
Earthline Journal of Mathematical Sciences 

ISSN (Online): 2581-8147  

Volume 9, Number 2, 2022, Pages 229-235 

https://doi.org/10.34198/ejms.9222.229235  
 

Received: March 5, 2022; Revised: March 24, 2022; Accepted: March 31, 2022 

2010 Mathematics Subject Classification: 47B20. 

Keywords and phrases: self adjoint, normal operator, skew operator, bi-normal operator, Hilbert space. 

*Corresponding author  Copyright © 2022 the Author 

�∗-Skew-Bi-Normal Operator on Hilbert Space 

Alaa Hussein Mohammed 
 

 Department of Mathematics, College of Education, University of Al-Qadisiyah, Diwaniya, Iraq  

e-mail: alaa.hussein@qu.edu.iq 

Abstract 

In this paper we introduce an operator on Hilbert space ℋ called �∗-skew-bi-normal 

operator. An operator ℒ is called �∗-skew-bi-normal operator if and only if 

�ℒ∗ℒℒℒ∗��ℒ∗�� = �ℒ∗���ℒℒ∗ℒ∗ℒ�, where � is a nonnegative integer. New theorems and 

properties are given on Hilbert space ℋ. 

Introduction 

Let ℬ�ℋ� be an algebra of every bounded linear operator on Hilbert space ℋ. The 

operator ℒ  is called normal iff ℒ∗ℒ = ℒℒ∗. In 2018, Meenambika et al. introduced skew 

normal operator and defined as �ℒ∗ℒ�ℒ = ℒ�ℒℒ∗�. In [3] Campbell introduced the class 

of binormal operators which is defined as ℒ∗ℒℒℒ∗ = ℒℒ∗ℒ∗ℒ. 

In this paper we introduced new type of operators on Hilbert space ℋ called �∗-

skew-bi-normal operator. An operator ℒ is called �∗-skew-bi-normal operator if and only 

if �ℒ∗ℒℒℒ∗��ℒ∗�� = �ℒ∗���ℒℒ∗ℒ∗ℒ�, where � is a nonnegative integer. New theorems 

are given on some properties on Hilbert space. 

1. Main Results 

Definition 1.1. Let ℒ be a bounded linear operator on Hilbert space ℋ. Then ℒ is said 

to be �∗-skew-bi-normal operator if and only if �ℒ∗ℒℒℒ∗��ℒ∗�� = �ℒ∗���ℒℒ∗ℒ∗ℒ�, 
where � is a nonnegative integer. 

Theorem 1.2. If ℒ is a normal operator on Hilbert space ℋ, then ℒ is �∗-skew-bi-
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normal operator.  

Proof. Suppose ℒ is a normal operator. We need to prove that �ℒ∗ℒℒℒ∗��ℒ∗�� =
�ℒ∗���ℒℒ∗ℒ∗ℒ�. 

 �ℒ∗ℒℒℒ∗��ℒ∗�� = ℒℒ∗ℒ∗ℒ�ℒ∗��
 

                              = ℒℒ∗ℒ∗�ℒ∗��ℒ 

                              = ℒℒ∗�ℒ∗��ℒ∗ℒ 

                              = ℒ�ℒ∗��ℒ∗ℒ∗ℒ 

                                 = �ℒ∗���ℒℒ∗ℒ∗ℒ�. 
Hence, ℒ is �∗-skew-bi-normal operator. 

Theorem 1.3. The set ��ℋ� of all �∗-skew-bi-normal operators on Hilbert space ℋ 

is a closed subset of ℬ�ℋ� under scalar multiplication. 

Proof. Suppose  

Ω�ℋ� = {ℒ ∈ ℬ�ℋ�: ℒ is �∗-skew-bi-normal operators on ℋ for some nonnegative 

integer �}. 

Let ℒ ∈ Ω�ℋ�, then we have that ℒ is �∗-skew-bi-normal operator and 

�ℒ∗ℒℒℒ∗��ℒ∗�� = �ℒ∗���ℒℒ∗ℒ∗ℒ�. 
Let � be scalar. Then    

���ℒ�∗�ℒ�ℒ��ℒ�∗����ℒ�∗�� = ��̅ℒ∗�ℒ�ℒ�̅ℒ∗���̅ℒ∗��
 

                                                             = ��̅ℒ∗�ℒ�ℒ�̅ℒ∗���̅���ℒ∗��
 

                                                             = �̅�̅����̅���ℒ∗ℒℒℒ∗��ℒ∗��
 

                                                             = �̅�̅����̅���ℒ∗���ℒℒ∗ℒ∗ℒ� 

                                                             = ��̅ℒ∗����ℒ�̅ℒ∗�̅ℒ∗�ℒ� 
                                                             = ���ℒ�∗����ℒ��ℒ�∗��ℒ�∗�ℒ�. 

Hence, �ℒ ∈ Ω�ℋ�.  

Let ℒ� be a sequence in Ω�ℋ� and converge to ℒ. Then we can prove that 

‖��ℒ∗ℒℒℒ∗��ℒ∗��� − ��ℒ∗���ℒℒ∗ℒ∗ℒ��‖ 
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= ‖��ℒ∗ℒℒℒ∗��ℒ∗��� − ��ℒ�
∗ ℒ�ℒ�ℒ�

∗ ��ℒ�
∗ ��� + ��ℒ�

∗ ���ℒ�ℒ�
∗ ℒ�

∗ ℒ���
− ��ℒ∗���ℒℒ∗ℒ∗ℒ��‖ 

≤ ‖��ℒ∗ℒℒℒ∗��ℒ∗��� − ��ℒ�
∗ ℒ�ℒ�ℒ�

∗ ��ℒ�
∗ ���‖

+ ‖��ℒ�
∗ ���ℒ�ℒ�

∗ ℒ�
∗ ℒ��� − ��ℒ∗���ℒℒ∗ℒ∗ℒ��‖ 

→ 0       as  "  → ∞. 
Hence, �ℒ∗ℒℒℒ∗��ℒ∗�� = �ℒ∗���ℒℒ∗ℒ∗ℒ�.  

Therefore ℒ ∈ Ω�ℋ�. 

Then, Ω�ℋ� is closed subset. 

Theorem 1.4. If ℒ and $ are normal, �∗-skew-bi-normal operators on ℋ, and let ℒ 

commute with $ then �ℒ$� is �∗-skew-bi-normal operator on ℋ.   

Proof. Since ℒ and $ are �∗-skew-bi-normal operators, we have �$∗$$$∗��$∗�� =
�$∗���$$∗$∗$�  and  �ℒ∗ℒℒℒ∗��ℒ∗�� = �ℒ∗���ℒℒ∗ℒ∗ℒ�. 

��ℒ$�∗�ℒ$��ℒ$��ℒ$�∗����ℒ$�∗��� = ��$∗ℒ∗��ℒ$��ℒ$��$∗ℒ∗����ℒ∗���$∗��� 
= �$∗ℒ∗ℒ$ ℒ$ $∗ℒ∗���ℒ∗���$∗��� 
= �ℒ$∗ℒ∗$ ℒ $∗ℒ∗$�  ��ℒ∗���$∗��� 
= �ℒ$∗$ℒ∗ $∗ℒℒ∗$���ℒ∗�� �$∗��� 
= �ℒ$$∗ℒ∗ $∗ℒ∗ℒ$���ℒ∗�� �$∗��� 
= ℒ$$∗ℒ∗ $∗ℒ∗ℒ�ℒ∗��  $�$∗��

 

= ℒ$$∗ℒ∗ $∗ℒ∗ℒ�ℒ∗���$∗��$ 

= ℒ$$∗ℒ∗ $∗ℒ∗�ℒ∗��ℒ�$∗��$ 

= ℒ$$∗ℒ∗ $∗ℒ∗�ℒ∗���$∗��ℒ$ 

⋮ 
=  ��ℒ∗���$∗���. ��ℒ$��$∗ℒ∗��$∗ℒ∗��ℒ$�� 
= ���ℒ$�∗���. ��ℒ$��$∗ℒ∗��$∗ℒ∗��ℒ$��. 

Hence �ℒ$� �∗-skew-bi-normal operator on ℋ.   
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Theorem 1.5. If ℒ&' exists and ℒ is a �∗-skew-bi-normal operator, then ℒ&' is �∗-

skew-bi-normal operator. 

Proof. Since ℒ is �∗-skew-bi-normal operator, we have �ℒ∗ℒℒℒ∗��ℒ∗�� =
�ℒ∗���ℒℒ∗ℒ∗ℒ�.  

Let  

��ℒ&'�∗ℒ&'ℒ&'�ℒ&'�∗���ℒ&'�∗�� =  � �ℒ∗�&'ℒ&'ℒ&'�ℒ∗�&'���ℒ∗���&'
 

= ��ℒℒ∗�&'�ℒ∗ℒ�&'����ℒ∗���&'
 

=  ��ℒ∗ℒ��ℒℒ∗��&'��ℒ∗���&'
 

= ��ℒ∗����ℒ∗ℒℒℒ∗���&', since ℒ is binormal 
= ���ℒℒ∗ℒ∗ℒ���ℒ∗���&',

since ℒ is a   �∗ − skew binormal, 

= ��ℒ∗ℒℒℒ∗��ℒ∗���&',   since ℒ is binormal 
= ��ℒℒ∗ℒ∗ℒ��ℒ∗���&'

 

= ��ℒ∗���&'��ℒℒ∗ℒ∗ℒ��&'
 

= ��ℒ∗���&'��ℒ∗ℒ�&'�ℒℒ∗�&'� 
= ��ℒ∗���&'�ℒ&'�ℒ∗�&'�ℒ∗�&'ℒ&'� 
= ��ℒ&'�∗���ℒ&'�ℒ&'�∗�ℒ&'�∗ℒ&'�. 

Hence, ℒ&' is �∗-skew-bi-normal operator. 

Definition 1.6 [4]. If ℒ, $ are bounded operators on ℋ, then ℒ, $ are unitary 

equivalent if there is an isomorphism 3: ℋ → ℋ  such that $ = 3ℒ3∗. 

Theorem  1.7. Let ℒ is �∗-skew-bi-normal operator. Then 

1. The operator 4ℒ is �∗-skew-bi-normal operator for every real scalar 4. 

2. If  5 ∈ ℬ�ℋ� is unitary equivalent to ℒ, then 5 is �∗-skew-bi-normal operator. 

Proof. 

1. Let ℒ be �∗-skew-bi-normal operator. Then we have �ℒ∗ℒℒℒ∗��ℒ∗�� =
�ℒ∗���ℒℒ∗ℒ∗ℒ�.   
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674ℒ8∗4ℒ4ℒ74ℒ8∗9 ��4ℒ�∗�� = 64:ℒ∗4ℒ4ℒ4:ℱ∗9 �4:ℒ∗��
 

= 64:ℒ∗4ℒ4ℒ4:ℒ∗9 �4:���ℒ∗��
 

= 4:4:44 �4:���ℒ∗ℒ ℒ ℒ∗��ℒ∗��
 

= 4:4:44�4:���ℒ∗���ℒ ℒ∗ℒ∗ ℒ� 

= �4:ℒ∗�� 64ℒ4:ℒ∗4:ℒ∗4ℒ9

= ��4ℒ�∗�� 64ℒ74ℒ8∗74ℒ8∗4ℒ9. 

So, 4ℒ is �∗-skew-bi-normal operator. 

2. Since 5 is unitary equivalent to ℒ, we have 5 = 3ℒ3∗, �3ℒ3∗�< = 3ℒ<3∗ and 

since ℒ is �∗-skew-bi-normal operator, we have �ℒ∗ℒℒℒ∗��ℒ∗�� = �ℒ∗���ℒℒ∗ℒ∗ℒ�. 
  �5∗555∗��5∗�� = ���3ℒ3∗�∗�3ℒ3∗��3ℒ3∗��3ℒ3∗�∗����3ℒ3∗�∗��

 

= ��3ℒ∗3∗��3ℒ3∗��3ℒ3∗��3ℒ∗3∗���3ℒ�3∗� 

= 3� �ℒ∗ℒℒℒ∗��ℒ∗�� � . 3∗,  
since ℒ is �∗-skew- bi-normal operator, we have 

= 3��ℒ∗���ℒℒ∗ℒ∗ℒ��3∗
 

= �3ℒ�3∗���3ℒ∗3∗��3ℒ3∗��3ℒ3∗��3ℒ∗3∗�� 
= �5∗���55∗5∗5�. 

Hence 5 is �∗-skew-bi-normal operator. 

Theorem 1.8. If ℒ is a self adjoint and �∗-skew-bi-normal operator, then ℒ∗ is �∗-

skew-bi-normal operator. 

Proof. Since ℒ is �∗-skew-binormal operator, we have �ℒ∗ℒℒℒ∗��ℒ∗�� =
�ℒ∗���ℒℒ∗ℒ∗ℒ�.  

 ��ℒ∗�∗ℒ∗ℒ∗�ℒ∗�∗���ℒ∗�∗�� = �ℒ∗ℒℒℒ∗��ℒ∗�� , since ℒ is self adjoint   

= �ℒ∗���ℒℒ∗ℒ∗ℒ�, since ℒ is �∗-skew-bi-normal 

= ��ℒ∗�∗���  ℒ∗�ℒ∗�∗�ℒ∗�∗  ℒ∗�,  since ℒ is a self adjoint 

Hence, ℒ∗ is �∗-skew-bi-normal operator. 
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Theorem 1.9. Consider ℵ', ℵ>, … , ℵ@ are �∗-skew-bi-normal operators on ℋ. Then 

the direct sum �ℵ'⨁ℵ>⨁ … ⨁ℵ@� is �∗-skew-bi-normal operators on ℋ. 

Proof. Since every operator of ℵ', ℵ>, … , ℵ@ is a �∗-skew-bi-normal operator, we 

have 7ℵB
∗ℵBℵBℵ∗8�ℵB

∗�� = �ℵB
∗��7ℵBℵB

∗ℵB
∗ℵB8 for all C = 1,2, … , F. 

��ℵ'⨁ℵ>⨁ … ⨁ℵ@�∗�ℵ'⨁ℵ>⨁ … ⨁ℵ@��ℵ'⨁ℵ>⨁ … ⨁ℵ@��ℵ'⨁ℵ>⨁ … ⨁ℵ@�∗� 
× ��ℵ'⨁ℵ>⨁ … ⨁ℵ@�∗��

 

= ���ℵ'⨁ℵ>⨁ … ⨁ℵ@��∗�ℵ'⨁ℵ>⨁ … ⨁ℵ@��ℵ'⨁ℵ>⨁ … ⨁ℵ@���ℵ'⨁ℵ>⨁ … ⨁ℵ@��∗� 
× ��ℵ'

∗��⨁�ℵ>
∗��⨁ … ⨁�ℵ@

∗��� 
= ��ℵ'

∗ℵ'ℵ'ℵ'
∗��ℵ'

∗���⨁��ℵ>
∗ℵ>ℵ>ℵ>

∗��ℵ>
∗���⨁ … ⨁��ℵ@

∗ℵ@ℵ@ℵ@
∗��ℵ@

∗��. 
Since every operator of ℵ', ℵ>, … , ℵ@ is a �∗-skew-bi-normal operator, we have 

= ��ℵ'
∗���ℵ'ℵ'

∗ℵ'
∗ℵ'��⨁��ℵ>

∗���ℵ>ℵ>
∗ℵ>

∗ℵ>��⨁ … ⨁��ℵ@
∗���ℵ@ℵ@

∗ℵ@
∗ℵ@�� 

= ��� ℵ'⨁ℵ>⨁ … ⨁ℵ@��∗���� ℵ'⨁ℵ>⨁ … ⨁ℵ@�� ℵ'⨁ℵ>⨁ … ⨁ℵ@�∗
 

× �ℵ'⨁ℵ>⨁ … ⨁ℵ@�∗� ℵ'⨁ℵ>⨁ … ⨁ℵ@�� 
Hence, �ℵ'⨁ℵ>⨁ … ⨁ℵ@� is a �∗-skew-bi-normal operators on ℋ. 

Theorem 1.10. Suppose ℵ', ℵ>, … , ℵH are �∗-skew-bi-normal operators on ℋ. Then 

the tenser product �ℵ'⨂ℵ>⨂ … ⨂ℵH� is �∗-skew-bi-normal operators on ℋ. 

Proof. Since every operator of ℵ', ℵ>, … , ℵH is �∗-skew-bi-normal operator, we have   

7ℵB
∗ℵBℵBℵ∗8�ℵB

∗�� = �ℵB
∗��7ℵBℵB

∗ℵB
∗ℵB8 for all C = 1,2, … , J. 

���ℵ'⨂ℵ>⨂ … ⨂ℵH�∗�ℵ'⨂ℵ>⨂ … ⨂ℵH��ℵ'⨂ℵ>⨂ … ⨂ℵH��ℵ'⨂ℵ>⨂ … ⨂ℵH�∗� 
× ��ℵ'⨂ℵ>⨂ … ⨂ℵH�∗����KL⨂KM⨂ … ⨂KN� 

= ���ℵ'
∗⨂ℵ>

∗⨂ … ⨂ℵH
∗��ℵ'⨂ℵ>⨂ … ⨂ℵH��ℵ'⨂ℵ>⨂ … ⨂ℵH��ℵ'⨂ℵ>⨂ … ⨂ℵH�� 

× ��ℵ'
∗� � ⨂�ℵ>

∗�� ⨂ … ⨂�ℵH
∗� ����KL⨂KM⨂ … ⨂KN� 

= ��ℵ'
∗ℵ'ℵ'ℵ'

∗��ℵ'
∗���KL⨂��ℵ>

∗ℵ>ℵ>ℵ>
∗��ℵ>

∗���KM⨂     … 

⨂��ℵH
∗ℵHℵHℵH

∗��ℵH
∗���KN 

Since every operator of ℵ', ℵ>, … , ℵH is �∗-skew- bi-normal operator, we have 
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= ��ℵ'
∗���ℵ'ℵ'

∗ℵ'
∗ℵ'��KL⨂��ℵ>

∗���ℵ>ℵ>
∗ℵ>

∗ℵ>��KM⨂      …    
⨂��ℵH

∗���ℵHℵH
∗ℵH

∗ℵH��KN 

= ��� ℵ'⨂ℵ>⨂ … ⨂ℵH�∗����� ℵ'⨂ℵ>⨂ … ⨂ℵH���� ℵ'⨂ℵ>⨂ … ⨂ℵH��∗
 

× �� ℵ'⨂ℵ>⨂ … ⨂ℵH��∗�� ℵ'⨂ℵ>⨂ … ⨂ℵH������KL⨂KM⨂ … ⨂KN�. 
Then � ℵ'⨂ℵ>⨂ … ⨂ℵH�� is �∗-skew-bi-normal operators on ℋ. 
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