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Abstract

We introduce and investigate g-analogue of a new subclass of Salagean-type
harmonic univalent functions defined by subordination. We first obtained
a coefficient characterization of these functions. = We give necessary
and sufficient convolution conditions, distortion bounds, compactness and
extreme points for this subclass of harmonic univalent functions with negative
coefficients.

1 Introduction

Let H denote the class of continuous complex-valued harmonic functions which
are harmonic in the open unit disk U= {z:z € C and |z| < 1} and let A be the

subclass of H consisting of functions which are analytic in U. A function harmonic
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in U may be written as f = h 4+ g, where h and g are analytic in U. We call § the
analytic part and g co-analytic part of f. A necessary and sufficient condition for
f to be locally univalent and sense-preserving in U is that |g’(z)| < [b'(2)| (see [5]).

To this end, without loss of generality, we may write

h(z) =z+ Zakzk and g(z) = Z b2~ (1)
k=1

k=2

Let HS denote the class of functions f = §h + g which are harmonic, univalent,
and sense-preserving in U for which h(0) = §’(0) —1 = 0 = g(0). One shows easily
that the sense-preserving property implies that |b] < 1.

Clunie and Sheil-Small ( [5]) investigated the class HS as well as its geometric
subclasses and obtained some coefficient bounds. Since then, there have been

several related papers on HS and its subclasses (see [20]).

We recollect here the g-difference operator that was used in geometric function
theory and in several areas of science. We give basic definitions and properties
about the g-difference operator that are used in this study (for details see [4]
and [11]). For 0 < ¢ < 1, we defined the g-integer [k], by

1-— qk

[k], = . (k=1,2,3,..).

Notice that if ¢ — 17, then [k], — k.

In 1990, Ismail, Merkes and Styer ( [10]) used ¢- calculus, in the theory of
analytic univalent functions by defining a class of complex valued functions that
are analytic on the open unit disk U with the normalizations f(0) = 0, f(0) = 1,
and [f(gz)| < |f(2)| on U for every ¢, ¢ € (0,1). Motivated by these authors,
several researches used the theory of analytic univalent functions and g¢-calculus;
for example see ( [1] and [2]). The g-difference operator of analytic functions b

and g given by are by definition, given as follows (see [11])

B o
b (0) ;2=0

9(2)—g(gz) C 240

and 0,9(2) = { (1=q)2

Ogh(2) =
h(z) g’ (0) ;2=0
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Thus, for the function h and g of the form , we have

z)=1+ Z %], apz* ! and 9,9(2) = Z [k]qbkzk_l. (2)
k=2 k=1

For fe HS, v e No =NU{0},N={1,2,..}, k> 1, 0 <¢g<1, let:

Dyf(2) = f(2) = b(2) + a(2),

Dyf(z) = Dgh(z) — Dha(z) = 204h(2) — 2048(2), (3)

Dyf(z) = Dyb(z) + (~1)"Dya(z) = 20,(Dy~'0(2)) + (=1)"20,(Dy " a(2))

where
o0

+ Y ka2t Dralz) =Y k)Y bzt

=92 k=1
We note that

(i) limy_,,1-D7f(z) = Df(2) = 2 + io: k¥apzk for § € S (see [16]),
k=2
(ii) lim,_,;-Dyf(2) = D"j(z) = D"h(z) + (- 1)Dvg(z) for § € HS where

D¥h(2) = z+ 3 kYapz* and DVg(2) = 3 kVb2" (see [14]).
k=2 k=1

A harmonic function f = h+g defined by is said to be g—harmonic, locally
univalent and sense-preserving in U denoted by HS,, if and only if the second

dilatation w, satisfies the condition
949(2)

1= (200
where 0 < ¢ < 1 and z € U. Note that as ¢ — 17, HS, reduces to the family
S (1] and [13])

We also let the subclass THS, consist of harmonic functions f = § + g in HS,
so that h and g are of the form

—Z—Z\ak\z and g(z Z\bk|z (4)
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We say that an analytic function f is subordinate to an analytic function F' and
write f < F, if there exists a complex valued function @ which maps U into oneself

with @w(0) = 0, such that f(z) = F(w(z)) (2 € U).

Furthermore, if the function F' is univalent in U, then we have the following
equivalence:

f(z) < F(z2) < §(0) = F(0) and §(U) c F(U).

Denote by HSY (4, A, B) the subclass of HS, consisting of functions f of the
form that satisfy the condition

Dy (z) 1+ Az 5— 1+ [A+ (B - A)dz

2o T8 (1-9) - ,
Dyi(z) 1+ Bz 1+ Bz

where —B< A< B<land0<§f<1.

()

Finally, we let THS (6, A, B) = HS; (6, A, B) N THS,. By suitably specializing
the parameters, the classes HS| (0, A, B) reduces to the various subclasses of

harmonic univalent functions. Such as,
HSy (0, A, B) = Sy (v, q, A, B) (see [17]),
HSY (0, A, B) = 53, (¢, A, B) (see [19] and [17]),
HS; (0, A, B) = CH, (A, B) (see [17]),
HSy (0,(1+q)a—1,q) = H(a) for 0 < o < 1 (see [13]),
HS, (0, (1 4 g)a —1,9) = S} (a) for 0 < a <1 (see [2]),
HS; (0, (14 g)a —1,q) = S (a) for 0 < a <1 (see [1]),
HSy (6, A, B) = SH (v, 6, A, B) for ¢ — 17 (see [3]),
HSy (0, A, B) = SH (v, A, B) for ¢ — 17 (see [8]),
HS) (0, A, B) = 53, (A, B) for ¢ — 1™ (see [6] and [7]),

HS; (0, A, B) = CH (A, B) for ¢ — 1™ (see [8]),
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HSy (0,(1+¢q)a—1,q) = H"(a) for 0 < a <1 and ¢ — 17 (see [14]),

HSS (0,(1+q)aa—1,q9) = Sj(a) for 0 <a <1 and ¢ — 17 (see [12], [15]),
HS, (0, (1+q)a —1,q) = S§(a) for 0 < a <1 and g — 1~ (see [12], [15]),
HSY (0, -1,q) = H"(0) for ¢ — 17 (see [14]),

HSS (0,—1,q) = S for ¢ = 17 (see [18]),

HS; (0,—1,q) = Cqg for ¢ — 17 (see [18]).

Making use of the techniques and methodology used by Dziok (see [6] and
[7]), Dziok et al. (see [8] and [9]), in this paper we find necessary and sufficient
conditions, distortion bounds, radii of starlikeness and convexity, compactness
and extreme points for the above defined class THSy (6, A, B). In this paper we
find necessary and sufficient conditions, distortion bounds, extreme points for the
above defined class THS} (4, A, B).

2 Main Results
For functions f; and f, € HS, of the form

fi(2) =24 ar;?" +> bk, (z€U, j=1,2), (6)
k=2 k=1
we define the Hadamard product of §; and fo by

(f1*f2)(2) = 2 + Za”f»l ag92" + ZW (z € ).
k=2 k=1

First we state and prove the necessary and sufficient conditions for harmonic
functions in HS; (4, 4, B).

Theorem 1. Let f € HS,. Then f € HS; (6, A, B) if and only if

DYf(:)+O(:0) £0,  (CEC, (=1, =€ V\{0}),

Earthline J. Math. Sci. Vol. 9 No. 2 (2022), 165-178
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where
_ B (B—A)(1-6)Cz+ (1+[A+ (B — A)J|¢) ¢2>
=0 = 00— )
2+ [B+A+(B-A)Q)Z— (1+[A+ (B - A)d¢) ¢z
(1-2)( - g2) '

Proof. Let f € HS;. Then § € HS[(4, A, B) if and only if (5) holds or equivalently

Dy () 14 [A+ (B — A

(€ eC, Kl =1, z€ U\{0}). (7)

D’q’f(z) 1+ B¢
Now for
D) = D51+ (12 415 )
and _
23 =6 (== s =)

the inequality yields

(1+BODF ' (2) = {1+ [A+ (B — A)3]C}Dyf (2)

= Dyn(z) * [(1 + BC)m — {1+ [A+ (B - A)3)¢} = Z]

(1-2)(1—qz)

(1) D) [(1 1 B)

{14 [A+ (B = A} — }

1-2

= Dyi(2) *O(z¢) #0
O

Now we state and prove a sufficient coefficient bound for the class HS} (4, A, B).

Theorem 2. Let § be of the form . If —-B<A<B<1,0<§<1 and

D (@plar] + Uk br]) < 2(B — A)(1 - 9), (8)
k=1

http://www. earthlinepublishers.com
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where

Oy — [k:]Z{(B—I—l) k], — (A+1) - (B—A)é} 9)

and

U, = [k]Z{(B+1) [k:]q+(A+1)+(B—A)5} (10)

then § is harmonic, sense-preserving, locally univalent in U, and f € HSy (6, A, B).

Proof. Since

D) = 1= Y (kg Jaxl |2
k=2
o0 [k]Z{(B+1) [k]q—(A+1)—(B—A)5}
> 1—% (B—A)(1-0) !
- [k]g{(3+1) [k, + (A+1)+(B—A)
= ; (B—A)(1-0) i
o [k]Z{(B—l—l)[k]q—i-(A+1)+(B_A5}
> ; B A1) B3] |2
> > (kg bl 127" > [Dgg(2)]
k=1

it follows that f € HS,. On the other hand, § € HS; (4, A, B) if and only if there
exists a complex valued function w; w(0) =0, |w(z)| < 1 (2 € U) such that

Df;“f (2) 14+[A+(B- A)dw(2)

Dyi(z) N 1+ Bw(z)

or equivalently

DY (2) - DIf (2)

BDI (o)~ [A+ (B- A3 Do) | < - ()

Earthline J. Math. Sci. Vol. 9 No. 2 (2022), 165-178
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Substituting for Dgh(z) and Dyg(z) in (11), we obtain

DI (2) =Dy ()] = | BT (2) — [A+ (B~ A D ()|

k=2 k=1
—B-A) -8+ K (B k], — A— (B A)a) a2
k=2

IA
Mg
|
-
s
x
=
_|_
M
+
=
=
o
=

—(B—A)(1-5)|s1+ 3 K] (B K, — A= (B = 4)8) ax 2"
k=2

+ i K]y (BIM, + A+ (B = 4)0) [by] 2

k=1

< 7] {Z Op fag] |21+ ) Wbyl 2 = (B - A) (1 - 5)} <0
P k=1

The harmonic function
o0 o0
— ZBA)I 5Z‘kzk+ZBA16ykk (12)
k=2 k=1
where
o0 oo
S el + ) lwl =1
k=1 k=1

shows that the coefficient bound given by is sharp. The functions of the form
are in HIS/ (6, A, B) because

® v
Z(W’M|ak|+wl)€(1_§)|bk’> PCARITIE
k=1 k=1
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by . 0

Next we show that the bound is also necessary for THSy (6, A, B).

Theorem 3. Let f =b+g with b and g of the form . Then § € THSy (9, A, B)
if and only if the condition holds.

Proof. In view of Theorem [2, we only need to show that j ¢ THS[(, 4, B) if
condition does not hold. We note that a necessary and sufficient condition for
f=h+g given by to be in THS (4, A, B) is that the coefficient condition (8)

to be satisfied. Equivalently, we must have

5 (K] = Dlakl2¥-+ 35 (K] (4], +1) o

ST S <1
(B=A)(1=8)2= 3= [k (Blk], ~A~(B=A)0) aal* ~ 5 (5 (BIH|+A+(B—A)9) by
For z = r < 1 we obtain
5 I (K], Dlalr 4 52 (415 (8], +1) B
(B_A)(l_é)_ki[k}g(B[k}q_A_(B_A)d)|akWil_ki[k}Z(B[k}quAHB_A)&)Ibk|rk71
(13)

If condition does not hold, then condition does not hold for r sufficiently
close to 1. Thus there exists zg = rg in (0, 1) for which the quotient is greater
than 1. This contradicts the required condition for § € THS] (6, A, B) and so the

proof is complete. O

Theorem 4. Let f € THS} (0, A, B). Then for |z| =7 <1, we have

(B—A)(1—=6)—[2+ A+ B+ (B - A)3]|bu]
2y (B+1)g+(B-A)(1-9)] ’

F) < A+ [oal)r +

and

(B—A)(l—é)—[2+A+B+(B—A)5]|b1|r2.

HEN = =l = o g+ (B - A)( -0

Earthline J. Math. Sci. Vol. 9 No. 2 (2022), 165-178



174 Hasan Bayram and Sibel Yal¢in

Proof. We only prove the right hand inequality. The proof for the left hand
inequality is similar and will be omitted. Let § € THS, (6, A, B). Taking the

absolute value of { we have

f)l < A+ bil)r+ ) (Jagl + o) r*
k=2

IN

(1+MMr+prHMHBAH75E:Q%MM+WHQD
k=2

(B=A)(1-08)—[2+ A+ B+ (B~ A)]|b ,
2lg [(B+1)g+(B—A)(1-9) '

S (1+ ‘bl‘)’l”"—

Theorem 5. Set
(B—A)(1-96) 4

b1(2) = 2, br(z) =z — (I) Fo(k=2,3,..),
k
wnd B—A)(1-6
ae) = o+ (- EEAEED mna ),
Then f € THSY (6, A, B) if and only if it can be expressed as
f(z) = > (wrhr(z) + yror(2))
k=1

where xp, > 0, yr > 0 and > (zx + yr) = 1. In particular, the extreme points of
k=1
THS (6, A, B) are {hy.} and {g}-

Proof. Suppose

f(z) = D (wxbi(2) + yror(2))
=1

http://www. earthlinepublishers.com
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Then
> Oplar| + Y Ukl = (B=A)(1-06)> ar+(B—A)(1-6)) u
o k=1 o k=1
— B-A)(1-§)(l-2)<B-A

and so f € THS (6, A, B). Conversely, if § € THS; (9, A, B), then

(B—A)(1-9) (B—A)(1-9)
< < .
lax| < By and [bg| < T,
Set o
_ k _
T = (B—A)(].—(S)‘ak‘ (k_2737 )7
and v
i | (k=1,2,...).

= B-A)1-0)
Then note by Theorem 0<zp <1(k=2,3,..)and0<y; <1 (k=12,..).

We define
o o
m=1- 2k =) Uk
k=2 k=1

and note that by Theorem (3|, z; > 0. Consequently, we obtain

= (wkbi(2) + yror(2))

k=1

as required. O

Now we show that THS (d, A, B) is closed under convex combinations of its

members.

Theorem 6. The class THS; (6, A, B) is closed under convex combination.

Proof. For j =1,2,3, ... let f; € THS} (d, A, B), where §; is given by

—Z_Z|ak|z+ Z!bk\z

Earthline J. Math. Sci. Vol. 9 No. 2 (2022), 165-178
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Then by ,

> (Prlar,| + Trlbr,|) < 2(B — A) (1 -6).
1

k
For E;’il Aj =1, 0 < A; <1, the convex combination of f; may be written as

PRV EEED N D IPYIIHE EARNCII N PPIIITHE EAs
j=1 k=2 \ j=1 k=1 \j=1
Then by ,
oo o0 [e.e] oo o0
IS YPNEE™S SET) IS w2 P ICHARR AN )
k=1 j=1 j=1 j=1 k=1

< 2(B—A)(1—5)§:)\j

7j=1
— 2(B-A)(1-9).

This is the condition required by (8) and so > 22, A;f;(2) € THSy (4,4, B). O
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