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Abstract

In this paper we introduce an operator on Hilbert space H called P*-skew-bi-normal
operator. An operator L is called P*-skew-bi-normal operator if and only if
(L LLL)(LHP = (L)P(LL*L*L), where P is a nonnegative integer. New theorems and

properties are given on Hilbert space H.

Introduction

Let B(H) be an algebra of every bounded linear operator on Hilbert space . The
operator £ is called normal iff L*L = LL*. In 2018, Meenambika et al. introduced skew
normal operator and defined as (L*£)L = L(LL"). In [3] Campbell introduced the class
of binormal operators which is defined as L*LLL* = LL*L* L.

In this paper we introduced new type of operators on Hilbert space H called P*-
skew-bi-normal operator. An operator L is called P*-skew-bi-normal operator if and only
if (L*LLLY)(LYP = (LYP(LL*L*L), where P is a nonnegative integer. New theorems

are given on some properties on Hilbert space.

1. Main Results

Definition 1.1. Let £ be a bounded linear operator on Hilbert space . Then L is said
to be P*-skew-bi-normal operator if and only if (L*LLL*)(L*)P = (L)P(LL*L*L),

where P is a nonnegative integer.

Theorem 1.2. If L is a normal operator on Hilbert space H, then L is P*-skew-bi-
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normal operator.

Proof. Suppose £ is a normal operator. We need to prove that (L*LLL*)(L*)P =
(LHP(LLL*L).
(L LLLY(LHP = LorLrc(e?
= LLLY(LDHPL
= LL*(LDHPLL
=L(LHPL L L
= (LHP(LLrL L).
Hence, L is P*-skew-bi-normal operator.

Theorem 1.3. The set Q(H) of all P*-skew-bi-normal operators on Hilbert space H

is a closed subset of B(H) under scalar multiplication.

Proof. Suppose
Q(H) = {L£ € B(H): L is P*-skew-bi-normal operators on H for some nonnegative
integer P}.

Let L€ Q(H), then we have that L is P*-skew-bi-normal operator and
(L*LLLY(LHP = (LHP(LL L L).
Let n be scalar. Then
(D) nLnLML) T’ = (AL nLnLAL (AL
= [AL nLnLAL 1M" (L7)°
= M (M)F [L7LLL (L))"
= namm (M° (L) (LL*L7L)
= (ML) [nLAL L L]
= (@)D IMLML)* L) L],
Hence, nL € Q(H).
Let £;, be a sequence in Q(H') and converge to L. Then we can prove that
I[CL"LLLY(LP] = [P L Lol
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= L LLLDLD] = [(LrLiLie L) (L)1 + (L) (LieLi LiLi)]
— [P L Lol

< L LLLY (L] = [(LRLicLic L) (L) I
+ LR LrLiLicli)] — [(LHPLL L O]l
-0 ask - oo
Hence, (L*LLLY)(L*)P = (LY)P(LL*L*L).
Therefore L € Q(H).
Then, Q(F) is closed subset.

Theorem 1.4. If L and & are normal, P*-skew-bi-normal operators on H, and let L

commute with & then (L&) is P*-skew-bi-normal operator on .

Proof. Since £ and § are P*-skew-bi-normal operators, we have (§*6EE%)(§*)P =
(9P (§87878) and (L7LLLY) (LYY = (L)P(LL'LL).

[(£E)" (LOLE (L) TIL) NPT = [ELIL UL E LIILDT (M

= [§7L7LE L& & LII(L)P (M)
= [L§"L7E LETLE] [(LHT(EM]
= [L&"L™ & LLEI[(LN” (€]
= [L§§L &L LENN(LNT (€7
= LEETLT ELL(L)T §(EMH”
= LEELT ELLL)P ()8
= LEELT L (LYPLENPE
= LEGL EL(L)P(EPLE

= [(L)PEILIEDE LI ELYLD]
= [((LODPLIELHELIELILE)].

Hence (L&) P*-skew-bi-normal operator on H .
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Theorem 1.5. If L™ exists and L is a P*-skew-bi-normal operator, then L™ is P*-

skew-bi-normal operator.

Proof. Since L is P*-skew-bi-normal operator, we have (L*LLL*)(L*)P =
(L) (LLL7L).

Let
[ LTLT LT IEHDP = [@H)TLTLTHEL)TEHN) ™!
[(£L)HL L) HIELHH™
(LD LLH]HLH)H
[(LHP[(L*LLL*)]] ™Y, since £ is binormal

= [[(LL° L DILHPT
since Lisa P* — skew binormal,
= [(L*LLL*)(L*)P]7Y, since L is binormal
= [(LL L)L)
= (O)HELL LD
= (@O)THEL DT LLH™
= (M7
= (L™

Hence, L™ is P*-skew-bi-normal operator.

L)L)
L_l(L_l)*(L_l)*L_l].

Definition 1.6 [4]. If £,& are bounded operators on H, then L,& are unitary
equivalent if there is an isomorphism U: H — H such that § = ULU™.

Theorem 1.7. Let L is P*-skew-bi-normal operator. Then

1. The operator TL is P*-skew-bi-normal operator for every real scalar T.
2.If { € B(H) is unitary equivalent to L, then  is P*-skew-bi-normal operator.
Proof.

1. Let L be P*-skew-bi-normal operator. Then we have (L*LLL*)(L*)P =
(LHP(LLL*L).
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|(et) eee(ee) | (@) = [eereteceFe| (oer)?
= [cLreeecee’| (P (£7)?
= rret ()P [L*L L L] (L")P
= trrr(D)P (L)P (L L7L7 L)
= (oL [eLeLitLonL

= (@) [e£(xL) (x£) zL]

So, ©L is P*-skew-bi-normal operator.

2. Since { is unitary equivalent to £, we have { = ULU*, (ULU*)" = UL™U* and
since L is P*-skew-bi-normal operator, we have (L*LLL*)(L*)F = (L*)P(LL*L*L).

($*388) (" = [((ULU™)* (ULU)ULU)(ULU)DI((ULU)HP
= [(ULUHWULUHULUHULUNHULPU)
= U[ (L*LLLY)(LYHP .U,
since L is P*-skew- bi-normal operator, we have
= U[(LY)P(LL L L)U*
= (ULPUNH[WULUHWULUSWULUSWULU))
= ({7
Hence ¢ is P*-skew-bi-normal operator.

Theorem 1.8. If L is a self adjoint and P*-skew-bi-normal operator, then L* is P*-

skew-bi-normal operator.
Proof. Since L is P*-skew-binormal operator, we have (L*LLL*)(L*)F =
(LHP(LL L L).
[(LH* LA L (L) TL))P = (L*LLLY)(L¥)P, since L is self adjoint
= (LHP(LL*L*L), since L is P*-skew-bi-normal
= ((LHHP[ L(LD)*(LD)* L£*], since L is a self adjoint

Hence, L* is P*-skew-bi-normal operator.
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Theorem 1.9. Consider 8, R,, ..., X, are P*-skew-bi-normal operators on H. Then
the direct sum (R{®R,® ... ®R,.) is P*-skew-bi-normal operators on H.

Proof. Since every operator of 8,8, ..., X, is a P*-skew-bi-normal operator, we
have (X7 X;8;R*)(R7)F = (RDP(R;RIR7K; ) forall j = 1,2,..., 7.
[(RiDR,D ... DR, ) (R DR, D ... DR, ) (R DR, D ... DR, ) (R DR, D ... DR, )]
X (R DR, D ... ®K,))F
= [(R1OR,D ... BR,)) " (R1DR,D ... OR, ) (R DR, D ... BR,) (R DR, D ... OKR,)) ]
X [(R PO, D .. (X, )]
= ((Ry "Ry Ry ¥y YR DPYB((R2 "Ry Ra R ) (R D)D . (R, R-R-R, (R )P
Since every operator of &;, X5, ..., X, is a P*-skew-bi-normal operator, we have
= (R P (R Ry "Ry ROIB((R, P (RaRy Ry " Rp))D - B((R, )P (XX RK,))
= (R ®R,D ... OR,)) NP [(R DR, D ... BR,) (R DR, D ... BR,)*
X (R1OR,D ... OR ) (R DR, D ... BR,)]
Hence, (R;®R,D ... ®BX,) is a P*-skew-bi-normal operators on H .

Theorem 1.10. Suppose R, R, ..., X, are P*-skew-bi-normal operators on H. Then
the tenser product (X1 @R, ® ... ®R,,,) is P*-skew-bi-normal operators on H.

Proof. Since every operator of 8;, R, ..., X, is P*-skew-bi-normal operator, we have
(RIRX;R*)(RDP = (R)P(R;RIRFR;) forall j = 1,2,...,m.
[[(Ri1BN,R ... AR, ) (RN, R ... AN (R BN R ... R ) (R AR, R ... QN Y]

X [(ROR,Q ... K, 1P 1 (1 ®x, R ... @xpy)

= [[(R;"ON,"® ... AN, N (R QR D ... QR ) (R QR D ... R (R QR D ... @R
X[(® D PRI ® .. (R, P1I(x1®x2,Q ... @xpy)

= [(Ry R R R )R )P B[Ry "Ry R ¥ ) (R )P ], ®
®L(Rin Ry Ry R ) (R )7 ]%m

Since every operator of R, X,, ..., X, is P*-skew- bi-normal operator, we have

http:/fwww.earthlinepublishers.com



P*-Skew-Bi-Normal Operator on Hilbert Space 235

= [(Ry )P (R Ry "Ry "R ®[(R2 )P (Ko R R "R;)] 4, ®

®L(Rim )’ RRin Ry Ri) | Xim
= [[(R1®R,® ... X)) P [(( R BN, ® ... R, ((K BN, ® ... X))

X (RN, Q ... QN )) (R BN, R ... AR )) ]]] (41 X2 R ... ®xyyy).
Then ( X;®R,® ... ®K,,,)) is P*-skew-bi-normal operators on H .
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