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Abstract

In this paper, we investigate the generalized Guglielmo sequences and we
deal with, in detail, four special cases, namely, triangular, triangular-Lucas,
oblong and pentagonal sequences. We present Binet’s formulas, generating
functions, Simson formulas, and the summation formulas for these sequences.

Moreover, we give some identities and matrices related with these sequences.

1 Introduction

An oblong (or promic, or pronic, or heteromecic) number O,, is a number which
is the product of two consecutive integers, that is, a number of the form O, =
n(n+1). Moreover, the nth oblong number is the sum of the first n even integers,
i.e.,

n

O, = ZZ]{ =n(n+1).

k=1
The study of these numbers dates back to Aristotle. The first few oblong numbers
are:

0,2,6,12,20,30,42,56,72,90, 110, 132, 156, 182, 210, 240, 272, 306, 342, 380, 420, 462, . . .
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(sequence A002378 in the OEIS [1§]). The triangular number is half of the oblong

number, i.e.,
n
1) O,
N
2
=1

The first few triangular numbers are:
0,1,3,6,10,15,21, 28, 36,45, 55,66, 78,91, 105, 120, 136, 153, 171, 190, 210, 231, ...

(sequence A000217 in the OEIS). Oblong and triangular sequences have been

studied by many authors and more detail can be found in the extensive literature

dedicated to these sequences, see for example, [2i5lI810[11}{12}f14}26/29] and

references therein. For more references, see the sequences A002378 and A000217
in the OEIS. Note that oblong and triangular sequences have the following

properties:

Ton4+Thi1 = (n+1),
ZTkz _ (n+1)(n+2)

Y

Toin = Th+T1T,+mn,
Ton = ToTn+ Ton-1Tn-1,
T2 = Tp+Th1Tpe1,
T, = Th—1+n,
O, = 0O,_1+2n,
Or, = O,+O0p,_1.

A pentagonal number is given by the formula
1
DPn = En(Bn— 1).

The first few pentagonal numbers are:

0,1,5,12,22,35,51,70,92,117, 145, 176, 210, 247, 287, 330, 376, 425, 477, 532, 590, 651, ...
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(sequence A000326 in the OEIS). Note that pentagonal sequence hold the following

properties:

Pn = Pn-1-+ 3n—2= 2pn—1 — Pn—2+ 37
Pn = Tho1+ n2 =T, +2T 1 =Top1—Th1

A brief introduction on pentagonal numbers can be found in MathWorld and

Wikipedia .
The sequences {O,}, {T,,} and {p,} satisfy the following third order linear

recurrences:

On = 30,-1—30,2+0,-3, 0Op=0,01=2,02 =6,

T, = 3Th1—3Th2+Th3, To=0T1=1"T=3,

Pn = 3Pp—1—3Pn—2+pPn-3, Po=0,p1 =1,p2=5.
The purpose of this article is to generalize and investigate these interesting
sequence of numbers (i.e., oblong, triangular and pentagonal numbers). First,
we recall some properties of generalized Tribonacci numbers.

The generalized (r,s,t) sequence (or generalized Tribonacci sequence or

generalized 3-step triangular sequence)
{Wn(Wo, Wi, Wa;r, s, t) bn>o
(or shortly {Wy,}n>0) is defined as follows:
Wp =rWy1+ sWy_o +tW,_3, Wo=a, Wy =bWy=¢, n>3 (1.1)

where Wy, Wi, Wy are arbitrary complex (or real) numbers and r,s,t are real
numbers.

This sequence has been studied by many authors, see for example

The sequence {W,,},>0 can be extended to negative subscripts by defining

S r 1
Won == Woin-1) = 7 Wtz + Wy

Earthline J. Math. Sci. Vol. 9 No. 1 (2022), 1-89
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for n =1,2,3,... when ¢ # 0. Therefore, recurrence (1.1)) holds for all integer n.
As {W,} is a third-order recurrence sequence (difference equation), its

characteristic equation is

3 —ra® —sr—t=0 (1.2)
whose roots are
r
a = a(r,s,t):§+A+B,
B = Blrsit)=g+wA+w’B,
7 = Alrst) =5 +wA+wB,
where
r3 s t 1/3 r3 rs t 1/3
A = — 4+ — 4+ = A B=—+—+4+-—-VA
(27+6+2+\/>> ’ <27+6+2 \/>) ’
3t r?s?  rst §3 2 —1+41iV3
A = A =——— 4+ — — — + — = = 2mwi/3).
st =0r ~Tos T 6 27 T 1 2 exp(2mi/3)

In the case of single root, i.e., @« = = +, Binet’s formula can be given as

follows:

Theorem 1. (Single Root Case: o« = [ = «y) Binet’s formula of generalized

Fibonacci numbers s

W, = (A1 + Aan + Azn?) x o” (1.3)
where
Al = W07
1
Ay = 5(—W2 +4Wq — 3W0),
1
A = §(W2 —2W1 + Wo).
[e.e]
Next, we give the ordinary generating function ) W,z™ of the sequence W,.
n=0

http://www. earthlinepublishers.com
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o0
Lemma 2. Suppose that fy, (x) = >, Wya™ is the ordinary generating function
n=0
of the generalized (r, s,t) sequence (the generalized Tribonacci sequence) {W, }n>o0.
[e.e]

Then, > Wya™ is given by

n=0

> _ _ _ 2

Z W, 2" — Wo + (Wl T'W())JZ + (MQ/Q T?I)/Vl SWO)JZ . (1.4)

= 1—rx—sz*—tx

Matrix formulation of W, can be given as
Wn+2 r s t " WQ
Wi | =] 1 0 0 w | (1.5)
W, 010 Wo

For matrix formulation (1.5)), see [9]. In fact, Kalman gave the formula in the

following form

W 010 Wo
Wpait | =10 0 1 W1
Whio r s t Wo

Now, we present Simson’s formula of generalized Tribonacci numbers.

Theorem 3 (Simson’s Formula of Generalized Tribonacci Numbers). For all

integers n, we have

Woioe Wipp Wy Wy Wy Wy
Wn+1 Wn Wn—l =t" Wi WO W_1 |. (16)
Wn  Wih1 Wy Wo W1 Wy
Proof. For a proof, see Soykan [19]. O

Next, we consider two special cases of the generalized (r, s,t) sequence {W,,}
which we call them (r, s,t) and Lucas (r, s, t) sequences. (r, s,t) sequence {Gp, }n>0
and Lucas (r, s, t) sequence {H,,},>0 are defined, respectively, by the third-order

recurrence relations

Gnys = 1Gpyo+ sGuy1 +tGy, Go=0,G1=1,Gs =, (17)
H,,3 = rHyio+sH, 1 +tH,, Hyo=3H =7 Hy=2s+7r% (1.8)

Earthline J. Math. Sci. Vol. 9 No. 1 (2022), 1-89
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The sequences {Gy, }n>0 and {Hy, },>0 can be extended to negative subscripts by

defining
S T 1
G_p=—-G_(n_1y— -G_(h_ —G_(p—3),
(G-~ G- TG (n-3)
S r 1

H_, = _sz(nfl) - %Hf(n72) + ZHf(nfS)
for n = 1,2,3,... respectively. Therefore, recurrences (|1.7)-(1.8) hold for all
integers n.

For all integers n, (r,s,t), Lucas (r,s,t) numbers can be expressed using

Binet’s formulas as

an+1 ﬁn+1 ,)/nJrl
Gn + + )
(a=B)a=7) (B-a)B=7) (—a)ly—H)
Hn = an+6n+,yn’
respectively.
In the case of two distinct roots, i.e., a« = B # ~, for all integers n,

Binet’s formula of (r,s,t) and Lucas (r,s,t) numbers (using initial conditions

in (1.7)-(1.8)) can be expressed as follows:

Theorem 4. (Single Root Case: o« = 3 = ~y) For all integers n, Binet’s formula

of (r,s,t) and Lucas (r,s,t) numbers are

G, = %((—3(1 + )+ (—3a— 2)n2) x o™,

H, = 2(2— (a—1)(a—3)n+ (a—1)?n?) x a”,
respectively.

Lemma [2| gives the following results as particular examples (generating

functions of (r,s,t) and Lucas (r, s, t) numbers).

Corollary 5. Generating functions of (r,s,t) and Lucas (r, s,t) numbers are

> x

G,z =
z;) " 1 —re —sx?2 —tad’
-
o
ZH n 3 —2rx — sa?

:L' fry

‘ " 1 —re —sx?2 —tad’

n=

http://www. earthlinepublishers.com



Generalized Triangular Numbers 7

respectively.

The following theorem shows that the generalized Tribonacci sequence W, at

negative indices can be expressed by the sequence itself at positive indices.

Theorem 6. For n € Z, we have
- 1
W_, =t "(Way — H,W,, + 5(Hg — Ho, )W),
Proof. For the proof, see Soykan [22|, Theorem 2. O

Now, we present a basic relation between {H,,} and {W,,} which can be used

to write H,, in terms of W,,.

Lemma 7. The following equality is true:

(W3 + (t+rs)WE+2WS + (r2 — s)WEWo — 2r W1 W2 — sWo W3 + rtWEWo + (s +
rt)WoWE + 2stWEWy + (rs — 3ty WoW 1 Wa)H,, = (3W3 + (r2 — s)WE + rtW@ —
4rWriWa—25WoWa+(rs—3t)WoW1 )Wy po+(—2r Wi +3tWE—2sW1 Wa—3t W Wa+
3rsWi + 2875W02 + 22 Wi Wo + 252 Wo Wi + rsWoWa + 2rtWo Wi )W, + (—sW2 +
(82 + rt)W2 + 32WE + (rs — 3t)W1 Wa + 2rtWoWa + 4stWoWq)W,.

Proof. Tt is given in Soykan [21]. O
Using Theorem @ we have the following corollary, see Soykan Corollary

6].

Corollary 8. Forn € Z, we have

(a) G_, = tn%((%t — 82)G? + tGay + 8Gpy2Gry — (3t +15)Gri1Gr).

(b) H_p, = 5= (H2 — Hay).

Note that G_,, and H_,, can be given as follows by using Gy = 0 and Hy = 3
in Theorem [6]

_ 1 _

an =t n(G2n - HnGn + i(HEL - HQn)GO) =t n(G2n - HnGn)a
_ 1 1

H_, = t"(Hy, — H,H, + §(H,§ — Hy,)Hy) = %—H(Hﬁ — Hy,),

respectively.

Earthline J. Math. Sci. Vol. 9 No. 1 (2022), 1-89
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2 Generalized Guglielmo Sequence

In this paper, we consider the case r = 3,5 = —3,¢t = 1. A generalized Guglielmo
sequence {Wplp>o = {Wn(Wo, W1, Wa)}n>o is defined by the third-order
recurrence relations

Wyo =3Wph_1 —3Wy,_o+ W, _3 (2.1)

with the initial values Wy = co, W1 = ¢1, W2 = co not all being zero.

The sequence {W,,},>0 can be extended to negative subscripts by defining
W_n =3W_(n—1) = 3W_(2) + W_(_3)

for n =1,2,3,.... Therefore, recurrence ([2.1]) holds for all integer n.
Theorem [I| can be used to obtain Binet formula of generalized Guglielmo

numbers. Binet formula of generalized Guglielmo numbers can be given as

W, = A1 + Aon + A3n2

where
A = Wy,
Ay = %(—WQ + 4W; — 3Wy),
Ay = (W — 27 4+ W),
i.e.,

1 1
Wi = Wo + 5 (=W + AWy — 8Wo)n + o (Ws — 21 + Wo)n?  (2.2)
Here, in Theorem |1} we use the roots «, 3,7 of the cubic equation
? =322 4+3c—-1=(z—1)>>=0

where a = 5 =v = 1.
The first few generalized Guglielmo numbers with positive subscript and

negative subscript are given in the following Table 1.

http://www. earthlinepublishers.com
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Table 1: A few generalized Guglielmo numbers.

n W W_,

0 Wo Wo

1 Wy 3Wo — 3W71 + Wy

2 Wa 6Wo — 8W1 + 3W,

3 Wy — 3W1 + 3Wsy 10Wy — 15W7 + 6Ws

4 3Wy — 8W1 + 6Ws 15Wy — 24W71 + 10W,

5 6Wy — 15W1 + 10W, 21Wy — 35W1 4+ 156Ws

6 10Wy — 24W7 + 15W, 28Wo — 48W1 + 21Wo

7 15Wy — 35W1 4+ 21W, 36Wo — 63W7 + 28W,

8 21 Wy — 48W4 + 28W, 45Wy — 80W7 + 36Ws

9 28Wy — 63W7 + 36W, 55Wo — 99W71 + 45Ws

10  36Wy — 80W, 4+ 45W, 66Wy — 120W71 + 55Ws

11 45Wy — 99W 4 55, T8Wo — 143W7 + 66Ws

12 55Wy — 120W7 + 66Ws  91W4y — 168W5 + 78W,s

13 66Wy — 143W7 + 78Ws  105Wy — 195W7 + 91,
Now we define four special cases of the sequence {W,}.  Triangular

sequence {7}, }»>0, triangular-Lucas sequence { Hy, },>0, oblong sequence {Oy, }»>0

and pentagonal sequence {py,}n>0 are defined, respectively, by the third-order

recurrence relations

31— 3Th—2 + T3,
3H, 1 —3H, 2+ H,_3,
30n-1—30p—2 + Op_3,
3Pn—1 — 3pn—2 + Pn-3,

To=0Ti=1,T» =3, (2.3)
Ho=3,H =3H, =3, (24)
Op = 0,0, = 2,05 = 6, (2.5)

po=0,p1 =1,p2 =5. (2.6)

The sequences {7}, }rn>0, {Hn}n>0, {On}n>0 and {py,}n>0 can be extended to

Earthline J. Math. Sci. Vol. 9 No. 1 (2022), 1-89
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negative subscripts by defining

T = 3T (n1) = 3T (n2) + T (n_3),

Ho, = 3H (1)~ 3H (noy+H (n 3,

O_n = 30_(n_1) —30_(n_2) + O_(n_3),
-n = 3P_(n-1) — 3P—(n—2) T P—(n-3)

forn =1,2,3, ... respectively. Therefore, recurrences ([2.3))-(2.6) hold for all integer

n.
H,, is the constant sequence (the all 3’s sequence) A010701 in [18§].

Next, we present the first few values of the Triangular and Triangular-Lucas,

oblong and pentagonal numbers with positive and negative subscripts:

Table 2: The first few values of the special third-order numbers with positive and

negative subscripts.

n
T, 10 15 21 28 36 45 H5 66 78 91
T, 15 21 28 36 45 55 66 78
H, 3

W W W oW
—_
o

12 20 30 42 56 72 90 110 132 156 182
6 12 20 30 42 56 72 90 110 132 156
12 22 35 51 70 92 117 145 176 210 247
15 26 40 57 77 100 126 155 187 222 260

|

3
N = O N W WO =
N Ut N O W W = W

For all integers n, triangular, triangular-Lucas, oblong and pentagonal

numbers (using initial conditions in (2.2))) can be expressed using Binet’s formulas

http://www. earthlinepublishers.com



Generalized Triangular Numbers 11

as

T, — n(n+1),

2
H, = 3,
O, = nn+1),
1

Dn = 5n(3n—1),

respectively.

[e.e]
Next, we give the ordinary generating function ) W,z™ of the sequence W,.
n=0

[o.¢]
Lemma 9. Suppose that fy, (x) = >, Wya™ is the ordinary generating function
n=0

oo
of the generalized Guglielmo sequence {Wy}n>0. Then, Y Wya™ is given by
n=0

X Wo+ (Wi — 3Wo)z + (Wa — 3W) + 3W)a?
g W,z = 5 3 .
— 1 -3z +3x—x
Proof. Take r =3,s = —3,t =1 in Lemma 2| O]

The previous lemma gives the following results as particular examples.

Corollary 10. Generated functions of triangular, triangular-Lucas, oblong and

pentagonal numbers are

X
T, =
nz_% nt 1 — 3z + 322 — 23’
inn 3 — 6z + 322
— " 1 =3z + 322 — a3’
o0
2x
Opa" = ,
T;O n® 1 — 32+ 322 — a3
i o T + 222
nzopn 1 —3z+ 322 — a3’

respectively.

Earthline J. Math. Sci. Vol. 9 No. 1 (2022), 1-89
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3 Simson Formulas

There is a well-known Simson Identity (formula) for Fibonacci sequence {F),},

namely,
Fop1Fp1 — Fr% = <_1)n

which was derived first by R. Simson in 1753 and it is now called as Cassini

Identity (formula) as well. This can be written in the form

Fn+1 Fn

— (-1
Fn Fn—l

The following theorem gives generalization of this result to the generalized

Guglielmo sequence {Wp, }n>0.

Theorem 11 (Simson Formula of Generalized Guglielmo Numbers). For all

integers n, we have

Wn—i—Z Wn+1 Wn
Wos1  Wn  Whoy | = —(Wa = 2W1 + Wy)*.
Wn Wn—l Wn—2

Proof. Take r =3,s = —3,¢t =1 in Theorem [3| O

The previous theorem gives the following results as particular examples.

Corollary 12. For all integers n, Simson formula of triangular, triangular-Lucas,

http://www. earthlinepublishers.com
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oblong and pentagonal numbers are given as

Tn+2 Tn+1 Tn
Thi1 T, Ty = -1
Tn Tn—l Tn—2

Hn+2 HnJrl Hn
Hyppn Hn  Hpo = 0
Hn Hn—l Hn—Q

On+2 On+1 On
On+1 On On— 1 = _87
On On—l On—2

Pn+2  Pn+1 Pn
Pntl  DPn  Pn-1 | = —27,
Pn Pn—1 DPn—2

respectively.

4 Some Identities

In this section, we obtain some identities of generalized Guglielmo, triangular,
triangular-Lucas, oblong and pentagonal numbers. First, we can give a few basic
relations between {W,} and {7, }.

Lemma 13. The following equalities are true:

(a) W, = (10W0 — 15W7 + 6W2)Tn+4 + (37W1 — 24Wy — 15W2)Tn+3 + (15Wo —
24W1 + 10W2)Tn+2.

(b) W, = (6W0—8W1 +3W2)Tn+3—|—(21W1—15W0—8W2)Tn+2+(10W0—15W1+
6W2)Tn+1.

(c) Wy = BWo—3Wi1+Wa)T 1o+ (9IW1 —8Wo—3W2) T, 11+ (6Wo—8W1+3W2)T,,.

(d) W, = WoTh 1 + (Wi = 3Wo)T5, + (3Wo — 3Wy + Wa) T,y

Earthline J. Math. Sci. Vol. 9 No. 1 (2022), 1-89
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(e) Wn = WlTn + (WQ — 3W1)Tn—1 + W(]Tn_Q.

(f) (Wo—2Wy +Wo)3 T, = BW2E + W2 — WoWy — 3W i Wo)Wiyya + (—8W2 —
3W3 + 3WoWy — WoWa + OW 1 Wo)Wis + (WG + OWE + 3W3 — 6W Wy +
3WoWa — 10W1 Wo) Wy ia.

(g8) (Wo —2Wy + Wo)? Ty, = (W2 — WoWa)Wyis + (W§ — 3WoW; + 3WoWs —
WAW2)Whio + (BWE + W2 — WoWy — 3W i Wo) W1 1.

(h) (Wo —2W1 + WQ)S T, = (WO2+3W12—3W[)W1—W1W2)Wn+2+(W22—W0W1+
3WoyWy — 3W1W2)Wn+1 + (W12 — WOWQ)Wn.

() (Wo —2W, + Wo)’ T, = (3WE + 9W? + W3 — 10WoW; + 3WoWy —
6W1Wo) Wit + (—3WE + 9WoWy — WalWy — 8WE + 3WaW )W, + (W@ +
3W2 — 3WoW; — Wi W)W, _1.

G) Wo —2W1 +Wo) T, = (6W2 + 19W2 + 3W3 — 21WoW; + 8WoWy —
15W1W2)Wn+(—8W02+27W0W1—9W0W2—24W12+17W1W2—3W22)Wn_1+
(3W02 + 9W12 + W22 — 10WoW1 + 3WyWy — 6W1W2)Wn_2.

Proof. Note that all the identities hold for all integers n. We prove (a). To show
(a), writing
Wn:aXTn+4+ben+3+chn+2

and solving the system of equations

Wo = axTy+bxT3+cxTy
Wi = axTs5+bxTy+cxT3
Wy = axTg+bxTs+cxTy

we find that a = 10Wy — 15W7 + 6Wo, b = 37TW1 — 24Wy — 15Ws,c = 15Wy —
24W7 + 10Ws. The other equalities can be proved similarly. O

Note that all the identities in the above Lemma can be proved by induction
as well.

Next, we present a few basic relations between {W,,} and {H,}.

http://www. earthlinepublishers.com
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Lemma 14. The following equalities are true:

(a) (Wo— 2Wi + Wa)Hp = 3Wp g — 6Wis + 3Wiia.
(b) (Wy — 2Wy + Wa)Hy, = 3Wiys — 6Wisa + 3Why.
(c) (Wy —2Wy + Wa)H,, = 3Wyya — 6Wiy1 + 3W,.
(d) (Wy — 2Wy + Wa)H,, = 3Wyy1 — 6W, + 3W,_1.

(e) (Wo — 2W1 + Wa)Hy, = 3Wy, — 6W_y + 3Wp_s.
Now, we give a few basic relations between {W,,} and {O,}.

Lemma 15. The following equalities are true:

(a) 2W,, = (10W0 — 15W7 + 6W2)On+4 + (37W1 —24Wy — 15W2)On+3 + (15W0 —
24W1 + 10W2)0n+2.

(b) 2W,, = (GW() — 8W1 + 3W2)On+3 + (21W1 — 15Wy — 8W2)On+2 + (10W0 —
15W71 4+ 6W3)Op41.

(C) 2W,, = (3W0 —3W7 + W2)0n+2 + (9W1 —8Wy — 3W2)On+1 + (GWO —8W7 +
3W2)On,.

(d) 2W,, = WoOpy1 + (Wl - 3W0)On + (SWO —3Wy + WQ)On_l.
(e) 2W,, = W10, + (W2 — 3W1)On71 + WoOh—o.

(£) (Wo —2W1 + Wa)? Oy, = —2(=3W2—WE+WoW1+3W1 W)W,y 442(—8W2—
3W3 + 3WoWy — WoWs + OW W)W, 15 + 2(WG + OWE + 3WZ — 6Wo W, +
3WoWa — 10W1 Wa) Wy, 1o

(g8) (Wo—2Wi+Wo)0, = —2(=W2 + WoWa)Wyys + 2(W2 — 3WoWy +
3WoyWq — W1W2)Wn+2 — 2(—3W12 — W22 + WoW1 + 3W1W2)Wn+1.

(h) (Wo —2W 4+ Wa)> O, = 2(W + 3W2 — 3WoWy — WiWo)Wio — 2(—W2 +
WoWy — 3WoWs + 3W1W2)Wn+1 — 2(—W12 + W(]WQ)Wn.

Earthline J. Math. Sci. Vol. 9 No. 1 (2022), 1-89
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() Wo—2W1 +Wo)? 0, = 2(3WF + 9WE + W3 — 10WoW; + 3WoWs —
6W1Wo) Wiyt — 2(3WE + 8WE — OW Wy + WoWa — 3W1Wo)W,, + 2(W2 +
3W2 — 3WoWi — Wi Wo)W,,_1.

G) (Wo —2W1 +Wo)20, = 2(6W2 + 19W?2 + 3W3 — 20WoWy + SWoWy —
15W1W2)Wn—2(8W02+24W12+3W22—27W0W1 +9W0W2—17W1W2)Wn71+
2(3WE + OWE + W2 — 10WoWy + 3WoWa — 6W  Wa)W,,_o.

Next, we present a few basic relations between {W,,} and {py}.

Lemma 16. The following equalities are true:

(a) 27W, = (64Wy — 89W + 34Wa)pnra + (220W; — 158Wy — 89Wa)pnrs +
(103Wo — 158W; + 64W5)py 4o-

(b) 27W,, = (34Wo—38W1—|—13W2)pn+3—|—(109W1—89W0—38W2)pn+2—|—(64W0—
8OW, + 34Wa)prsr.

(c) 2TW,, = (13Wo — 5W1 + Wa)ppia + (25W1 — 38Wo — 5Wa)pu i1 + (34W, —
38W1 + 13W2)py.

(d) 27TW,, = (W() +10W7 — 2W2)pn+1 + (10W2 —23W1 — 5W0)pn + (13W0 —5W1+
W2)pn—1.

(e) 2TW,, = (TWy — 2Wo + AWa)pp + (10Wo — 35Wi + TWa)pn_1 + (Wo + 10W; —
2W3)pn—a.

(£) (Wo —2W1 +Wo)’p, = (W3 + 21W} + TW3 — 13WoWy + 6WoWa —
23W W) Wyig + (—6W2 + 3TWoWy — 19WoWs — 56W32 + 63W W, —
LOW ) Wi s+ (TWE +ATWE+15W2 — 36Wo W1 + 19W Wa — 52W1 Wa) W 0.

(g8) (Wo—2W1 + Wa)? pp = (TW2Z + 2W32 — 2WoWy — WoWa — 6W1 W) W13 +
(WE — 16W3E — 6W3 + 3WoWy + WoWa + 1TW i Wo) Wi, i0 + (2WE + 21W2E +
7W22 — 13WoWy + 6WyWy — 23W1W2)Wn+1.

(h) (Wo — 2W1 + Wa)? p, = (W2 + 5W2 — 3WoWy — 2WoWa — WiWa) Wi ia +
(2W02 + W22 — TWoW1 +9W Wy — 5W1W2)Wn+1 + (7W12 + 2W22 —2WoWq —
WoWa — 6W, Wa) Wi,
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() (Wo—2Wy +Wa)2p, = (BWE + 15W2 + W — 16WoWy + 3WoWs —
SWiW2)Wi1 + (—3WE + TWoWq + 5WoWa — 8W2 — 3W1 Wa + 2W2)W,, +
(WE +5W32 — 3WoWq — 2WoWa — Wi Wa) W, _1.

G) (Wo —2W1 +Wa)?p, = (12W2 + 3TW2 + 5W2 — AAWoW, + 14WWy —
27W1W2)Wn + (—14W02 + 45WoW1 — 11WoWo — 40W12 + 23W Wy —
SWHWy_y + (5WE + 15WE 4+ W3 — 16Wo Wy + 3WoWa — 8W Wa)W,,_s.

Now, we give a few basic relations between {7}, } and {H,}.

Lemma 17. The following equalities are true:

H, = 3Th4— 6T 3+ 312,
H, = 3T43— 61,2+ 3T 1,
H, = 3Tws—6Tps1+ 3T,
H, = 3Tpu1 — 6T, + 3T 1,
H, = 3T, —6T, 1 +3T, o,
and so (since Hy, = 3)

1 = Thya—2Thy3+ Thyo,

1 = Tops—2Tss + Topis

1 = Thyo — 2T 11 + Ty,

1 = Topy — 2T+ T,

1 = T,-2T, 1+ T, .

The following Remark gives a result on triangular numbers.

Remark 18. Note that for all integers n and m, we have
Tn+m - 2Tn+m—1 + Tn+m—2 =1

Next, we present a few basic relations between {7},} and {Oy}.

Earthline J. Math. Sci. Vol. 9 No. 1 (2022), 1-89
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Lemma 19. The following

2T,
2T,
2T,

and

equalities are true:

= 3On+4 - 80n+3 + 6On+27
= On+3 - 30n+2 + 3077,—1—1’
= 0n7

= 67544 — 16143 + 127749,
= 2Tn+3 - 6Tn+2 + 6Tn+1a
= 27,.

Now, we give a few basic relations between {7}, } and {p,}.

Lemma 20. The following

equalities are true:

27T, = 13pnya — 38ppi3 + 34pn2,

21T, = Pn+3 — OPn+2 + 13ppy1,

27T, = —2ppy2+ 10py11 + D,

27T, = A4ppy1+ Tpp — 2pp-1,

27T, = 19p, — 14pp_1 + 4pn—2,
and

Pn = 15Tn+4 - 38Tn+3 + 26Tn+2,

Pn = 7Tn+3 - 19Tn+2 + 15Tn+1;

Pn = 2Tn+2 - 6Tn+1 + 7Tn7
Pn = T+ 2T 1.

Next, we present a few basic relations between {H,,} and {O,}.
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Lemma 21. The following equalities are true:

2H, =
2H, =
2H, =
2H, =
2H, =

and so (since Hy, = 3)

OO R NN
Il

30n+4 — 60,43 + 30p42,
30m43 — 6042 + 30ns1,
30m19 — 6011 + 30m,
3011 — 60y, +30m_1,
30, — 60p_1 + 30,_a,

Onta —20n43 + Opya,
Ont3 —20p42 + Opya,
Onis — 20p11 + On,
Oni1 — 200 + Op_1,
On —20,_1+ 0O, 9.

The following Remark gives a result on oblong numbers.

Remark 22. Note that for all integers n and m, we have

On+m -

2On+m—1 + On+m—2 = 2.

Now, we give a few basic relations between {H,} and {p,}.

Lemma 23. The following equalities are true

Hy, = pnta—2pni3 + pnto,
Hy, = pnts—2pnt2 + prta,
Hy, = pnt2—2pnt1+pn,
Hy, = pnt1—2pn+pn-1,
Hy, = pp—2pp—1+pn-2,
Earthline J. Math. Sci. Vol. 9 No. 1 (2022), 1-39
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and so (since H, = 3)

= DPntd — 2Dn+3 + Pnt2,

= Pn+3 — 2Dn+2 + Pnta,

3
3
3 = Dni2— 2pp41 + Pn,
3 = DPn+1—2pn +Pn-1,
3

= Pn—2pn-1+DPn-2-
The following Remark gives a result on pentagonal numbers.

Remark 24. Note that for all integers n and m, we have
Pnt+m — 2Pntm—1 + Pntm—2 = 3.
Next, we present a few basic relations between {O,,} and {p,}.

Lemma 25. The following equalities are true:

270, = 26puy4 — T6ppi3 + 68ppq2,
270, = 2ppy3 — 10ppi2 + 26pp41,
270, = —4pnpio+ 20pnt1 + 2pn,
270, = 8ppi1+ 14pn —4pn-1,

270, = 38p, — 28pp—1 + 8pn—2,
and

2pn, = 150544 — 380,43 + 260,42,
2pn, = T0p43 — 190,49 4+ 150,41,
2p, = 20p4+92 — 60541 + 70y,

2pn, = Op +20,_1.

5 Special Identities

We now present a few special identities for the generalized Guglielmo sequence
{Wn}.
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Theorem 26. (Catalan’s identity of the generalized Guglielmo sequence) For all

integers n and m, the following identity holds:

o m?
Wneranm - Wn = qul

where
Uy = (m?—2n2+2n— )W +4(m? —2n? +4n— )W+ (m? — 2n% +6n — 5) W —
4(m?—2n2+3n—2)W1 Wa+2(m? —2n2+4n—1)WoWo —4(m? —2n% +5n—4)WoW7.

Proof. We use the identity (2.2)), (Binet’s formula of W,,), i.e.,

1 1
W, = Wy + 5(—W2 + 4Wq — 3WO)TL + §(W2 —2W1 + Wo)n2.

As special cases of the above theorem, we have the following corollary.
Corollary 27. For all integers n and m, the following identities hold:
(@) ThipmTn-m — T2 = Im?(m? — 2n% — 2n — 1.

(b) HyymHy— — H2 =0.
(€) OnimOn_m — 02 = m?(m? — 2n? — 2n — 1).

(d) PrtmPn—m — p2 = 1m2(9m? — 18n% + 6n — 1).

Note that for m = 1 in Catalan’s identity of the generalized Guglielmo

sequence, we get the Cassini’s identity for the generalized Guglielmo sequnce.

Theorem 28. (Cassini’s identity of the generalized Guglielmo sequence) For all
integers n, the following identity holds:

Wit iWoo1 — W2 = L(—n(n — )W +2(—2n% + 4n — 3)W{ — (n — 1)(n —
2)WE +2(2n — 1)(n — 1)W1 Wa — 2n(n — 2)WoWs + 2(n — 1)(2n — 3)WoWh).

As special cases of the above theorem, we have the following corollary.

Corollary 29. For all integers n, the following identities hold:

Earthline J. Math. Sci. Vol. 9 No. 1 (2022), 1-89
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(a) Tp1 Ty — T2 = —%n (n+1).

(b) Hyy1Hy 1 — H. =0.

(¢) 0p4105-1 — 02 = —2n(n+1).

(d) pn1Pn-1—p2 = —5(9n% —3n —4).

The d’Ocagne’s identities can also be obtained by using (2.2). The next

theorem presents d’Ocagne’s identities of generalized Guglielmo sequence {W,,}.

Theorem 30. (d’Ocagne’s identity) Let n and m be any integers. Then the
following identities are true:

WinaaWn — Wy Wi = —%(m — n)(mnW3 + 2(2mn — m — n + 2)W3Z +
(n—1)(m— )W + (=4dmn +m +n — YW1 Wa + 2mn —m —n — 1)WWs +
(3m + 3n — 4mn — 3) WoyWh).

Proof. Use the identity (2.2). O
As special cases of the above theorem, we have the following corollary.

Corollary 31. For all integers n, the following identities hold:

(&) TirTo — TuTos1 = L (m—n) (n+1) (m+1).

(b) Hyp1Hy — HpHpy1 =0.

(¢) 04100 — 0 O0py1=-2(m—n)(n+1)(m+1).

(d) Pmt1Pn — PmPrt1 = —3 (m —n) (9mn +3m +3n —1).

6 On the Recurrence Properties of Generalized

Guglielmo Sequence

Taking r = 3,s = —3,t = 1 in Theorem [6] we obtain the following Proposition.
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Proposition 32. For n € Z, generalized Guglielmo numbers (the case r = 3,s =
—3,t = 1) have the following identity:

1
W—n = (WZn - Han + §(H2 - HQn)WO)
= Wy, —3W, + 3W,.

Here H,, = 3 and Hs, = 3 for all integers n. From the above Proposition and
Corollary 8] we have the following corollary which gives the connection between
the special cases of generalized Guglielmo sequence at the positive index and the
negative index: for triangular, triangular-Lucas, oblong and pentagonal numbers:
take W,, = T,, with Ty = 0,1y = 1,15 = 3, take W,, = H,, with Hy = 3, H; =
3,Ho =3, W,, = O,, with Og = 0,01 =2,02 =6, and W, = p,, with pg =0,p1 =
1,p2 = 5, respectively. Note that in this case Hy, := H,.

Corollary 33. For n € Z, we have the following recurrence relations:

(a) triangular sequence:
T_,, =Ty — 3T,.

(b) triangular-Lucas sequence:

H_, =3.

(c) oblong sequence:
O_p = Oz, — 30,

(d) pentagonal sequence:
P—n = D2n — 3Dn-
7 Sum Formulas

7.1 Sums of Terms with Positive Subscripts:

The following Theorem presents some formulas of of generalized Guglielmo

numbers with indices in arithmetic progression.
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Theorem 34. For all integers m and j, we have the following sum formulas:
Sor_o Wink+j = 15 (n+ 1) (2m*n®+m2n~+6jmn—3mn+65%—65)Wo—2(2m?n’+
m2n 4+ 65mn — 6mn + 652 — 125) W1 + (2m?n? + m?n + 6jmn — 9mn + 652 — 185 +
12)Wp).

Proof. Use the Binet’s formula of generalized Guglielmo numbers, i.e.,
1 1 9
W, = Wy + 5(—W2 +4W; — 3W0)n + §(W2 —2W1 + Wo)n .

O

The following proposition presents some formulas of generalized Guglielmo

numbers with positive subscripts.

Proposition 35. Forn > 0, we have the following formulas:

(@) Yp oWk =g (n+1)(n(n—1)Wao—n(2n—5)Wi + (n* — dn + 6)Wp).

(b) > i Wor = % (n+1)(n(4n — 1) Wy — 8n(n — 1) Wy + (4n? — Tn + 6)Wp).
(€) Sr_oWart1 = 3 (n+1) (n(4n + 5) W — 2(4n* + 2n — 3)W1 + n(dn — 1)Wy).

Proof. Take m = 1,7 = 0; m = 2,7 = 0 and m = 2,5 = 1, respectively, in
Theorem [34 O

From Theorem @, we have the following corollary.
Corollary 36. For all integers m and j, we have the following sum formulas:
(2) Yoo Tok+s = 13 (n+1) (m*n + 2m*n® + 6jmn + 3mn + 6% + 67).
(b) > o Hmk+j =3(n+1).
(€) Yheo Omitj = g (n+1) (2m*n® + m’n + 6jmn + 3mn + 65° + 67).

(d) o Pmk+j = 1 (n+ 1) (2m2n? + m*n + 6jmn — mn + 652 — 2j).
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From the last Proposition (or using Corollary , we have the following
corollary which gives sum formulas of triangular numbers (take W,, = T,, with

To=0,T1 = 1,1y = 3).

Corollary 37. For n > 0 we have the following formulas:
(@) Yio Tk =gn(n+2)(n+1).

(b) Yp_oTox=gn(4n+5)(n+1).

(€) Yoo Tors1 =g (n+1) (n+2) (4n+3).

Taking W,, = H,, with Hy = 3, H; = 3, Hy = 3 in the last Proposition 35| (or
using Corollary , we have the following corollary which presents sum formulas

of triangular-Lucas numbers.

Corollary 38. For n > 0 we have the following formulas:
(@) Yp—oHe=3(n+1).

(b) > koo Ha =3(n+1).

(¢) Xh—oHorr1 =3 +1).

From the last Proposition (or using Corollary , we have the following
corollary which gives sum formulas of oblong numbers (take W,, = O,, with Oy =
0,01 =2,05 =6).

Corollary 39. Forn > 0 we have the following formulas:
(a) Yop_oOk = %n (n+2)(n+1).

(b) SO =3n(4n+5)(n+1).

(€) >r_oOoi1=3(n+1)(n+2)(4n+3).

Taking W,, = p, with pg = 0,p1 = 1,p2 = 5 in the last Proposition (or
using Corollary , we have the following corollary which presents sum formulas

of pentagonal numbers.
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Corollary 40. For n > 0 we have the following formulas:

(@) Yp_opk=3n*(n+1).
(b) S opoak=3n(dn+1)(n+1).

(€) Yieopars1 =3 (n+1) (Tn+4n*+2).

7.2 Sums of Squares of Terms with Positive Subscripts

The following Theorem presents some formulas of of generalized Guglielmo

numbers with indices in arithmetic progression.

Theorem 41. For all integers m, j,p and q, we have the following sum formulas:

()

- n+1
kZ—O Wiirj = TOA

where

A = (5m?n—min+10m?n? — 15m3n? — 15m3n3 + m*n? + 9m*n3 +6min +
3052 — 6053 + 3054 + 6052m2n? — 30jm>n — 9052mn + 6053mn — 605m?*n? +
3072m?2n + 305m>3n? + 305m3n? + 305mn) W2 + 4(20m?n — m*n +40m?n? —
30m>3n? —30m3n34+min2+9min34+6mint+12052—-12053430544-6052mn>—
605m2n —18052mn+6053mn —1205m?n?+3052m>n+30jm3n? +305m3n3+
1205mn)W2 + (=3605 + 65m3n — m*n + 130m?n? — 45m3n? — 45m3n3 +
min? + Imin? + 6mint — 180mn + 39052 — 18053 + 305* + 6052m?n? —
905m?2n —27052mn+6053mn —1805m>n?+3052m>n+30jm3n? +305m3n3+
390jmn + 120)W§ — 2(20m?n — 2min + 40m?n? — 45m3n? — 45m3n3 +
2m*n? 4+ 18m*n3 + 12m*n* + 12052 — 18033 + 605* + 12052m2n2 — 90jm3n —
2705%mn+12053mn—1807m>*n?46052m?n+60jm3n? +605m3n+1205mn)
W1iWs + 2(—605 + 25m?n — m*n + 50m?n? — 30m3n? — 30m3n3 + m*n? +
Im*n3 + 6min* — 30mn + 15052 — 12053 + 305* + 6052m3n? — 60jm>*n —
18052mn +6053mn — 120jm>n? + 3052m2n + 305m>3n? 4+ 30jm3n> + 1505mn)
WoWa —2(—2407 +80m?n — 2m*n+160m2n? — 75m3n? — 75m>n3 4+ 2m4n? +
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(b)

18m*n3 4+ 12m*n* — 120mn +480352 — 30052 + 605* 4 12052m>n2 — 150jm>n —
4507%mn+12053mn —3005m?n? +6052m>n+605m>n? +60jm3n3 +480jmn)
WoWi.

n
n—+1
Z Wink+iWpk+q = WQ
k=0

where

Q = (2052n%p? + 105%np® +6052npq — 3052np+6052¢% — 6052q + 305mnp? +
30mn2p?+-80jmn2pqg—405mn2p-+405mnpq—20jmnp+60jmng® —60jmng—
20jn2p? —10jnp? — 60jnpg+30jnp — 6054 +605q + 12m2n*p? + 18m2n3p? +
30m2n3pq — 156m2n3p + 2m?n?p? + 30m?*n’pq — 15m?n?p 4+ 20m3n2q¢> — 20
m2n2q — 2m2np? + 10m?ng® — 10m3nq — 15mn>p? — 15mn’p? — 40mn’pq +
20mn?p — 20mnpq + 10mnp — 30mng? + 30mnq) W3 +8(1052n%p? + 552np? +
3052npq — 305%np + 305%¢> — 605%q + 155mnp? + 15jmn’p? + 40jmn’pq —
405mn’p+20jmnpq — 20imnp+ 305mng? — 60jmng — 205n*p? — 105np? — 60
gnpq+60inp —605q% +1205q+6m2nip? +9Im>n3p? + 15m?*n3pq — 15m>n3p+
m2n2p? 4+ 15m2n2pq — 15m?n2p+ 10m2n2q? — 20m?n?q — m?np? + 5m?nq® —
10m?ng — 15mn3p? — 15mn?p? — 40mn?pq + 40mn’p — 20mnpq + 20m
np—30mng®+60mnq) W2+ (2052n2p?+1052np*+6052npq—9052np+6052¢> —
18052¢ 4120752 +305mn3p? +305mn2p? +80jmn’pq—1205mnp+40jmnpq —
60jmnp+60jmng®—180jmng+120jmn—60jnp?—30jnp?—180jnpg+2705n
p—180j¢% +5405q — 3605 + 12m?nip? + 18m?n3p? + 30m?n3pq — 45m2n3p +
2m2n2p? +30m2n2pq—45m>n2p+20m2n2q? —60m3n2q+40m?n? —2m?2np? +
10m2ng?® — 30m2nq+20m?n — 45mn3p? — 45mn?p? — 120mn?pq+ 180mn2p —
60mnpq+90mnp—90mng®+270mng—180mn+40n2p?+20np?+120npqg— 180
np + 120¢? — 360q + 240)W§ + 2(—405%n?p? — 2052np? — 1205%npq + 9052
np — 12052¢% + 18052q — 60jmn3p? — 60jmn2p? — 160jmn?pq + 120jmn?p —
80jmnpq + 605mnp — 1205mng? 4+ 180jmng + 605n>p? + 305np? + 180jnpq —
1205np + 1805¢% — 2405q — 24m?n*p? — 36m?n3p? — 60m3n3pq + 45m2n3p —
Am2n?p? —60m>n’pg+45m>n?p—40m>n2 > +60m>n?qg+4m>np? —20m>ng>+
30m2nq + 45mn3p? + 45mn?p? + 120mn?pq — 80mn2p + 60mnpq — 40mnp +
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90mng® — 120mng)WiWs + 4(105%n%p? + 55%np? + 305%npqg — 305%np +
3052¢% — 6052q + 3052 + 155mn3p? + 15jmn?p? + 40jmn?pq — 40jmn’p +
20jmnpq — 20§mnp + 305mng® — 605mnq + 30jmn — 20jn’p? — 105np? —
60jnpq + 45jnp — 605¢> + 905q — 305 + 6m>n*p? + Im>n3p? + 15m?n3pq —
15m2n3p+m?n?p? +15m2n’pqg—15m?*n’p+10m?n?q? —20m>n?q+10m?n? —
m2np? + 5m?ng® — 10m2ng + 5m?*n — 15mn>p? — 15mn2p? — 40mn’pq +
30mn2p — 20mnpq + 15mnp — 30mng? + 45mng — 15mn + 10n2p? 4 5np? + 30
npq — 15mp + 30¢° — 30q) WoWs + 2(—4052n2p? — 2052np? — 12052npq + 150
32np — 1205%¢% + 30052%¢q — 12052 — 60jmn3p? — 60jmn?p? — 160jmn’pq +
2005mn’p — 80jmnpq + 100jmnp — 1205mng® + 300jmng — 120jmn +
1005n%p? +505np? +3005npg — 3605np +3005¢% — 7205q+ 2405 — 24m>ntp? —
36m2n3p? —60m2n3pq+75m2n3p—4m2n’p? —60m>npg+75m>*n’p—40m>n?
¢>+100m>n2q—40m?n? +4m?*np? —20m>*ng® +50m2ng—20m>*n+75mn3p? +
75mn2p? +200mn?pq—240mn2p+100mnpq—120mnp+150mng® —360mnq+
120mn — 40n%p? — 20np? — 120npq + 120np — 120¢2 + 240q)WoWh.

Proof. Use the Binet’s formula of generalized Guglielmo numbers, i.e.,

1 1
Wy =Wy + 5(—W2 + 4W7 — 3Wo)n + 5(W2 —2W7 + Wo)n.

From Theorem [41], we have the following corollary.

Corollary 42. For all integers m, j,p and q, we have the following sum formulas:

(a)

) )
2 _n+1
2 Ty = g5 2
k=0
where
Ay = 5m2n — m*n + 10m2n? + 15m3n? + 15m3n3 + m*n2 4+ 9Im*n3 +
6m*nt+30524-60;53+305%+6052m?n%+305m>n+9052mn-+60;>mn+60
gm?n? + 3052m?n + 305m3n? + 305m3n3 + 305mn.
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(b)

(c)

(ii)

(i)

(ii)

(ii)

n
n+1
Zka+ijk+q = %91
k=0

where

01 = 205%n2%p? + 105%2np? + 605%npq + 305%np + 605%¢> + 605%¢q +
305mn3p? 4 305mn?p? + 805mn2pq + 405mn’p + 405mnpq + 205mnp +
60jmng®+60j5mng+20jn’p?+10jnp® +60jnpg+30jnp+605¢>+605q+
12m2n*p? 4+ 18m2n3p? + 30m?npq + 15m?n3p+2m2n2p? + 30m>n’pq +
15m2n2p 4+ 20m2n2q® +20m?n%q — 2m?np? + 10m>ng® + 10m>ng + 15m
n3p? + 15mn2p? 4+ 40mn’pq + 20mn’p + 20mnpq + 10mnp + 30mng® +
30mng.

S H2 i =9n+1).
k=0

n
Z Hppoy jHphq = 9(n + 1).
k=0

n
kZZ:OO%Hj = an—i_OlA2
where
Ay = 4(5m?*n — min + 10m?n? + 15m3n? + 15m3n3 + min? + 9min3 +
6m*n* 43052460534 305*46052m?n? 4+ 30jm>*n+90j2mn+60;3mn +
60jm?n? + 3052m2n + 30jm>®n? + 305m?3n3 + 305mn).

n
n+1
> Oy jOphsq = a0 2
k=0
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(d)

(ii)

where

Qo = 4(2052n2p? + 1052np? + 6052npq + 305%np + 6052¢> + 6052 +
305mn3p? + 305mn?p? + 805mn2pq + 405mn’p + 405mnpq + 205mnp +
60jmng®+60jmng+20jn2p?4+10jnp?+60jnpq+30inp+605¢>+605q+
12m%n*p? 4+ 18m2n3p? + 30m?npq + 15m?*n>p+2m2n2p? + 30m>npq +
15m2n2p 4+ 20m2n?q® +20m?n%q — 2m?np? + 10m>ng® + 10m>ng + 15m
n3p? + 15mn2p? + 40mn’pq + 20mn’p + 20mnpq + 10mnp + 30mng® +
30mngq).

n
kzzopgnkﬂ = %AE%

where

As = 5m2n—9m*n+10m2n? — 45m3n? — 45m3n3 + 9m*n? + 81m* n3 +

54mAnt + 3052 — 18053 4 27054 4 54052m?n? — 90jm?n — 27052mn +

54053mn — 1805m?n? + 27052m?n + 2705m3n? + 2705m3n> + 30jmn.

" n+1
mek+jppk+q = WQ?’
k=0

where

Q3 = —1805¢> — 18052%¢ + 54052¢> + 60jq + 1805%n%p? + 18m>n?p? +
162m2n3p? + 180m2n2q¢? + 108m2n*p? — 30jnp? — 905%np + 20mn’p —
90mng® — 30m?ng — 605np? 4+ 9052np? — 45mn?p? — 18m2np? —
45m>n2p—45mn3p? —45m?*n3p+90m2ng® —60m>n?q+30jnp+10mnp+
30mng — 1205mn’p+ 5405mnqg? + 5405%npq — 120mn’pq +2705mn’p® +
2705mn>p? 4+ 270m>n?pq+270m>n3pq—605mnp—180jmng —180jnpq—
60mnpq + 7205mn’pq + 3605mnpq.

From the last proposition, we have the following Corollary which gives sum

formulas of triangular numbers.

http://www. earthlinepublishers.com



Generalized Triangular Numbers 31

Corollary 43. For n > 0, triangular numbers have the following properties:
(@) YpoT? = gn(n+1)(n+2)(3n% + 6n +1).

(b) Yho Tet1Te = gon(n +1)(n +2)(n + 3)(2n + 3).

(€) Yoheo Te2Tr = ggn(n +1)(n+2)(n + 3)(n + 4).

Proof. For (a), take m = 1,57 = 0 in Corollary 42| (a) (i) and for (b) and (c),
take m =1,7=1,p=1,g=0and m = 1,5 = 2,p = 1,q = 0, respectively, in
Corollary [42[ (a) (ii). O

From the last proposition, we have the following Corollary which presents sum

formulas of triangular-Lucas numbers.

Corollary 44. Forn > 0, triangular-Lucas numbers have the following properties:

(a) Yoh_o Hf =9(n+1).
(b) > ko Hiy1Hy = 9(n+1).
(€) Dho Hir2Hi = 9(n+1).

Proof. For (a), take m = 1,7 = 0 in Corollary [42| (b) (i) and for (b) and (c),
takem=1,j=1,p=1¢g=0and m =1,57 = 2,p = 1,q = 0, respectively, in
Corollary [42] (b) (ii). O

From the last proposition, we have the following corollary which gives sum

formulas of oblong numbers.

Corollary 45. For n > 0, oblong numbers have the following properties:
(@) Yp_00f=1=n(n+1)(n+2)(3n? +6n+1).

(b) > Ok+10k = £n(n+1)(n+2)(n+ 3)(2n + 3).

(€) Yho Ok120k = gn(n+1)(n+2)(n + 3)(n + 4).
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Proof. For (a), take m = 1,5 = 0 in Corollary (¢) (i) and for (b) and (c),
take m =1, =1,p=1,g=0and m = 1,5 = 2,p = 1,q = 0, respectively, in
Corollary [42] () (ii). O

From the last proposition, we have the following corollary which presents sum

formulas of pentagonal numbers.

Corollary 46. For n > 0, pentagonal numbers have the following properties:
(a) Si_opi = dn(n+1)(27n + 18n® — 13n — 2).

(®) > y_oPe+1Pr = ﬁn(n +1)(n + 2)(54n2 4 63n — 17).

(€) Sr_oPrt2pk = gyn(n+ 1)(27n + 153n? + 212n — 32).

Proof. For (a), take m = 1,5 = 0 in Corollary [42| (d) (i) and for (b) and (c),
take m =1,7=1,p=1,g=0and m = 1,5 = 2,p = 1,q = 0, respectively, in
Corollary [42] (d) (ii). O

8 Matrices Related With Generalized Guglielmo

numbers

We define the square matrix A of order 3 as:

3 -3 1
A= 0 0
0 1 0

such that det A = 1. From (22.1)) we have

Wit2 3 -3 1 Wit
Wor | =11 0 o W, (8.1)
Wy, 0O 1 0 W1

http://www. earthlinepublishers.com



Generalized Triangular Numbers 33

and from (1.5)) (or using (8.1)) and induction) we have

n

Whao 3 -3 1 Wo
Wpe | =11 0 Wi
W, 0 1 0 Wo
If we take W =T in (8.1)) we have
Thi2 3 -3 1 Thy1
Toor =11 0 o0 T, (8.2)
T, 0 Th-1

We also define
Tn+1 _3Tn + Tn—l Tn

By, = T, 3T+ Th—o Th
Tn—l _3Tn—2 + Tn—3 Tn—2

and
Wn+1 _3Wn + Wn—l Wn

Cn = Wn _3Wn—1 + Wn—Z Wn—l
Wn—l _3Wn—2 + Wn—?; Wn—2

Theorem 47. For all integers m,n > 0, we have
(a) B, =A"
(b) C1A™ = A"y
(¢) Cpym = CrByy = BpCh.
Proof. Take r =3,s = —3,t =1 in Soykan Theorem 5.1]. O
Some properties of matrix A™ can be given as
A" =3A"E 342 4 A

and
An+m — AnAm — AmAn
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and

det(A™) =1
for all integers m and n.

Corollary 48. For all integers n, we have the following formulas for the

triangular, triangular-Lucas, oblong and pentagonal numbers.

(a) Triangular Numbers.

3 -3 1 Top1 3T +Tay T
A" = 1 0 O = T, —3Th_1+Th—o Th1
0 1 0 Tho1 —3Tn—o+4+Th_3 Tho
F(n+1)(n+2) —n(n+2) n(n+1)
= in(n+1) —(n—=1)(n+1) in(n—1)
in(n—1) —n(n —2) $(n—1)(n—2)

(b) Oblong Numbers.

1 On+1 _3On + On—l On
A" = On _3071,71 + Onf2 Onfl

’ Onfl _301172 + On73 On72
s(n+1)(n+2)  —n(n+2) gn (n+1)
— | e —@-DeH) k-
in(n—1) —n(n —2) t(n—1)(n—2)

(c) Pentagonal Numbers.
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—2pn43 +10ppy2 + Pyt 6pni2 — 32pni1 + Tpn + Pt

1
At = o7 —2ppt2 + 10pnt1 +pn 6pnt1 — 32pn + TPp—1 + Pn—2
—20p41 + 10p, + Dr—1 6pn — 32pp—1 + Tpp—2 + Pn—3
—2pn+2 + 10ppy1 + pn
—2pn+1 + 10pp + pr—1
_2pn + 10]771—1 + Pn—2
T(n+1)(n+2) —n(n+ 2) in(n+1)
= n(n+1) —(n—1)(n+1) in(n—1)
sn(n—1) —n(n—2) T(n—1)(n—2)

Proof. (a) It is given in Theorem 47| (a).

(b) Note that
2T, = O,

Using the last equation and (a), we get required result.
(c) Note that, from Lemma 20, we know that

27T, = —2pp+2 + 10pp+1 + -

Using the last equation and (a), we get required result.

O
Theorem 49. For all integers m,n, we have
Whim = WpTms1 + Wao1(=3Tm + Tin—1) + Wy—2T}, (8.3)
= Wy Tps1+ (=3Who1 + Wyo) Ty + W11
Proof. Take r =3,s = —3,t =1 in Soykan Theorem 5.2.]. O

By Lemma we know that
(Wo —2Wy + W) Tpy = (W + 3W2 — 3WoWi — WiWo)Winio
+(W3 — WoWy + 3WoWa — 3W, Wa) Wi i1
+(WE = WoWa) W,
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SO can be written in the following form
(Wo — 2W1 + Wa)® Wy
= W, ((WE +3W32 — 3WoW; — WiWo) Wi
+(W3 — WoWq + 3WoWa — 3W1Wa)Wingo + (WE — WoWa)Wis1)
+ (=3Wi1 + Wyo) (WE + 3WE — 3WoWy — Wi Wa) Wi ia
(W3 — WoWy + 3WoWa — W1 Wa) Wi + (WE — WoWa) W)
AW 1 (W + 3WE — 3WoWy — WiWo) Wiy
+(W§ — WoW1 + 3WoWa — Wi Wa) Wi, + (WE — WoWa)Wi_1).
Corollary 50. For all integers m,n, we have
Tovm = ToToms1 + Tho1(=3T + To—1) + Tn—oTh,
Hyinn = HTypi1+Hy 1 (=3T 4+ Th—1) + Hy—2Th,
Onsm = OnTii1 + On1 (3T + Tin1) + Op—2Tn,
Prntm = PnTm+1 + pa1(=3Tm + Tp1) + pr—2Tm,
and
20m4n = O04n0my1+ Op (Op—2 —30p,-1) + Op—10p_1,
2Tpmin = Pm+2(4Pn + TPn—1 — 2pn—2) + Pm41(TPn — 35pp—1 + 10pp—2)
—pm(2pn — 10pp—1 — pn—2).
Note that since Hyymy = H, = Hyp—1 = Hp—o = 3, we write Hyimy =
H,Tyi1+ Hy1(=3T + Tp—1) + Hy—2T), as
1=Tni1+ (=3 +Tm-1) + T,
ie.,
1=Tps1 — 2T + Tpn_1.
Taking m = n in the last corollary we obtain the following identities:
Ton = T2 |+ (Tpy1 — 3T 1+ Ty o)Th,
O, = OpThy1+ On1(=3T, +Th—1) + On_2T,,
p2n = Palny1 +pn1(=3Tn + Th1) + pn2Th,
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and

20211 — OnOnJrl + On (Onf2 - 30n71) + OnflOnfla
2Tp2n = pnt2(4pn + Tppn—1 — 2pn—2) + Pry1(7pn — 35pn—1 + 10p,—2)
—pn(2pn — 10pp—1 — Pn—2).

References

[1]
2]

I. Bruce, A modified Tribonacci sequence, Fibonacci Quarterly 22(3) (1984), 244-246.

R. M. Castillo, A survey on triangular number, factorial and some associated
numbers, Indian Journal of Science and Technology 9(41) (2016).
https://doi.org/10.17485/1jst/2016/v9141/85182

M. Catalani, Identities for Tribonacci-related sequences, 2012. arXiv:math/0209179

E. Choi, Modular Tribonacci numbers by matrix method, Journal of the Korean
Society of Mathematical Education Series B: Pure and Applied Mathematics 20(3)
(2013), 207-221. https://doi.org/10.7468/jksmeb.2013.20.3.207

J. H. Conway and R. K. Guy, The Book of Numbers, New York: Copernicus, 1996.

M. Elia, Derived sequences, the Tribonacci recurrence and cubic forms, Fibonacci
Quarterly 39(2) (2001), 107-115.

M. C. Er, Sums of Fibonacci numbers by matrix methods, Fibonacci Quarterly 22(3)
(1984), 204-207.

A. S. Garge and A. A. Shirali, Triangular numbers, Resonance 17 (2012), 672-681.
https://doi.org/10.1007/s12045-012-0074~-2

D. Kalman, Generalized Fibonacci numbers By matrix methods, Fibonacci Quarterly
20(1) (1982), 73-76.

W. R. Knorr, The Evolution of the Fuclidean FElements, Dordrecht-Boston, Mass.:
D. Reidel Publishing Co., 1975.

K. Kuhapatanakul and A. G. Shannon, Binomial coefficients and triangular numbers,
European Journal of Mathematics and Statistics 2(3) (2021).
http://dx.doi.org/10.24018/ejmath.2021.2.3.31

Earthline J. Math. Sci. Vol. 9 No. 1 (2022), 1-89


https://doi.org/10.17485/ijst/2016/v9i41/85182
https://doi.org/10.7468/jksmeb.2013.20.3.207
https://doi.org/10.1007/s12045-012-0074-z
http://dx.doi.org/10.24018/ejmath.2021.2.3.31

38 Yiiksel Soykan

[12] M. Lemma, D. Lemaitre and R. Edwards, The triangular numbers in actions,
International Journal of Mathematics 4(11) (2021), 1-11.

[13] P. Y. Lin, De Moivre-Type identities for the Tribonacci numbers, Fibonacci
Quarterly 26 (1988), 131-134.

[14] T. E. Moore, Some observations on Oblong numbers, Mathematical Medley 39(1)
(2013), 29-32.

[15] S. Pethe, Some identities for Tribonacci sequences, Fibonacci Quarterly 26(2) (1988),
144-151.

[16] A. Scott, T. Delaney and V. Hoggatt, Jr., The Tribonacci sequence, Fibonacci
Quarterly 15(3) (1977), 193-200.

[17] A. Shannon, Tribonacci numbers and Pascal’s pyramid, Fibonacci Quarterly 15(3)
(1977), 268 and 275.

[18] N. J. A. Sloane, editor, The On-Line Encyclopedia of Integer Sequences, published
electronically at https://oeis.org

[19] Y. Soykan, Simson identity of generalized m-step Fibonacci numbers, Int. J. Adv.
Appl. Math. and Mech. 7(2) (2019), 45-56.

[20] Y. Soykan, Tribonacci and Tribonacci-Lucas Sedenions, Mathematics 7(1) (2019),
74. https://doi.org/10.3390/math7010074

[21] Y. Soykan, A study on generalized (r,s,t)-numbers, MathLAB Journal 7 (2020),
101-129.

[22] Y. Soykan, On the recurrence properties of generalized Tribonacci sequence
Earthline Journal of Mathematical Sciences 6(2) (2021), 253-269
https://doi.org/10.34198/ejms.6221.253269

[23] W. Spickerman, Binet’s formula for the Tribonacci sequence, Fibonacci Quarterly
20 (1982), 118-120.

[24] C. C. Yalavigi, Properties of Tribonacci numbers, Fibonacci Quarterly 10(3) (1972),

231-246.

http://www. earthlinepublishers.com


https://oeis.org
https://doi.org/10.3390/math7010074
https://doi.org/10.34198/ejms.6221.253269

Generalized Triangular Numbers 39

[25]

N. Yilmaz and N. Taskara, Tribonacci and Tribonacci-Lucas numbers via the
determinants of special matrices, Applied Mathematical Sciences 8(39) (2014),
1947-1955. http://dx.doi.org/10.12988/ams.2014.4270

E.W. Weisstein, Polygonal Number, in: From MathWorld-A Wolfram Web Resource,
https://mathworld.wolfram.com/PolygonalNumber.html

E. W. Weisstein, Pentagonal Number, in: From MathWorld-A Wolfram Web
Resource, https://mathworld.wolfram.com/PentagonalNumber.html

Wikipedia, Pentagonal Number, in: From Wikipedia-A Web Resource,
https://en.wikipedia.org/wiki/Pentagonal_number

Wikipedia, Polygonal Number, in: From Wikipedia-A Web Resource,
https://en.wikipedia.org/wiki/Polygonal_number

This is an open access article distributed under the terms of the Creative Commons

Attribution License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted,

use, distribution and reproduction in any medium, or format for any purpose, even commercially

provided the work is properly cited.

Earthline J. Math. Sci. Vol. 9 No. 1 (2022), 1-89


https://mathworld.wolfram.com/PolygonalNumber.html
https://mathworld.wolfram.com/PentagonalNumber.html
https://en.wikipedia.org/wiki/Pentagonal_number
https://en.wikipedia.org/wiki/Polygonal_number

	Introduction
	Generalized Guglielmo Sequence
	Simson Formulas
	Some Identities
	Special Identities
	On the Recurrence Properties of Generalized Guglielmo Sequence
	Sum Formulas
	Sums of Terms with Positive Subscripts:
	Sums of Squares of Terms with Positive Subscripts

	Matrices Related With Generalized Guglielmo numbers

