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Abstract 

Sharp bounds for the Fekete-Szegö functional |�� − ����| are derived for certain class of 

meromorphic starlike functions 	
�� of order � defined on the punctured open unit disk 

for which  

1 − �� �����˳��
����˳��
�� − 1� ≺ �
��   
� ∈ ℂ − �0 , " ≥ 0, $ > 0, &, ' ∈ ℕ��, 

lie in a region starlike with respect to 1 and symmetric with respect to the real axis. 

1. Introduction  

Let Ʃ denote the class of meromorphic functions of the form  

	
�� = �� + ∑ �ℓ�ℓ∞
ℓ,� ,                                             (1.1) 

which are analytic in the open punctured unit disk -∗ = ��: � ∈ ℂ and  0 < |�| < 1 .  
A function 	 ∈ Ʃ is meromorphic starlike of order �, denoted by Ʃ∗�, if  

−56 7��′
���
�� 8 > �    
0 ≤ � < 1; � ∈ -∗�.                              (1.2) 

The class Ʃ∗� was introduced and studied by many researchers, among whom Mogra et 

al. [5], Pommerenke [1] and Aouf [4]. 

Let �
�� be an analytic function with positive real part on - satisfies �
0� = 1 and  �′
0� > 0, which maps - onto a region starlike with respect to 1 and symmetric with 

respect to the real axis. Let Ʃ∗
�� be the class of functions 	
�� ∈ Ʃ for which  
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− ��′
���
�� ≺ �
��    (� ∈ -∗�.                                               (1.3) 

In the class ;∗
�� and Ʃ∗
�� that introduced and studied respectively by Ma and 

Minda [8], Silverman et al. [3], the authors have obtained the Fekete-Szegö inequality for 

the functions in these classes. 

In this present paper we consider the operator defined by El-Ashwah [7]. For " ≥ 0, $ > 0, &, ' ∈ ℕ� = ℕ ∪ �0 , the linear operator =��˳�
>,?�:Ʃ → Ʃ was defined 

by  

=A˳B	
�� = 1� + C D$ + "
ℓ+ 1�$ EB 
ℓ+ 2�A�ℓ�ℓ∞

ℓ,� , 
where  

=B	
�� = 1� + C D$ + "
ℓ+ 1�$ EB �ℓ�ℓ,∞

ℓ,�     & = 0 

=�˳B	
�� = 1� + C D$ + "
ℓ+ 1�$ EB 
ℓ + 2��ℓ�ℓ∞

ℓ,�  

= �
=B	
���′ + 2=B	
�� 

=�˳B	
�� = 1� + C D$ + "
ℓ+ 1�$ EB 
ℓ+ 2���ℓ�ℓ∞

ℓ,�  

= ��
=B	
���′′ + 5�
=B	
���′ + 4=B	
��. 
It is note that  

�
=A˳B	
���′ = =AI�˳B	
�� − 2=A˳B	
��.                             (1.4) 

To define certain new subclass of meromorphic functions of complex order and 

obtain the Fekete-Szegö inequality for 	 ∈ ∑ 
��∗A˳B�,>,? . 

Definition 1. Let �
�� be an analytic function with positive real part on -∗ with �
0� = 1,  �′
0� > 1 which maps the unit disk -  onto a region of �-starlike with respect 

to 1 and is symmetric with respect to the real axis. Let ∑ 
��∗A˳B�,>,?  be the class of functions 	
�� ∈ Ʃ for which, 
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1 − �� �����˳��
����˳��
�� − 1� ≺ �
�� 
� ∈ ℂ − �0 , " ≥ 0, $ > 0, &, ' ∈ ℕ� and � ∈ -∗�.  (1.5) 

It is noted that ∑ 
��∗�,�,� = Ʃ∗
��.  
Lemma 1 [2]. If J
�� = 1 + K�� + K��� + KL�L + ⋯  is a function with positive real 

part in -∗, then for any complex number N, 
|K� − OK��| ≤ 2 max�1, |1 − 2O| . 

Lemma 2 [6]. If J�
�� = 1 + K�� + K��� + KL�L + ⋯ is a function with positive real 

part in -∗, then for any complex number O, 
|K� − OK��| ≤ R−4O + 224O − 2  

ST O ≤ 0        ST 0 ≤ O ≤ 1ST O ≥ 1 U. 
When O < 0 or O > 1, the equality holds if and only if J�
�� = �I��V� or one of its 

rotations. If 0 < O < 1, then the equality holds if and only if J�
�� = �I�W�V�W  or one of its 

rotations. If O = 0, the equality holds if and only if  

J�
�� = X12 + 12 YZ X1 + �1 − �Z + X12 − 12 YZ X1 − �1 + �Z       
0 ≤ Y ≤ 1 �, 
or one of its rotations. If O = 1, the equality holds if and only if  1J�
�� = X12 + 12 YZ X1 + �1 − �Z + X12 − 12 YZ X1 − �1 + �Z       
0 ≤ Y ≤ 1 �, 
or one of its rotations. Also the above upper bounds is sharp and it can be improved as 

follows when  0 < O < 1: 
|K� − OK��| + O|K�|� ≤ 2     �0 < O ≤ �� �,  

and 

|K� − OK��| + 
1 − O�|K�|� ≤ 2     X12 < [ < 1Z. 
2. Fekete-Szegö Problem  

By making use the above lemmas, the following bounds for the class ∑ 
��∗A˳B�,>,?  are 

proved. 
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Theorem 1. Let �
�� = 1 + \�� + \��� + \L�L + ⋯. If 	
�� is given by (1.1) 

belonging to the class ∑ 
��∗A˳B�,>,?  and ] is a complex number, then  

(1) |�� − ]���| ≤ �� ^^�W_��
�WL� |\�| max `1, abWb� − `1 − �c�L�

�W� � ??I>��B �?I�>? �Bd \�ad ,  \� ≠ 0    (1.6) 

(2) |�� − ]���| ≤ �� ^^�W_��
�WL� |\�|, \� = 0.       (1.7) 

Proof. If 	
�� ∈ ∑ 
��∗&˳'�,",$ , then there is a Schwarz function Θ
�� in - with Θ
0� = 0 

and |Θ
��| < 1 and such that  

1 − �� �����˳��
����˳��
�� − 1� = �fΘ
��g.                                       (1.8) 

Define the function 

J�
�� = 1 + Θ
��1 − Θ
�� 

that is 

J�
�� = 1 + h
��1 − h
�� = 1 + ℒ�� + ℒ��� + ℒL�L + ⋯.  
Since Θ
�� is Schwarz function, it is clear that 56fJ�
��g > 0 and J�
0� = 1, define  

J�
�� = 1 − �� �����˳��
����˳��
�� − 1� = 1 + O�� + O��� + ⋯.                     (1.9) 

In view of (1.8) and (1.9), we have 

J
�� = � �j�
��V�j�
��I��                                                      (1.10) 

since 

J�
�� − 1J�
�� + 1 = 12 kℒ�� + Dℒ� − ℒ��2 E �� + 
ℒL − ℒ�ℒ� + ℒ�L4 ��L + ⋯ l. 
By the function �
�� = 1 + \�� + \��� + ⋯,  therefore  

� �j�
��V�j�
��I�� = 1 + �� \�ℒ�� + m�� \�
ℒ� − �� ℒ��� + �n \�ℒ��o �� + ⋯ .       (1.11) 

From (1.9) and (1.10), we obtain 

1 + O�� + O��� + ⋯ = 1 + 12 \�ℒ�� + p12 \�
ℒ� − 12 ℒ��� + 14 \�ℒ��q �� + ⋯, 
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thus, we conclude that 

O� = �� \�ℒ�   and   O� = �� \�
ℒ� − �� ℒ��� + �n \�ℒ��. 
From the other hand, since  

1 − 1� D=AI�˳B	
��=A˳B	
�� − 1E = �=A˳B	
�� − �f=A˳B	
��gs − =A˳B	
���=A˳B	
��  

= 1 + 2A� X$ + "$ ZB ��� + D2�A� X$ + "$ Z�B ��� − 2 3A� X$ + 2"$ ZBE ���� + ⋯. 
So, we get  

1 + O�� + O��� + ⋯ = 1 + 2A� 
� − 1� X$ + "$ ZB ��� 

+ X�W�� �?I>? ��B ��� − 2 L�� �?I�>? �B ��Z �� + ⋯. 

By simple computation, we obtain that 

O� = ��� �?I>? �B ��   and   O� = X�W�� �?I>? ��B ��� − 2 L�� �?I�>? �B ��Z , 

so  

�� \�ℒ� = ��� �?I>? �B ��  that is    �� = ����� � ??I>�B \�ℒ� 

and by substitute about �� in O� and then about O�, O�, so we have 

2�A� X$ + "$ Z�B ��� − 2 3A� X$ + 2"$ ZB �� = 12 \�
ℒ� − 12 ℒ��� + 14 \�ℒ��. 
That is 

�� = −�23A X $$ + 2"ZB D12 \�
ℒ� − 12 ℒ��� + 14 \�ℒ�� − 2�A� X$ + "$ Z�B ���E 

= −�43A X $$ + 2"ZB \�ℒ� + �83A X $$ + 2"ZB ℒ��
\� − \� + \���. 
Therefore 

�� − ]��� = −�43A X $$ + 2"ZB \�ℒ� + �83A X $$ + 2"ZB ℒ��
\� − \� + \��� 
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−] ��42�A X $$ + "Z�B \��ℒ�� 

= −�43A X $$ + 2"ZB \� kℒ� − ℒ�� D12 v1 − \�\� + v1 − ]2� 3A2�A X$ + 2"$ ZB X $$ + "Z�Bw \�wEl 
= −�43A X $$ + 2"ZB \�xℒ� − Ηℒ��z, 
where 

Η = 12 v1 − \�\� + v1 − ]2� 3A2�A X$ + 2"$ ZB X $$ + "Z�Bw \�w. 
Now,  by an application of Lemma 1, we have the result in (1.6). Also, if \� = 0, then �� = 0 and �� = V�{L� � ??I�>�B \�ℒ��. 
Since J
�� has a positive real part, |ℒ�| ≤ 2, from this, we get 

|�� − ]���| ≤ 183A X $$ + 2"ZB |�\�ℒ��| 
 ≤ |�\�|23A X $$ + 2"ZB. 

Now J
�� have positive real part, |ℒ�| ≤ 2, therefore, we have  

|�� − ]���| ≤ |�|3A X $$ + 2"ZB. 
The result is sharp for the functions: 

1 − �� �����˳��
����˳��
�� − 1� = �I��V�W�
�V�W�   and  1 − �� �����˳��
����˳��
�� − 1� = �I��
�V��. 
Theorem 2. Let �
�� = 1 + \�� + \��� + \L�L + ⋯ 
\ℓ > 0,ℓ ∈ ℕ�. If 	
�� is 

given by (1.1) belonging to the class ∑ 
��∗A˳B�ˎ>ˎ?  and ] is a complex number, then  

|�� − ]���| 
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≤

⎩⎪
⎪⎪⎪
⎪⎪⎪
⎨
⎪⎪⎪
⎪⎪⎪
⎪⎧� � ??I�>�B

23A v−\� + 
1 − 2]�3A2�A X $$ + "Z�B X$ + 2"$ ZB�\��w
                                         ST  ] ≤ 
\�� − \� − \��2�A
$ + "��B$B23A�\��$�B
$ + 2"�B
� � ??I�>�B

23A \�
  ST f\�� − 
\� + \��g2�A
$ + "��B$B23A�\��$�B
$ + 2"�B ≤ ] ≤ f\�� − 
\� − \��g2�A
$ + "��B$B23A�\��$�B
$ + 2"�B
� � ??I�>�B

23A v\� − 
1 − 2]�3A2�A X $$ + "Z�B X$ + 2"$ ZB�\��w
                                            ST    ] ≥ f\�� − 
\� − \��g2�A
$ + "��B$B23A�\��$�B
$ + 2"�B

U 

Proof. Let ] ≤ �b�WV
bWIb����W�
?I>�W�?�
�L��b�W?W�
?I�>�� .  Then  

|�� − ]���| ≤ � � ??I�>�B
23A \� v− \�\� + D1 − ]2� 3A2�A X$ + 2"$ ZB X $$ + "Z�BE \�w 

≤ � � ??I�>�B
23A v−\� + D1 − ]2� 3A2�A X$ + 2"$ ZB X $$ + "Z�BE \��w. 

On the other hand, if  

f\�� − 
\� + \��g2�A
$ + "��B$B23A�\��$�B
$ + 2"�B ≤ ] ≤ f\�� − 
\� − \��g2�A
$ + "��B$B23A�\��$�B
$ + 2"�B . 
We get  

|�� − ]���| 
≤ � � ??I�>�B

23A \� v− \�\� + D1 − ]2� 3A2�A X$ + 2"$ ZB X $$ + "Z�BE \�w 

≤ � � ??I�>�B
23A \� v− \�\� + D1 − 2� 3A2�A X$ + 2"$ ZB X $$ + "Z�B 
\�� − \� − \��2�A
$ + "��B$B23A�\��$�B
$ + 2"�B E \�w 
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≤ � � ??I�>�B
23A \� v− \�\� + D1 − 
\�� − \� − \��\�� E \�w 

≤ � � ??I�>�B
23A \�. 

Finally, if ] ≥ �b�WV
bWVb����W�
?I>�W�?�
�L��b�W?W�
?I�>�� , then  

|�� − ]���| ≤ � � ??I�>�B
23A \� v\�\� − D1 − ]2� 3A2�A X$ + 2"$ ZB X $$ + "Z�BE \�w 

≤ � � ??I�>�B
23A v\� − D1 − ]2� 3A2�A X$ + 2"$ ZB X $$ + "Z�BE \��w. 

To show that the bounds are sharp, we define the functions  ���
� ≥ 2� by 

1 − �� D����˳����
����˳����
�� − 1E = �f��V�g, =A˳B���
0� = 0 = =AI�˳B���
0� − 1. 
If   

] < fb�WV
bWIb��g�W�
?I>�W�?��L��b�W?W�
?I�>��   or ] > �b�WV
bWVb����W�
?I>�W�?�
�L��b�W?W�
?I�>��   , 

then the equality holds if and only if  ��� or one of its rotation ,when  

�b�WV
bWIb����W�
?I>�W�?�
�L��b�W?W�
?I�>�� < ] < �b�WV
bWVb����W�
?I>�W�?�

�L��b�W?W�
?I�>��  , 

then the equality holds if and only if  	
�� is  ���  or one of its rotations. If  

] = �b�WV
bWIb����W�
?I>�W�?�
�L��b�W?W�
?I�>��  , 

then the equality holds if and only if 	
�� is �� or one of its rotations. If ] =
�b�WV
bWVb����W�
?I>�W�?�

�L��b�W?W�
?I�>�� , then the equality holds if and only if  	
�� is  �� or one of its 

rotations. 
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Theorem 3. Let �
�� = 1 + \�� + \��� + \L�L + ⋯,  
\ℓ > 0, ℓ ∈ ℕ� and ℳ =fb�WVbWg�W�
?I>�W�?��L��b�W?W�
?I�>�� .  If 	
�� is given by (1.1) belonging to the class ∑ 
��∗A˳B�,>,?  and ] is 

a real number, then we have  

(1) if  
�b�WV
bWIb����W�
?I>�W�?�

�L��b�W?W�
?I�>�� ≤ ] ≤ fb�WVbWg�W�
?I>�W�?��L��b�W?W�
?I�>�� , then  

|�� − ]���| + 2�A
$ + "��B$B23A � \��$�B
$ + 2"�B 

× v\� + \� + D]2� 3A2�A X$ + 2"$ ZB X $$ + "Z�B − 1E \��w |���| 
= �$B2�3A
$ + 2"�B \� Dℒ�� v− 12 \�\� + 12 \� − D]2� 3A2 2�A X$ + 2"$ ZB X $$ + "Z�B \�EwE 

+ 2�A
$ + "��B$B23A � \��$�B
$ + 2"�B D $�B��\��ℒ��2�AI� �\��
$ + "��BE 

× v\� + \� + D]2� 3A2�A X$ + 2"$ ZB X $$ + "Z�B − 1E \��w 

= �$B2L3A
$ + 2"�B \��ℒ�� − 3A��$�B]2�AI�
$ + "��B \��ℒ�� + �$B2L3A
$ + 2"�B ℒ��\�
+ ]��$�B2LI�A
$ + "��B \��ℒ�� − � $B2L3A
$ + 2"�B \��ℒ��

 

= �$B2L3A
$ + 2"�B ℒ��\�,   |ℒ�| ≤ 2 

= �$B23A
$ + 2"�B \� 

(2) if ℳ ≤ ] ≤ fb�WV
bWVb��g�W�
?I>�W�?��L��b�W?W�
?I�>��  , then  

|�� − ]���| + 2�A
$ + "��B$B23A � \��$�B
$ + 2"�B 

× v\� − \� + D1 − ]2� 3A2�A X$ + 2"$ ZB X $$ + "Z�BE \��w |���| 
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= �$B2�3A
$ + 2"�B \�ℒ� − �$B2L3A
$ + 2"�B \�ℒ��
 

× �1 − \�\� + \� − D]2� 3A 2�A X$ + 2"$ ZB X $$ + "Z�B \�E� 

+ 2�A
$ + "��B$B23A � \��$�B
$ + 2"�B D $�B��\��ℒ��2�AI� $�B
$ + "�BE 

× v\� − \� + \�� − ]2� 3A2�A X$ + 2"$ ZB X $$ + "Z�B \��w 

= �$B2�3A
$ + 2"�B \�ℒ� − �$B2L3A
$ + 2"�B \�ℒ�� + �$B2L3A
$ + 2"�B \�ℒ�� 

− �$B2L3A
$ + 2"�B \��ℒ�� + ]��$�B2�AI�
$ + "��B ℒ��\�� 

+ �$B2L3A
$ + 2"�B \�ℒ�� − �$B2L3A
$ + 2"�B \�ℒ�� + � $B2L3A
$ + 2"�B \��ℒ��
 

−]�� 12�AI� X $$ + "Z�B \��ℒ�� 

= �$B2�3A
$ + 2"�B \�ℒ�,   |ℒ�| ≤ 2 

= �$B23A
$ + 2"�B \�. 
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