwi (5> - 3p)
2 82| ‘4<2A 1230 @A+ 102G -7 20A+ 12— BP(3 - A
Biuwf B} Bywi (8 — 38)
@A+m<3 B2 (2A+1)2(2—B)3(2 - B)>?
+ 1“’1 (52 35) B%w%
420+ 1)22- 83— B2 (A +1)2(2-B)?
Blwl (4 - wl) B (4 - w%)Q
2220+ 1)2(3—=05)2 42X+ 1)2(3—p)?
N 4B Bow?x By Bowiz

(2)\+1) (3=05)2  (2A+1)2(3—pB)2
_ 2B{wiz (8 - 3p)

(2A+1)%(2 - B)3(3 — B)?
Biwiz(B? — 3p)

T D22 B3 ) (2.23)
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aj _ aj ‘ Biwi + Bi Byw} Biw!(6* - 3p)
$2 82| T AR A+ 1D2(B—8)2 T (2A+1)2(3—5)2 220 +1)%(2— B)3(3 — B)?
Biw} B Bywi (8% — 30)
(2>\+1) (3-8)2 (@x+1)22-p)3(2-p)?
+ Biwi(8* - 38) _ Biw?
422X+ 1)2(2- )43 - 5)2 (A +1)2(2 - )2
+ 2B1w1|$| B B1w1|$| 4B%\$|2
22 +1)2(3—-0)2 2(2A+1)2(3—-0)%2  (2A+1)2(3—B)?
2B%w%\x|2 Blw1|x]2 4BlB2w%|x|
T T 1)2B-02 A2+ 12B-87 @2 +123-8)
Bi1Byw!|z| 2B}w?|z|(B* — 3p)
R AF12B-8)? A+ 1)%(2-P)33 - B)?
Lo Bl -38) ), (2.24)

2020 +1)2(2 - B)*(3 - B)?

Differentiating v(w, |z|) partially with respect to |z| and clearly ¢'(|z|) > 0 on
[0, 1] which implies ¢(|z|,w) < p(1,w)

a _ai| _ ‘ Bt n BiBywi Biw{(B* - 3B)
2 s2] T 4N+ 1)2(3-0)2 2A+1)2(3—=5)2 202X+ 1)2(2—B)3(3 - B)?
Biwi B} Bywi (8 — 38)
TRAFIZG-BE T @ D2 - BPR - B
i Biwi(8* — 38) _ Biw?
420+ 1)2(2-8)'B-B)*  (A+1)*(2-p)?
n 2B3w? B Biwj 8B?|x|
CA+1)2(3—=0)2 22X+ 1)2(3—=05)2  (2A+1)%2(3 — )2
B 4B3w?|x| Biwi|z| n 4B Bow?
(2A +1)*(3 — B)? 2(2>\ + 1) (3-p8)?2 (@2A+1)’@-p)
_ By Bywi _ Biwi(5* - 36)
(22 + 1) B-p8)2 21+ 1) (2-p)°@3 - B)?
n Biwi(B* - 36) (2.25)

224 +1)2(2 - B)*(3 - B)?
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since |z| = 1 and w € [0, 2], (2.25) becomes

a3 _ai

- ‘ Biw* N B Bow? Bjw*(3? - 3B)
~ 422+ 1)? (3 B2 (2A+1)2(3—B)2 22\ +1)2(2 - B)*(3 — B)?
B3w B2Bywt(? - 3B)
MECIESIE (3 B2 (2A+1)2(2-B)3(2— B)?
Blwt (8% — 34)2 B2u?
4@A+D%2—ﬁﬂ@—6)‘%A+1V@—ﬂV
2 B2w? Biw 8B?
T T 12682 22r+1)? - B2 T oA+ 123 = B)
4B3w? Biw 4B, Bow?
“ G AE i )G B T m )3 5P
B Bow* 2B§’w2(ﬁ2 —305)
C@A+H12B -2 (2A+1)%22- B8P3 -B)?
Biw(8? - 3p)
221 +1)2(2 - B)3(3 - B)*

Obtaining the maximum value for |7T5(2)| at w|0, 2], i.e., w < 2, we have

52 52

_l’_

n (2.26)

a3 _af

4AB? 16 B1 B> 8B} (6% - 38)
B ‘ (2A+1)2(3 - ﬂ)2+(2A +1)23—B)7 2A+1)2(2-B)3(3 - B)?
16B2 16 BBy (3% — 3B)
TETIIB- A 122 - BPB- A)
B 4B} n 4B (8* - 3p)
(A+1)2(2=5)?  (2A+1)*(2-8)'(3-5)?
8B? 8B?
CA+12B-08)2 (2 +1)2(3-5)?
8B? 16 B3
2A+123-08)2 (2 +1)2(3-8)?
8B? 16B1 By
T T IB 8 T @1 12B B2
1681 By 8B3 (8% — 3p)
A+ 123 -8 (A +1)2(2-B)>(3—B)?
n 8B} (6 — 36)
2A+1)%(2 - B)3(3 — B)?

s2 52

_l’_

+

(2.27)
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a3 B ai ‘ 4B} N 16B; By B 8B3 (8% — 3p)
s2 2| T A+ 1)2(B =82 2A+1)2(3-5)2 2A+1)2(2-B)*(3 - B)?
N 16 B3 B 16 B2 By (8% — 38)
@CA+1)2B-=5)* (2A+1)%(2-8)*(3-8)?
_ 4B} 4B1(8* - 3B)° (2.28)
(A+1)22-p5)2  2A+1)22-8)*'3-p)*]

a2  a? 4
2 2| s ‘(2)\ TG e B 2B

AB; ! 4By(82 — 36)

(2-p)? <()\ +1)2 + 2\ +1)2(3 — 5)2)
L AR () B35

(2A+1)2(2 - 6)3(3 — B)2 (2 2-5) > ' (2.29)

O]

Remark 2. If A\=1 and 0 < § < 1, then by using Lemma 1,

2 2
a; a4

—= _— = | <177
s g2 =

3 Conclusion

In this research we obtained the coefficient bounds which was used to derived
the Fekete-Szego type inequality and second bound of Toeplitz determinant. All

results obtained in this research are new to the best of our knowledge.
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