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Abstract

This paper presents Opial and Steffensen inequalities and also discussed
q and (p,q)-calculus. Methods of convexity, (p,q)-differentiability and
monotonicity of functions were employed in the analyses and new results

related to the Opial’s-type inequalities were established.

1 Introduction

Quantum calculus or g-calculus is the study of calculus without limits. This study
was first discovered by the famous mathematician Leonhard Euler (1707-1783)
in the way of Newton’s work for infinite series. However, the study is well
attributed to F. H. Jackson who discovered the g-derivative and g¢-integral in [6].
The g-calculus is widely studied by many researchers and it has applications in
modern mathematical analysis, orthogonal polynomials, combinatorics, number
theory, quantum theory, basic hypergeometric functions, mechanics, and special

theory of relativity [12].

Many researchers have developed the theory of quantum calculus based
on two-parameter (p,q)-integer that is used efficiently in many fields as in

difference equations, Lie group, hypergeometric series, physical sciences, and so
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on. The (p,q)-calculus is known as two parameter quantum calculus which is
a generalization of g-calculus and whose applications play important roles in

physics, chemistry, orthogonal polynomials and number theory [7].

The classical Opial’s integral inequality [I3] established in 1960 is an inequality

involving the integral of a function and its derivative as

[ g < [iwra o

where ¢ € C1[0, \], ¢(z) > 0 for z € [0, \] and ¢(0) = ¢(A\) = 0. The coefficient
A/4 is the best constant possible.

Further generalizations of the classical Opial’s inequality were established in

[16] as
/ﬁ¢ (t))dt < ‘”/| £ 2t 2)

/‘gp ydt</y 12, (3)

where the coefficients (b — a)/2 and (b — a)/4 are their respective best constants

and

possible.

The g¢-analogue of a generalized type Opial integral inequality was also
established in [9] as

D(p o(t)|Pdgt < (b—a)? D t)[PTid,t, 4
q

where @ € Cl[O, 1] is a g-decreasing function with gp(bqo) =0and p>0.
It was found in [I8] that J.F. Steffensen discovered the inequality

b a+\
f@MuS/gWﬁ@Mus/ £ (), (5)

b—X
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where \ = ffg(u)du, f and g are integrable functions defined on (a,b), f is
decreasing and for each u € (a,b), 0 < g(u) <1 (see also [10], [11]), [14] and [19]).

This inequality (b)) was further refined in [5] to

o 1g<u>du> <[ ' () (u)du (©)

where ¢ is convex and differentiable function with ¢(0) = 0.

In [4], the g-version of (6]) was also established as

o[ 1g<u>dqu) < [ s ™)

where ¢ is a convex and g-differentiable function with ¢(0) =0, 0 < g(u) < 1 for
each u € [0,1].

The aim of this paper is to establish new results involving the Opial’s inequality

and Steffensen’s inequality and their ¢ and (p, ¢)-analogues.

2 Methodology

The preliminaries and methods for the understanding of this paper are presented

in this section. Let us begin with convex functions.

Definition 2.1. Let I be an interval in ®. Then ¢ : I — R is said to be convex

if for all uy,us € I and for all positive m and n satisfying m 4+ n = 1, we have

d(muy + nug) < mo(ur) + no(uz). (8)

A function ¢ is said to be concave if —¢ is convex (i.e. if the inequality
is reversed). ¢ is strictly concave if it is strict for all u; # uz. Some examples of
convex functions are: |u|, u¥ for k > 1 and —u* for 0 < k < 1, e, u(logu)* for

k > 1, —logu, etc. Concave functions are u* for 0 < k < 1, logu, \/u for u > 0 etc.

Earthline J. Math. Sci. Vol. 9 No. 2 (2022), 237-247



240 Mohammed Muniru Iddrisu

The notion of g-calculus for the purpose of this paper is discussed. In the

following, ¢ is a real number that satisfies 0 < ¢ < 1 and which can be found in [2].

Definition 2.2. The g-differential of a function f is defined as

(dgf)(t) = flat) — f(1).
In particular,
dqt = (¢ — 1)t
Definition 2.3. The g-derivative of a function f is defined as

i - B _ L)1)

Clearly, (Dqf)(t) — % as ¢ — L.

Remark 2.4. The g-analogue of the Leibniz rule is given as
(Dqfg)(t) = g(t)Dgf(t) + f(qt) Dyg(t)
(See [2, [17] and the references cited therein).

Definition 2.5. Suppose 0 < a < b. The definite g-integral also known as the
q-Jackson integral is defined as (see [2] [17])

b 00
/0 F()dg(t) = (1= bY@ f(g'h) (9)
j=0
provided the series converges.
Note that ) ) .
[ rwd = [ swdo - [ o (10)

The values of such defined g-integrals of the polynomials form have very similar
form to those in the standard integral calculus. For example

b n+1 n+1
b —a
t"dt = ———. 11
/a I [n+1]q (1
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(See [8)]).

By [2], if f(t) > 0, it is not necessarily true that f; f(t)dgt > 0.
Definition 2.6. The g-integration by parts for suitable functions f and g is given
as ([, 21)

b b
/ f(t)(Dqg)(t)dqt—f(b)g(b)—f(a)g(a)—/ 9(at)(Dq ) (t)dgt. (12)

Theorem 2.7. Let f be a continuous functions on a segment [a,b]. Then there
exists ¢ € (a,b) such that

b
[ it = 100 (13)
for every q € (0,1).

Theorem 2.8. Let f and g be some continuous functions on a segment [a,b].
Then there exists ¢ € (a,b) such that

b b
[ 90t = ) [ oty (14)
for every q € (0,1).
The g-version of the Opials inequality was established in [9] as follows:

Theorem 2.9. Let f € C'[0,1] be g-decreasing function with f(bg®) = 0. Then,
for any p >0,

b b
/ Do f (DI (B)Pdgt < (b— a)? / Dy (1)[P*dgt. (15)

Let us now present some well-known facts on (p, ¢)-calculus that can be found
in ([7], [I5]). See also the references cited therein. Throughout this paper, let
[a,b] C R be an interval with a < b and p,q be two real numbers satisfying

0 <qg<p<1and (p,q)-bracket is defined as
n__ .n
g = e = !

R — =p" g+ g neEN.
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1, n=0
Definition 2.10. ([7],[I5]) The (p, q)-derivative of a function f is defined as

f(pt) — flat)
p—qt ~
and (Dp4f)(0) = f'(0), provided f is differentiable at 0.

Dp,qf(t) = t#0,

Clearly,

Dy gt" = [n]p,qtn_l-
Note that for p = 1, the (p, g)-derivative reduces to the Hahn derivative given as

f(t) — flqt)
(I—qt ~’

The twin-basic number or the so-called (p, ¢)-bracket is a natural generalisation

D,f(t) = £40.

of the g-number, that is

n

q# 1

l—gq
].' = =
pl_)ml[n]nq [n)q 1—q’

The (p, q)-derivative satisfies the product rule as follows:
Dy qg(f(t)g(t)) = g(pt) Dpqf(t) + f(qt)Dpqg(t),
Dy qg(f(t)g(t)) = f(pt)Dpqg(t) + g(qt)Dpq f(t).
Now the turn of (p, ¢)-integral which is presented as follows:

Definition 2.11. ([7],[15]) Let f be an arbitrary function and z € R, the
(p, q)-integral of f from 0 to x is defined as

/Oz f)dp gt = (p— q)xi ?—jlf <pfj1x> . (16)

i—o P

For two nonnegative numbers a < b, we have

b b a
/a f(t)dpnzt :/0 f(t)dp,qt _/0 f(t)dnqt‘
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Definition 2.12. [9] The real function f defined on [a,b] is called g-increasing
(g-decreasing) on [a,b] if f(qt) < f(t) (f(qt) > f(t)) for t,qt € [a,b]. It is
not difficult to see that if the function f is increasing (decreasing), then it is

g-increasing (g-decreasing) too.
The fundamental theorem of (p, ¢)-calculus is stated as follows.

Theorem 2.13. If F(t) is an antiderivative of f(t) and F(t) continuous att =0,
then

b
| 1t = F(0) - Fl@), an)
where 0 < a < b < .

Definition 2.14. The (p, q)-integration by parts for suitable functions f and g is

given as [3]

b b
/ F@t)Dpqg(t)dp gt = f(b)g(b) — f(a)g(a) — / 9(qt) Dpo f(t)dp gt (18)

Theorem 2.15. [3] Let g be absolutely continuous and non-increasing function
on [0, alpq with g(0) =g(a) =0 and 0 < g <p < 1. Then

a a a
| 00Dt <5 [ 1Dpa(0 . (19)

3 Results and Discussion

Let us begin this section with a lemma.

Lemma 3.1. Let ¢ € C'[0,1] be convex with ¢(0) =0 and 0 < ¢(t) <1 for each

t € [0,1], then X X
o ([ owar) <5 [0 (20)

o[ oar) < [ o)

where the constants % and % are the best possible.

and
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Proof. Substituting g = ¢ into @ and applying and yields

¢< /0 1<z><t>dt) < /0 ()0 (1)

1 ! ! 2
< 5 [ Wra
and
1 1

tdt ) < t)¢' (t)dt

o( [ owar) < [owo

1 ! / 2

< [ wra
respectively as required. ]

Example 1. Let ¢(t) =t for p > 1. Then by , we have

p 2
o L <P
p+1 2 —1

Theorem 3.2. Let ¢ : [0,1] — R be conver and g¢-differentiable function with
$(0) =0 and 0 < ¢(t) <1 for each t € [0,1], then

o 1 i) < [ Dyol0)dt (22

Proof. Substituting g = ¢ into and applying for p = 1 yields

o[ 1 o) < | Dao 0160yt

1
< [ 1Dt
as required. O

Theorem 3.3. Let ¢ : [0,1] — R be convezr and (p, q)-differentiable function with
$(0) =0 and 0 < f(t) <1 for each t € [0, 1], then

o[ 1 Fdat) < [ 1) Dy (1)t (23
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Proof. Let N
@) = [ f0dt <o
and .
M@=¢W@H=Af®%w
Since

Dy oH(z) = f(x),

then by the chain rule we have
Dy qw(x) = Dp,gH(X).Dypg¢[H(2)] < f(2)Dpe¢(x)
Thus
1 1
/0 Dy qw(z)dp,qx < /0 f(px) Dy g (x)dp g
Since ¢(0) = 0, then by we have
1 1
¢ (/0 f(t)dpvqt) < /0 f(pt) Dy qd(t)dp,qt
as required. O
Remark 3.4. By taking p = 1, the inequality reduces to the inequality .

Theorem 3.5. Let ¢ : [0,1],, — R be convez, (p, q)-differentiable and decreasing
function with ¢(0) = 0 then

1 1 1
o ([ 6pat) <5 [ 1D0at(0Pdyt (21)
Proof. Substituting f(t) = ¢(t) into and applying yields
1 1
¢ </0 ¢(t)dp,qt> < /0 G (pt) Dp,qd(t)dp,qt

1 1
< 4/ ‘Dp,q¢(t)‘2dp,qt
0

as required. O
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4

Conclusion

In this paper, a refinement of the new integral inequality related to the

Steffensen’s inequality was presented. Results on ¢ and (p,q) calculus were

established. Further results were obtained through the Opial’s-type inequalities.

Acknowledgements. The author wish to thank all the reviewers for their
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