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Abstract

Sharp bounds for the Fekete-Szego functional |v; — §v,?| are derived for certain class of
meromorphic starlike functions w(z) of order 8 defined on the punctured open unit disk
for which

_1(0M @)
1 t ( DM (z)

1) < x(z) (t€C—{0}n=0,k>0,nm € N,),

lie in a region starlike with respect to 1 and symmetric with respect to the real axis.

1. Introduction
Let 2 denote the class of meromorphic functions of the form
w(z) =§+Z§°=0vng, (1.1)
which are analytic in the open punctured unit disk U* = {z:z € Cand 0 < |z| < 1}.

A function @ € X is meromorphic starlike of order 3, denoted by 2* B, if
—Re{w} >B (0<B<1;zel). (1.2)

w(2)

The class 2* was introduced and studied by many researchers, among whom Mogra et
al. [5], Pommerenke [1] and Aouf [4].

Let y(z) be an analytic function with positive real part on U satisfies y(0) = 1 and
x'(0) > 0, which maps U onto a region starlike with respect to 1 and symmetric with
respect to the real axis. Let 2" (x) be the class of functions w(z) € X for which
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_zZw (Z)

<x(2) (zeU. (1.3)

w(2)

In the class S*(y) and 2*()) that introduced and studied respectively by Ma and
Minda [8], Silverman et al. [3], the authors have obtained the Fekete-Szego inequality for
the functions in these classes.

In this present paper we consider the operator defined by El-Ashwah [7]. For
n=0, k>0, n,me€ Ny =N U{0}, the linear operator DDk x 5 5 was defined
by

DMy () = % N Z (K n(+ 1)) (C+ 2)™,2",
=0

where

1 o (k+n+D\"
me(z)=z+z<#> vizt, n=0

=0

DMy (z) = % Z < /s D) (€ +2)v2t

=

= z(D™w(z)) + 2D™w(z)

1 o (k+nE+D\"
D2™Mw(z) = ~+ Z (M) (¢ + 2)%v,z"
=0

K

= z2(D™w(2))" + 5z2(D™w(z)) + 4D™w(2).
It is note that
z(D™™w(z)) = D" w(z) — 2D™"w(z). (1.4)
To define certain new subclass of meromorphic functions of complex order and

obtain the Fekete-Szeg6 inequality for w € Z:T:,,T(X)

Definition 1. Let y(z) be an analytic function with positive real part on U* with
x(0) =1, x'(0) > 1 which maps the unit disk Il onto a region of B-starlike with respect
to 1 and is symmetric with respect to the real axis. Let Z:T;I,T()() be the class of functions

w(z) € X for which,
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1 (D""’lumw(z)

1-2 DM (z)

- - 1) < x(2) (t€C—{0},n=0,k>0,nm€eNyandz € U). (1.5)

It is noted that 317 1 o(x) = 2" (x).

Lemma 1 [2]. If Y(2) = 1 + s,z + 5,2% + 5323 + --- is a function with positive real
part in 0¥, then for any complex number C,

ls; — dsg?| < 2max{1, |1 — 24|}
Lemma 2 [6]. If,(2) = 1 + 5,2 + 5,22 + 5323 + -+ is a function with positive real

part in 0¥, then for any complex number 4,

—4d+2 ifd<0
ls; — dsg?| < 2 ifo<d<l.
4d—2  ifd>1

When 4 < 0 or & > 1, the equality holds if and only if ¥;(z) = g or one of its

2
rotations. If 0 < & < 1, then the equality holds if and only if ¥, (z) = i—j or one of its

2

rotations. If & = 0, the equality holds if and only if

no= ()5 G- osasn

or one of its rotations. If & = 1, the equality holds if and only if

1 _(1+1A)<1+Z>+(1 1/1)(1_2) 0<i<1)
Pi(z) \2 27/\1-2z 2 27 /\1+z -TT
or one of its rotations. Also the above upper bounds is sharp and it can be improved as
follows when 0 < d < 1:

ls, — ds 2| + dls|? <2 (0 <d< 21),
and
1
ls, — ds; 2| + (1 — )]sy |2 < 2 (2— <d< 1).

2. Fekete-Szego Problem

By making use the above lemmas, the following bounds for the class Z:Zl];n()() are

proved.
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Theorem 1. Let x(z) =1+ 11z + 1,2% + 1323 + . If w(z) is given by (1.1)

belonging to the class Z:T;I;n()() and p is a complex number, then
m
t(K:Zn) T2 { 203" [ k \2™ (+2n\™
-2 ) (2
T1 2 K+n K

223n
(=)™
(Hzn) |z2l, T4 = 0. (1.7)

2231
Proof. If w(z) € Z:Z"’;n()(), then there is a Schwarz function ®(z) in U with ®(0) = 0
and |®(z)| < 1 and such that

(1) Ivi —pve®| <

}, 0 (1.6)

|71 | max {1,

(2) vy — pvo?| <

1_1

! (D""’lwmw(z) B

Sty ~ 1) = 2(0@). (18)

Define the function

1+ 0(2)
Y1(2) = 1——®(z)
that is
1+06(2)
l,l)l(Z) = 1_—0(2) =1+ LIZ + LZZZ + L3Z3 + ...l
Since ©(z) is Schwarz function, it is clear that Re(lpl (Z)) > 0 and 4 (0) = 1, define
— (A Te@ 4 24 ...
P2 =1-( e 1) =1+dyz+dyz%+ . (1.9)
In view of (1.8) and (1.9), we have
_ P1(2)-1
Y@ =x (1,[)1(2)+1) (1.10)

since

Pim)—1 1 Ly? Ly
sz LlZ+ LZ—T ZZ+(L3—L1L2 +T)ZS+“' .
1

By the function y(z) = 1 + 7,z + 7,22 + -+, therefore

P1(2)-1 _ l l _l 2 l 2 5 B
X(llll(z)+1) =1+;0liz+ [2T1(132 5L 114 ]Z +-. (11D

From (1.9) and (1.10), we obtain

1 1 1 1
14+ diz+dyz>+- =1+ STkaz + [EH(LZ — E,Clz) +ZT2L12] z2 4
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thus, we conclude that
dl = %TlLl and dz = %Tl(’CZ - %le) + %Tlez.

From the other hand, since

1 (D"+1°ma)(z) ) tD™™Mw(z) — Z(D”°ma)(z))’ — D™ w(z)
1) =
t\ D""Mw(z) tD"Mw(z)

m

2" (k + 22™ (i + 1\ 2™ 3" (k4 2m\™
=1+—( }cn) voz+(T( TI) v02—2—( 77) >v122+-~-.

t K t K

So, we get

2n K+mm
1+dlz+d222+---=1+7(t—1)( Kn) VoZ

2n 2m n m
+<2_(m) vo? — 23_(K+2n) Vl)zz 4o
t K t K

By simple computation, we obtain that

4 = 2(m)m vo and d, = (Zz_n (M)Zm VOZ _ Zﬁ(K+2n)m v1) ’

t K t K t K

SO

1 2™ (™ . t  \™
1Ly = —(—) Vo thatis vy = —(—) 7L
7 T1+1 : \ 0 0 = 271 \jeqy 141

and by substitute about v in d, and then about &4, d,, so we have

22" e A\ 3™ e+ 2m\™ 1 1, 1 .,
_< ) Vo _2_< ) V1 =ET1(L2_EL1 )+ZT2L1 .

t K t
That is
-t/ Kk \™/(1 1,0 1, 22" c+m\P™
Vl=ﬁ(x+zn) 2 5L +gnt’ == (57) v
—t K \™ t K \™ )
=W(K+zn) T1L2+@(K+zn) Lim =+,
Therefore

, —t K \™ t K \™ )
Vi~ PYo =ﬁ(—x+zn) ’1L2+@(K+zn) L —mt )
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_—t( K )m L p.? 1 1 + 1 2t3"(;c+2n)m( K )Zm
T 437 \k + 27 I R V) Petoam\ T K+7 i

e 1 L + L 2t3" (K+27]>m( K )Zm
2 Petoam Ty K+n g

Now, by an application of Lemma 1, we have the result in (1.6). Also, if T; = 0, then

_ _ -t k \™ 2
vO—Oandvl—BB—n m Tle .

Since ¥ (z) has a positive real part, |£,| < 2, from this, we get

v —pv2|<i( ) Jerat?|
! 0 1= 83n\k +2n 2

|t12|( K )m
< .
23" \k + 27

Now ¥ (z) have positive real part, | L,| < 2, therefore, we have

| ()
V1T PV 3n\k +2n/ °

The result is sharp for the functions:

1 (Dn"'1 "w(z) ) _ 1+2z-2°

1 D""’lmw(z) 14z
1-3 DM (z) z(1-2z2) ( ) -

and 1-2 DM (z) z(1-z)’

Theorem 2. Let x(z) =1+ 11z +1,2% + 1323 + - (1, > 0,L € N). If w(z) is
given by (1.1) belonging to the class Zt K "™(x) and p is a complex number, then

lvi — PV02|
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(¢ (—<\"
t (;c+277) 4 (1 - 2pt3" ( K )Zm (K + 277>m)l_ 2
23n 2 22" \k+1n K !

(112 = 1 — 7)27" (1 + ) *™K™
23"t 2K2™ (K + 2n)™

if p<

(Z5)
K+27

<] 2 M
(T12 — (1 + T1))22n(’€ +n)* ™ << (T12 — (1, - T1))22n(’€ +n)2mE™

i 23"ttt 2K?™ (K + 2n)™ =pP= 23"ttt 2K?™ (K + 2n)™
K m
‘ (x+2n) = (1— 2pt3”( K )Zm (K + Zn)m)T 5
23n 2 22" \k+1n K 1

(122 = (12 — 11)) 22" (e + )2 ™™
23"t 2K%™ (K + 2n)™

if p=

(12?2 t70) )2  (etm)? e ™

2307, 2K2M (K+2m)™

m
t( . ) 3" K+ 2m\™ 2m
v 2| <2/ ) T2 (g _(" ’7) ( X )
lvi = pvo®l < 23 Tl{ T1+ 1 P2t22n ” T 21

m

t(K) 3" 4+ 2n\"/ Kk \2M
S
= 231 T + 1 p2t 221’1 P T 7 71

On the other hand, if

Proof. Let p < . Then

(T12 — (12 + T1))22n(K + 1) K™ << (T12 — (12— T1))22n(K + )M K™
23"ty 2K%™ (K + 2n)™ =p= 23"ty 2K%™ (K + 2n)™

We get

lvi — PV02|

m
t( . ) T 3" 2™, Kk \2M
< _\etm) T2 _ _< ’7) ( )
=T33 Ty ezt 22n\ g K+n =
t k)™ n m 2m 2 _ _ 2n 2m,.m
< (K+27]) - {_ < 3 (K+27)) ( K ) (112 — 15 — 11)2%" (i + 1)?™k )Tl}

T2
24(1-2t
23n T, 22n K K+7 23"tT, 2K2™ (K + 2™
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(T12—(T2 —T1))22n(’€+77)2m'€m

23MtT,2K2M(K+21)™

m
t( . ) 3" i+ 2m\™ 2m
_ 2| < _\K+21 T2 _ _(K 77) ( K )
lvi — pvo |——23n 51 {T1 1-p2t A X+ 31

K m
< t (K+271) 1 2t 3" (K + 277>m( K )Zm )
=T 3n |2 Pet a7y K+7 oy

To show that the bounds are sharp, we define the functions . (I1=2)by

, then

Finally, if p >

- 1 Dn+1.,m19yl(z) _1)= 19(21_1) Dn°m19 (0) =0= Dn+1°m19 (0) -1
t\ DM, (2) ’ e & .

If

(12— (12+71)) 22 (ke +m) 2 MKc™ orp > (712—(Tz—‘f1))22"(lc+n)2m1cm
23MtT, 2K 2M ()c+2m)™ P 23Nt 2K2M ()+2m)™ ’

p <
then the equality holds if and only if 9 y, Or one of its rotation ,when

(712 = (22 471)) 22" (et 2™ << (712 = (2 =7)) 22" () 2m0c™
23MtT, 2K2M ()e+2m)™ P 23MtT, 2K2M )+ 2m)™ ’

then the equality holds if and only if w(z) is 19y3 or one of its rotations. If

(712 —(z2 +T1))22n(K+77)2me

- 23MtT 2K2™M (k+2m)™

B

then the equality holds if and only if w(z) is J or one of its rotations. If p =

(712 - (12=71) )22 (et )2

23MtT 2K2M (K42m)™

, then the equality holds if and only if w(z) is ¥, or one of its

rotations.
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Theorem 3. Let x(z) =1+ 1z + 122 + 1323+, (1, >0,0€N) and M=
(t12-7,)22"(ke+n) 2 Mk™
2317, 2K2M ()4 21)™M

. If w(2) is given by (1.1) belonging to the class Z:?]“_zl()() and p is

a real number, then we have

(712—(T2+T1))22n('€+n)2mkm< (t12-72)2%" (e +n) 2 "™
2311, 2K2M (c421)™ = 23Mtr 2Kk2M(k+2n)™ ’

22n(K + 77)ZmK.m
23"t T,2K2M (K + 2n)™

3" k4 2m\™ Kk \2™m N
X7, + 71 + p2tﬁ< - ) <K+77) —1)t%¢ vo?l

3 tk™ .2 112+1 - 3" (K+277>m( K )27"
T 223n(c +2pm \71 | T2 T2 \Ph 2 Ty k+n)
22n(’c + 77)Zme szt2T12L12
23"t 1,%K2M (k + 2n)™ \ 227F2 7,2 (k 4+ )2™

3" ik 2m\" Kk \2™ 5
X T2+T1+ p2tﬁ< X ) <K+n) -1 T

then

M if

vy — pvo?| +

3 tk™ 2p 2 3"t2Kk2Mp 202, tk™ .2
BTy L Ce T s I EE T i it

2[:12

2
+ 23+2n(K + 77)Zm 71747 — 233n(K + Zn)m T

tk™ )
= (et zpm e Ml s 2

tk™

T 2300 + 2

(712 =(r2=71)) 22" (i) > ™ K™
2317, 2K2M ()c+2n)™M

23"t 7 2K2M (kc + 2)™

3" mc+2m\" ok NP L)L,
X Tl_T2+ 1_p2t27( p ) <K+}’}) 71 |V0|

Q) if l<p< , then

vy — pvo?®| +
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m m

_ tk I tk
T 223n(c + 2m)m 12T 233n(xc + 2™

12y - 3" (K+27]>m( K )Zm
X R — j—
T1 [E U P K+n f
2211(’c + 77)ZmK.m szt2T12L12
23n¢ lekzm(K + 277)’" 22n+2 sz(K + 77)m

5 3" e+ 2m\" Kk N\
X Tl_T2+T1 —p2t27< ) < ) 71

2
1L

K K+n
B tk™ r tk™ 2y tk™ .2
T 223n(kc + 2m)m V2T 2330 ( + 2m)m L T 2330(kc + 2 21
T12L12 + p 27,2

S S— L
23 3n(k + 277)m 22n+2(K T 77)Zm 11
4 tk™ .2 txk™ L2y tr™
233n(kc + 2m)m ML T 283n( 4 2mym 2L T 233n(c 4 2ym L
n n n

1 K 2m
2 2, 2
TP e (K+T}> Tk

2
2L1

tk™

L —— N VA P
273n (e 1 2y e 1l
tk™

T 230+ 2
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