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Abstract

In the present paper, we introduce and study a subclass of analytic and univalent
functions associated with Beta negative binomial distribution series which is defined in
the open unit disk U. We discuss some important geometric properties of this subclass,
like, coefficient estimates, extreme points and integral representation. Also, we obtain
results about integral mean associated with fractional integral.

1. Introduction

Let A indicate the class of functions of the form:
f(2) =Z+Zanzn , (1.1)
n=2

which are analytic and univalent in the open unit disk U = {z € C, |z| < 1}.

Let M denote the subclass of A consisting of functions of the form:

f(z)=z- Z a,z" (a, = 0), (1.2)
n=2

A function f € A is said to be univalent starlike of order @ (0 < a < 1) if it satisfies

zf'(z)
Re{f(z)}>a (zel),
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the condition:
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and is said to be univalent convex of order @ (0 < a < 1) if it satisfies the condition:

2f" (@)
Re{ e

Denote by S*(a) and C(a) the classes of univalent starlike and univalent convex

+1}>a (zel).

functions of order a, respectively.

The elementary distributions such as the Poisson, the Pascal, the Logarithmic, the
Binomial, the Borel have been partially studied in the Geometric Function Theory from a
theoretical point of view (see for example [1,3,5,6,9]).

A discrete random variable x is said to have a beta negative binomial distribution if it
Bv+o,p) Blvtop+l) 1

takes the wvalues 0,1,2,3,... with the probabilities B0op) U Bp) 2 o(o+
1) %, ... respectively, where v, p, o are named the parameters.
cg+r—1 v+o,p+r
P(x=1)= ( )u, r=0123,...
T B(v,p)

We can write the above probability as follows:

o+r—1\pw+op+r) T(o+r)T(v+a)l(p+rI(+p)
) B, p) T rIT(e) Tw+o+p+1r)T(V)I(p)

(@), ),
Wt pea+v+p), !

P(x=r)=(

r

where (1), is the Pochhammer symbol defined by

_M_{ 1 (n=0),
() = rx) ~ kE+1D).(k+n-1) (neN).

Very recently, Wanas and Al-Ziadi [8] introduced the following power series whose
coefficients are probabilities of the beta negative binomial distribution:

(V) (@)n-1(PIn-1 et
L, v+, +V+p)pr (= D!

09,(2)=2z— , (zeU,v,p,a>0).

We note by the familiar Ratio Test that the radius of convergence of the above series is
infinity.
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The linear operator ‘.Bg_p : M — M is defined as follows (see [8])

PBYp(2) = 97,(2) * f(2)

Zn; (an 2 0)1

=z i (V)U(O')n_l(p)n_l .
- L v+ p)g(o+v+phpa(n—1)! n

where * indicate the Hadamard product (or convolution) of two series.

For two functions f and g analytic in U, we say that f is subordinate to g in U,
written f < g or f(z) < g(2) (z € U), if there exists a function w which is analytic in U
with w(0) = 0 and |w(2)| < 1 (z € U) such that f(z) = g(a)(z)), (z € U). In particular,

if the function g is univalent in U, we have the following equivalence (see [7]):

f(2) < g(2)(z e V) = f(0) = g(0), f(U) c g(U).

Definition 1.1 [2]. The fractional integral of order A (A > 0) is defined for a function
f by

O 4 (1.3)

B
D@ = 7555 Of =t

where f is an analytic function in a simple connected region of z-plane containing the
origin and the multiplicity of (z — t)*~! is removed by requiring log (z — t) to be real
when (z —t) > 0.

Lemma 1.1 [4]. If f and g are analytic in U with f < g, then for u >0 and z =
re® (0<r<1)

2m 2m
flf(Z)I“de < f|g(z)|ﬂd9.
0 0

Definition 1.2. A function 7 , € M is said to be in the class B(y,8,t,v,p,0) if it

satisfies
2(%9,@)
62 (B9, (2)) + @+ DA - 1) (B, D)

<1, (1.4)

where 0 <6 <1, 0<t<1v,p,06>0andz€U.
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2. Coefficient Estimates

The first theorem gives a necessary and sufficient condition for a function By , to be
in the class B(d,1,v, p, 0).

Theorem 2.1. A function By , € M is in the class B(8,7,v, p, o) if and only if

o (= 1)(6 + D) (01 (PIns

Ly v+ p)e(@+v+p)pa(n— 1) an <6+ DA -1), (2.1)

where0 <6 <1, 0<t<1,v,p,06>0andzeU.
The result is sharp for the function B} , given by

V+po(@+v+pun—DIGE+DA—1)
I (R OO R o Rt

Proof. Assume that inequality (2.1) holds true and |z| = 1. Then we have

Pp(2) =z

|2(B2,@) | - [62 (85, @) + @+ DA~ (BG,@) |

= DO @t Ons oy
W+p)glo+v+p)p (-1

n=2

oo

G+ D(1-1)— Z nn—10)+1-00)s(Dn1(@n1 4
n=2

W+pglc+v+pp(n—1r "

n(n =1 )g(0)n-1(0)n-1

B e W+p)lc+v+p)_(n—1! aylz|" 1=+ 1)1 —1)

[ee)

Z n(é(m—1+1-190)s(0)n-1(0)n-1

n—-1
Wt P)e@ vt Patm—Dr 7!

o =D + D) ()1 (Ps

- L (v+p)o(a+v+phpan—1)! ap—(6+1)(1-17)<0,

by hypothesis. Hence by maximum modulus principle, we obtain B7 , € B(8,1,v, p, 7).

To show the converse, let B7 , € B(6,1,v,p,0). Then
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2(%9,@)
62 (B5p(2)) + S+ DA 1) (B, D)

_ Zoo n(n-1)v)s(0)n—1(P)n-1 n—-1
=2 (y4+p) (g +v+p)p_s (n-1)! "

= <1
T ve B0t DMe@na Pt na
O+ DA =1 = 2=, Grvepmamnr - %
Since Re(z) < |z| for all z, then we get
o NnMm-1)W)g(@)n-1(PIn-1 -1
— Yn=2 = — anz™
Re (V+P)G(U+V+p)n—1(n 1)! < 1’ (23)

) _yo EO-D+H1-D0)e(@n-1(PIn—1
@+ DU =0 = Lo ™50 torvrpins (n-D)

a,z"1

n

BUp(2) . .
Now taking the value of z on the real axis so that ZE';(Z;, is real. Upon clearing the
BY,0(2)
denominator of (2.3) and letting z — 1~ through real values, we obtain the inequality

@.1).
Corollary 2.1. IfB7 , € B(6,7,v,p,0), then

o < +plold+v+pp(n=DIE+DA 1)
" nn -1+ 1DW)e(0)n-1(p)n-1 '

(n=2), (24)

3. Extreme Points

Theorem 3.1. Let ‘Bg,pl(z) =z and

v+p)g(@+v+p)p-i(n-DIE+DA-1) .

S (z)=z-— z", n=2).
Fon® 1 =D + DW)o@ns Pt =2
Then By , € B(6,7,v,p,0) if and only if it can be expressed in the form
B2 = Y MBS, (), (3.1
n=1

where 1, 20, n=>1 and Y51 A, = 1.

Proof. Suppose that By , is expressed in the form (3.1). Then
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To(2) = ) A5, ()
n=1

= 1%, () + ) 1B, ()
n=2

R ( VAP @ V(= DG+ D7) )
n\? N —00 + Do@n@ns -

L i W AP0 +VH+Paa (= DG+ A1)
) nm -G+ D@1y

i n(n =1 + D) g(0)no1(Pn1
L t+p)g(@+vtplp(n-DIE+DA-1)

W+ p)olo+v4 P -1+ DA D),
n(n—1)(6 + D(v)(0)n-1(P)n-1 "

=Z;tn=1—/1151.
n=2

This shows that B o € B(S,t,v,p,0).

Conversely, assume that ‘Bap € B(S,1,v, p,0). Then by Corollary 2.1, we find that

V4P +V+ (-G + DA 1)
= -1 + 1) (V) (@) n—1(P)ns

We can set

(n=2).

1 = n(n — 1) + D(()e)?*((0)n-1)*((p)n-1)*
T (N2 +V P2 ( - DD + DA - 1)
where 4; =1 — Y7, 4,. Thus

I o Mo (n_1(Pn-1 ,
Bop(2) =2 - Zz Wt )o@+ v+ Py (n— D1

a, @n=2),
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L i o(@n-1(PIns
T L +p)e(o vt p)uoa(n— D)

(v +p))* (@ +v+ (= D) G+ DA 1) 1gn
n(n —1)(6 + D((M)e)*(0)n-1)*((P)n-1)? "

N OOty DIEHDA-D)

=z Z nmn—1)(6 +1DW)g(0)n-1(P)n-1
=z— i <Z - g-]33_;)11(2)> An

n=2
_ (1 _ ZZ ;tn> 2+ ZZ 1%, ()

=zt ) PG, (D= ) PG, @)
n=2 n=1

That is the required representation.

4. Integral Representation

Theorem 4.1. Let B7 , € B(6,1,v,p,0). Then
Zr Z(6 — t))+p—2
2,0 = | epr Oyl +p dtl] dtydts,
0 Jo 0 t1(1—)’¢(t1))

where |Y(2)| < 1, z € U.

%,(2) . .
Proof. By setting % = N(2) in (1.4), we obtain
%g,p(z)

‘ N(2)

SN +G+DA-p| PV

or equivalently
N() ) o
ND+e+D0-n Y@ W@I<L zel)
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So

(%5,@)" ICRENCRYO)
(ps,)  A-w@)

After integration, we get

LN [FE DA - DY)
log ((%5,()) )—fo tl(l—(SlpZtl))l dt, .

Thus

o 28+ D1 - D(ty)
(EBv_p(z)) - P [—fo t1(1— 8Y(ty)) dtl] .

By integration once again, we have

Uz(5 + DA = DyY(ty)

tl(l - 51/)(151)) dtl] at

(35,@) =

Also, after integration, we conclude that

Y[R [FG DA - D)
80,0 [ [ eo|f 6 (- 5p(ty) it

This gives the required result.

5. Integral Mean Inequalities for the Fractional Integral
Theorem 5.1. If B5 , € B(S,7,v, p, o) and suppose that ‘Bff,pn is defined by

v+ p)la+v+p)p i (n=DIE+ DA -17) n

=D + D)y @ (DI @22 G

PG, (2) =

Also let

> G =My

j=2
< (c+v+p)(v+p))? @+ v+ plp(n—DGE+1DA—-DT(n+ DIrA+n+3)
- nop(n —1)(6 + D((v)6)?(0)n-1(P)n1T(n+ 21+ 0+ D2 —1)

Jor 0 =<n<j,A>0, where (j —1n)y41 denotes the Pochhammer symbol defined by

rg+1)
(] n)?’)+1 rg- n)

’
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If there exists an analytic function w defined by

nn =1 + D((Me)?*(@n-1(Pn-1T(n+21+n+ 1)

(@) = G G TV Pt - DI G+ DA DT D)

oo

(“)j—l(/))j—1 ] ‘ __
% Z (6+v+p)ji1(G—1! U —Mp+1 T(a;z’ 1

where n = 1 and

rg-m)
rgj+1+n+1)

T(j) = >0, j=2),

then forz =re® and 0 <r < 1

fZTL’
0

Proof. Assume that

- u
D;*Bg, (2)| d8, (a>0,u>0).

- u 21
;A 7%S ()| desf
0

()o(0)j-1(p)j—1

Boo) =27 ) TRt v 9 G- DIV

For n = 0 and Definition 1.1, we have

21—
DY, (2)

_ AN+ - - FG+DIr(A+n+2))e(0)j-1(p)j-1 i1
T TA+1n+2) TG+ A+n+ D +p)s(o+v+p)j-1(— D! 4%
G O T+ +2) (W5 (0)-1(0)j-1 . o
“Tarn pl| T iU M TRz,
FA+n+2) = v+pglc+v+p)i_1(G—1D!
where
rG-m
T3G) = A>0, j=2).
0)) TGt At D) 1>0, j=2)
since T is a decreasing function of j, then we get
r'Z-n)
0<T()<TQR)=F7—F=-.
D=7 FA+n+3)
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similarly, from (5.1) and Definition 1.1, we find that
A4+n+
FrA+n+2)

1 v+p)g@+v+p)(n—-DE+DA -+ DTA+n+2)
8 ( n(n—1)(6 + DW)s(@n-1(P)n-1T(n+1+n+1) )

-
Dz mBg,pn(Z) =

For > 0 and z = re'® (0 < r < 1), we must show that

u

U =My Tz ~*| do

fzn NP0+ 1+ 2)0)0(0); 10
0 = v+p)glc+v+p)i1(—D!

< 3 WV+p)lo+v+p)pi(n—DIE+1DA-DIn+ 1D TA+n+2) -1 K

21
= f ! =06 + DOy (@na(Pnal + A5 7+ D 6.

By applying Littlewood’s subordination theorem, it would suffice to show that

N T 1+ 2)(1)5(0);-1(0) 4
L +p)o(o+v+0)G =D

U= My+1 T(f)ajzj_l

<1 V+p)glo+v+p)poi(n—DIEE+ DA -D)T(n+ D TA+n+2) 1
nn—1)(6 +1)s(0)n-1(PIn-1T(n+1+n+1) '

By setting

N T+ + 2 ()6(0);1(p) 1
L (v +p)o(o+v+ )G = D

G = Myer THaiz' ™

3 V+p)elo+v+p)pin—DIE+DA -+ 1D TA+n+2)
Tl(Tl - T) (6 + 1)(V)a(0-)n—1(p)n—1r(n +1+ n + 1)

=1 (0(@)" ™,

it follows that

(a)(z))n =D + D)2 (o1 (Poa T+ A+ 7 +1)
(VP20 +V+ P (n—DIE + DA —DI(n+ 1)

0 (O-)j—l(p)j_l ) . -
’ JZ; (+v+p)j1( - D! U =My TNz’ 7,

which readily yields w(0) = 0. For such a function w, we obtain
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(@) < DO+ DM )4 (0)n-1(P)n—a T+ A+ 1+ 1)
TP @ +VE P - DI+ DA -l + D)

(U)j—1(/?)j—1
i(c+v+p)i_1(—D!
j=2

< nop(m —1)(8 + D((V)6)?(0)n-1(p)n-1T(n+ 2 +1n+1)
T(e+tv+p)((v+p)g)i(c+tv+Hp) o (n—DE+ DA -DI(n+ 1)

XY G =My
=2

nop(n —1)(8 + D((V))*(@)n-1(p)p-1T(n+ 1+ 1+ D2 —1)
(+v+p)(v+p))?(c+v+p)pi(n—DIE+ DA - I(n+ DI(A+n+3)

XY (= Myry
j=2

G = M1 TPaylzl ™

T(2)lz|

= ||

<|z| < 1.

This completes the proof of the theorem.
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