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Abstract

The purpose of this work is to use fractional integral and Wanas operator to define a
certain class of analytic and univalent functions defined in the open unit disk U. Also, we
obtain some results for this class such as integral representation, inclusion relationship
and argument estimate.

1. Introduction

Denote by A the class of all functions f of the form:

fz)=z+ Z a,z", (1.1)
n=2

which are analytic and univalent in the open unit disk U = {z € C : |z| < 1}.

For two functions f and g which are analytic in U, we say that f is subordinate to g,
written f < g or f(2) < g(2) (z € U), if there exists a Schwarz function w which is
analytic in U with w(0) =0 and |[w(z)| < 1 such that f(z) = g(w(z)), (zeU). In
particular, if the function g is univalent in U, then f < g if and only if f(0) = g(0) and
fW) e gU).

Definition 1.1 [16]. For f € A. The Wanas differential operator Wa'fg’ is defined by
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[} k n

i e 3 [ (5o ()

= u=

wherea ER,f >0 witha+ 8 >0,k€EN, u,n € Ny =NU{0}.

Special cases of the Wanas operator can be found in [1,2,4,5,6,9,11,13,14,15]. For
more details see [18].

Definition 1.2 [3]. The fractional integral of order A (A > 0) is defined for a function
f by

f f@®
r()J, z—r*

D;*f(2) = de,
where f is an analytic function in a simply-connected region of the z-plane containing

)1—1

the origin, and the multiplicity of (z —t is removed by requiring log(z — t) to be

real, when (z — t) > 0.

From Definition 1.1 and Definition 1.2, we conclude that

_AWk nf(z) ﬁzl.'_l
k n
F(n + 1) + at + nﬁﬂ -
F(n+1+A)Z() Y”(m) apz™* . (1.2)

From [17] we need this result

2 (DW= 1+i(,ﬁ) (~1p+t (%)H D; Wy f (2)
p=1

+ A—zk:(’;) (—1)u+L (%)ﬂ DIWMF@).  (13)

u=1

Let T stand for the class of mappings h of the form:

h(z) =1+ Z h,z™,
n=1

which are analytic and convex univalent in U and satisfy the condition:
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Re{h(2)} >0, (z€U).
In order to prove our main results, we need the following lemmas:

Lemma 1.1 [8]. Let u, v € C and suppose that \ is convex and univalent in U with
Y(0) = 1 and Re{uyp(z) + v} > 0,(z € U). If q is analytic in U with q(0) = 1, then the
subordination

zq'(2)

(@) + uq(z) +v

<Y(2)
implies that q(z) < Y(2).

Lemma 1.2 [10]. Let h be convex univalent in U and T be analytic in U with
Re{T (2)} =2 0, (z € U). If q is analytic in U and q(0) = h(0), then the subordination

q(z) + T(2)zq'(z) < h(z)
implies that q(z) < h(z).

Lemma 1.3 [7]. Let q be analytic in U with q(0) = 1 and q(z) # 0 for all z € U. If

there exists two points z4,Z, € U such that

_gbl = arg(q(z1)) < arg(q(2)) < arg(q(zy)) = gbz ’

for some by and b,(by > 0,b, > 0) and for all z(|z| < |z1| = |2,]), then

71q'(z1) - <b1 + bz)m and 7,q' (z2) _ i(bl + bz)m
q(z1) 2 q(z2) 2 '
where
> 1 le] and e=itan— (b bl)
14 ¢ 4 \b; + b,

2. Main Results

Definition 2.1. A function f € A is said to be in the class N'(k,n, a, B, 4,8; h) if it
satisfies the following differential subordination condition:

y (20wl r)
1=6\ D w,Jf(2)

—5 | < n), (2.1)

wherea ER, B >0 witha+ 8 >0,keNnEN, =NU{0},0<5§<landh€eT.
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In the following theorem, we find integral representation of the class
N(k,n,a B,A,8;h).

Theorem 2.1. Let f € N'(k,n, a,B,4,8; h). Then
zZ
h(w(s))—1
D'AWknf(z) = z.exp [(1 S)I%ds],
0

where w is analytic in U with w(0) = 0 and |w(2)| < 1,(z € U).

Proof. Assume that f € N (k,n,a,B,4,8;h). Tt is easy to see that subordination
condition (2.1) can be written as follows

z "1Wk77 z
(o w77 )
D AW f(2)

= (1 -8)h(w(2)) +35, (2.2)

where w is analytic in U with w(0) = 0 and |w(2)| < 1, (z € U).

From (2.2), we find that

CR O
DIWSIf(@) 7

h(w(z)) -1
-,

=(1-9) (2.3)

After integrating both sides of (2.3), we have
—A kn z
w, f(Z) h(w(s))—1
log (—) ) f &ds. (2.4)
z S
0

Therefore, from (2.4), we obtain the required result.
_ _ k kY 1yt (®)F
Theorem 2.2. Let Re {(1 Oh(z)+6— A+ X1 (ﬂ) -1 (B) } > 0. Then
Nkn+1,apB,46;h) c N(k,n,apB,A75;h).

Proof. Let f € N (k,n+ 1,a,8,4,6; h) and put

y [2(owir)
DT\ o

~5 | (2.5)
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Then q is analytic in U with q(0) = 1. In view of the identity (1.3), we find from (2.5)
that

D7 W " f(2)
W () e

—(1-6)q(2) +6 -1+ i (5‘;) (—1)r+1 (%)ﬂ (2.6)
u=1

+
M-

Differentiating both sides of (2.6) with respect to z and multiplying by z, we have

zq'(2)
(1-8)q@) +6 -1+ 3k, (¥) (- (%)ﬂ

q(z) +

1 Z(D‘AWk”Hf( ))
- D‘AWk"Hf( - § | < h(2). .7)

: _ _ k Er_1\u+1 (& K ;
Since Re {(1 Hh(z) +6 -1+ X, (u) -1 (B) } > 0, applying Lemma 1.1 to
the subordination (2.7), yields q(z) < h(z), which implies f € N'(k,n, @, 8,4, 5; h).

Theorem 2.3. Let f € A,0< a,a, <1and0 <5 < 1. If

T z(D—AW""“f( )) T
——a; < -0 | <zay,
2= D AW, g(2) 2

forsomegEN(kn+1aﬁ/15 1:22) (-1 <B<A<1),then

Z( _kanf(Z)> 5 nb
—_ < — )
D AW g(2) 2

Tp, <
S by <arg

where by and b, (0 < by, b, < 1) are the solutions of the equations:
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) 2 1I - lehby + by) cos Tt |
L+ = tan , B+-1
a = | 21+ le) (282 4 5 -2+ Bk ( NG (%)”) |
\ +(1— le))(by + by) sin Tt /
bl ’ B=-1
(2.8)
and
) 1l/ 1 -=1e)(by + by) cos > 2t \I 5 L
+— tan , * —
a; =+ 2 | 21 + |e D (1+A)(1 6)+5 /1+Z ( )(_1)#+1 (%)H) |
\ +(1— |£|)(b1+b2)sm t /
bz ’ B=-1
(2.9)
with € = itan— (%) and
1 2
2 A—B)(1-§6
t =—sint ( X ) . (2.10)
i (5—,1+2,’j=()( 1)/“1())(1—BZ)+(1—6)(1—AB)
Proof. Define the function G by
2 (DAwSp())
G(z) = -7, (2.11)
=1\ b7 w9
wherege]\f(kn+1 a,B,A6; 1:22) (-1<B<A<1land0<7t<1

Then G is analytic in U with G(0) = 1. By making use of (1.3) and (2.11), we

observe that
(1 -D6@) +1)D; W, 7 g(2)

¥ i (’; ) (npe (%)” DIWSIf ()
pu=1
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k

(S @) oz

u=1

Differentiating above relation with respect to z and multiplying by z, we get

(1 -1)6() +1)z (D e g(z)) + (1 - D26' @D W g(2)

¥ i (';) (-1t (%)“ (D WS )
u=1
(e G o)
u=1

Suppose that

1 z(D_AWk’77 (Z)),
H(Z) - 1-96 D_kang(Z) -

Using (1.3) again, we have

. DIAWI g(z
L W6 e
— (1= 8H(@) +6 -1+ zk: (k) (—1)#+L (f)ﬂ. (2.13)
L\ B
From (2.12) and (2.13), we easily get
26' ()

O R s+ zh oy (£) Come (5)

1 z(D-AW’”’”f( )) 18
_ —z | .

1—-1 D, AWaan"'lg(Z)
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Notice that from Theorem 2.2, g€ N (k,n +1,aB,4,6; %) implies g €

1+AZ

N (k, na B, A 5; m) Thus,

1+ AZ

H <
) 1+ Bz

(-1<B<A<1).

By applying the result of Silverman and Silvia [12], we have

o 1-4B| _A-B
2T Bz| S1—p2

(B#—-1,z€el) (2.15)
and
1-A
Re{H(z)} > T (B=-1,z€U). (2.16)

It follows from (2.15) and (2.16) that

(1-8)HE@)+86§-1+ Zk: (l]‘;) (—1)K*t (%)ﬂ
p=1

(5-2+3k, (4) (- (%)”) (1—B2) + (1= 8)(1— 4B)
1— B2

(4—B)(1—95)
T, (B:F—l,ZEU)
and
« k a\H
Rel(1—8)H(z) +6 -1+ Z (u) (=11 <E>
p=1
k
(1-A)(1-68) k (O
>f+5—a+;(#)(—1)ﬂ 1<E> . (B=-1, ze).
Putting

(1= 8)H(z) +6 -1+ zk: (z) (—1)k+1 (%)” — pe's?,
=1
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where
. (A-B)(1-0) <o
(6-2+2k (F) o (5 ) - B2+ -6)1-4B)
3 (A-B)1-96) B

(5—“2,';: ()( 1)u+1( ) )(1—32)+(1—5)(1 AB)

and —1 < ¢ <1, (B=-1), then

(1 _:1)_(1 -96) rS5— 1+ Z ( )(_1)M+1 (%)M

SN0 5y 3 (Yo (B
u=1

and

(1- A)(1_6)+5 ’1+Z< )(_1)u+1(%>u<p<oo, (B=-1.

1
(1_5)H(Z)+5—z+z,’§=1(ﬁ)(—1)““(%)ﬂ '

An application of Lemma 1.2 with T'(z) = yields

G(z) < h(2).

If there exist two points z¢,z, € U such that
s s
_Ebl = arg(G(zl)) < arg(G(z)) < arg(G(zZ)) = Ebz ,

then by Lemma 1.3, we get

2,G'(z4) mi 2,G'(z,) mi
———=——(b,+b d ——=—(b,+b
C(z) > (by+b;) an c(2) > (b1 +by),

where

1— e
“ 14 g

b, — b1)

d t ”(
an S—lan b1+b2

Now, for the case B # —1, we obtain
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arg( 1 (7 (D—lwknﬂf( 1)) - w

\1 —T\ DFW g () /

7,G'(z1)
(1-0)H(z)+d6—-21+ Z;’i=1 (Z) (—=1a+t (%)ﬂ

=arg| G(zy) +

z,G'(z1)

= arg(G(z1) 1
crol6te)® era +[(1—5)H(z1)+6—/1+22= (k) o () 6

T mi —iZ¢
= _Ebl +arg (1 _Z(bl + by)e 2 )

e Tt arg (1= by + by) cos (1 — d) + by + by) sin (1 — )
=—3h arg( 2 1+ by) cos5 )] 2 1+ by)sing (;b)

m(by + by) sinZ (1 — ¢) )

< —zbl —tan~! [
2 2p +m(by +by) cos— (1 — )

A —1e)(by + by) cos> Zt

|

|

201+ el) (28D 15— 2+ 3k ()(—1)n+1 ) )
+(1—|€|)(b1+b2)sm t

< 7Tb tan™!
s —= — an
2 1

=—=a,

where a; and t are given by (2.8) and (2.10), respectively.

Also,

( y (oW ) \
-7

\1—1 D AWy g(z,) /

arg
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(1—leD(by + by) cosft

T
>—b, +tan"! .
2 2(1+ [e]) (w+6 A+ 3k ( )(—1)u+1 (%) )
\ +(1 —|e])(by + by) sm;t
T
=§a2’

where a, and t are given by (2.9) and (2.10), respectively.

Similarly, for the case B = —1, we have

I/ 1 [~ (D'AW"”“f(zl))
arg
\1 T\ DAW g(z)

ap

p‘
~
IA
I
Nl
&

and

/ 1 [z (0W G 2)) \

arg | -1
\1 —t\ DIWg(z,) /

=

NS

b,.

The above two cases disagree with the assumptions. Therefore, the proof of the theorem

is complete.
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