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Abstract

In current effort, by making use of the principle of subordination, we introduce and study
a new family of holomorphic and bi-univalent functions which are defined in open unit
disk and solve Fekete-Szego problem for functions which belong to this family.

1. Introduction and Preliminaries

Indicate by A the family of functions U that are holomorphic in the unit disk ©O =
{t € C : |£| < 1} which have the shape:

U(E) = £ + z At . (L.1)
n=2

Assume that § stand for the subfamily of A containing of the shape (1.1) that are

univalent in O.

The Fekete-Szegd functional |a3 - ,ua§| for U € § is well known for its rich history
in the field of “Geometric Function Theory”. Its origin was in the disproof by Fekete and
Szegd [12] conjecture of Littlewood and Paley that the coefficients of odd univalent
functions are bounded by unity. The functional has since received great attention,
particularly in many sub families of the family of univalent functions. Nowadays, it
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seems that this topic had become an interest among the researchers (see, for example, [5,
19)).

For two functions & and Y, holomorphic in the unit disk O, we name that the function
& (%) is subordinate to Y (#) in O, and write

F() <Y@) (* €D),
if there is a Schwarz function &(#), holomorphic in O, with
S(0)=0 and |6(#)| <1 (*€D),
such that
F®) =Y(6(®) (t€D).
In special, if the function Y is univalent in O, then
&(0) =Y(0) and F(O) c Y(O).
It is well known (see [11]) that each function U € S has an inverse U™1, defined by

ut(u@)) =+, (t€9)

and
(- ) =, (138] < 00,700 2 ),
where
B(W) = U~L(W)
=W — a,W? + (2a2 — a3)W3 — (5a3 — 5a,a; + a)W* + . (1.2)

A function U € A is named bi-univalent in O if both A and U~ are univalent in O.
Let ¥ denotes the family of all bi-univalent functions in O that satisfy (1.1). In fact,
Srivastava et al. [22] refreshed the study of holomorphic bi-univalent functions in recent
years, it was followed by such works (see [1,2,4,6,8,9,10,13,14,16,17,18,20,21,23,24,
26,27]).

We shall need the next lemma to establish the desired bounds in our investigation.

Lemma 1.1 [16]. If T (¢) = 1 + Tt + T,£% + T343 + -+ is an holomorphic function

in O with positive real part, then

IT,]<2 (neN={123,..})
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and

TZ
7 -

|73 |2
<2-
2

- 2

2. Main Results

In the sequel, symbolized by 9 the holomorphic function with positive real part in O,
satisfying 9(0) = 1 and 9'(0) > 0. Also, assume that 9(D) be starlike with respect to 1
and symmetric with respect to the real axis. Such a function 9 has the Taylor series
expansion of the shape:

() =1+ &t + 542+ &3+, & > 0. (2.1)

Definition 2.1. A function U € X given by (1.1) is named in the family Fy(y,n, T; 9),
<y<10<1n<10<7<1)if it fulfills the next subordinations:
(0 1,0<1n<10 1) if it fulfills th bordinati

')\ £U'(£) AU(H\]"
(_H(t) > [(1 —-1) _ll(t) +7 (1 + —u'(t) >] <9(%)

and

WB'(W)\" . WB' (W) . wB"(w)\]" .
<wn> ) [( @ ”( fT@ )] < oan,

where the function B = U1 is given by (1.2).

Remark 2.1. It should be remarked that the family Fs(y,n,7;9) is a generalization
of well-known families considered earlier. These families are:

(1) For y =0 and n = 1, the family Fx(y,n,t;9) reduce to the family My (n;9)
which was introduced recently by Ali et al. [3].

i
1-¢
to the family My (a, 7) which was investigated by Liu and Wang [15].

a
2)Fory =0,n=1and9(¢) = ( ) , 0 < a <1, the family F5(y,n, T; 9) reduce

(3) For y =0, n=1 and 9(¢) = G225 0 < g <1, the family Fy(y,n,7;9)

reduce to the family By (f, T) which was studied by Liu and Wang [15].

a
@ Fory=1t=0,n=1and 9(¢) = (g) , 0 <a <1, the family Fx(y,n,t;9)

reduce to the family S5 (a) which was introduced by Brannan and Taha [7].
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(B)Fory=1=0,n=1and9(#¢) = % 0 < B < 1, the family Fx(y,n,7;9)

reduce to the family S5 () which was studied by Brannan and Taha [7].

(6) For t =1 and n = 1 — y, the family Fs(y, 7, T;9) reduce to the family Lz (y;9)
which was investigated by Ali et al. [3].

(7) Fort=1 y=1—n and 9(¥) = g the family Fx(y,n,t;9) reduce to the
family M which was considered recently by Thomas [25].

Theorem 2.1. Let U € F5(y,n,7;9), 1 € R. Then

| ﬂa2|

S | E— Uor |u—1| <;x
2(y +n2r+ D)’ ~4(y +nr+ D)
X V(V+1)+7I(T+1)(2(]/+1)+(77—1)(T+1))+2(y+n(f+1))2€1_€2 :

g I

lu— 118
LG+ D +n@+ DR+ D+ @ - D&+ D)E+ (r +nG+ D) - &)

IA

Uorju—1=2———<X
I | 4(y+r}(21’+1))

X[y@+ D)+ +D)RE+1)+ 0 -DE+ D) +2(y + 9@ +1)° kil

&

Proof. Assume that U € Fx(y,n,7;9). Then there are two holomorphic functions
u,v: 0 — O withu(0) = v(0) =0, l[u(®)| <1, [v(W)| < 1 and £, W € O such that

, " n
(tll(ﬂ) [( tu(t) (1 +M>] = 9(u(®)) (2.2)

u(t) u(E) 0
and
WB'(1) WS (1) s )\ |
where 8 = U~ L.

We define the functions T° and ¥ by

T(t) = 1+ u(t)

7 24 ...
T = LR Rt (2.4)
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and

1+ v(W)
) = 1—v(W)

It is clear that T and T are holomorphic in © and 7(0) = T(0) = 1. Since u,v: O — O,
then the functions 7" and ¥ have positive real part in O.

=1+3, W+ IT,W? + - (2.5)

It follows from (2.4) and (2.5) that

A S PN
u(t)_m_ZTlt-l_Z(TZ 2:712)’524' (2.6)
and
T(W 1 1 1
v(W) = % =T, W +E<3:2 —Ez%) W2 + -, (2.7)

Using (2.6) and (2.7) together with (2.1), we easily obtain

8(u(0) =1 +3 6,7 + 1( &7+ 6 (7 - 577 )) +e o 28)
and
9(v(m)) = 1+ %51115)3 +%(%§Zz§ +& (zz - %z%)) W2+ (2.9)
Since
<t§(’g)>y [(1 - 1)% T (1 tﬁé?)]n =1+ (y +n(@+1)ayt

+[2(y + 12t + 1))as

1
+E[y(y -1 +n(t+ 1)(2)/ +(-DE+ 1)) - 2()/ +n(3t + 1))]a§]t2 +

and
W (W) W' (28) BE' ()]
( B(W) ) [( ~ D gem) B(W) +T(1+W>] =1-(y+nG@+1)a,W

1
+[ 5 [y -D+nG@+D2y+m—D(E+1)+23y + 057+ 3))]as
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=2(y +nQ2t + 1))as|W* + -,
then (2.2), (2.3), (2.8) and (2.9) yields

1
(y+nGr+1)ay = S6%,

2()/ +nQ2t+ 1))a3

(2.10)

1
+35 [yG-D+n@+D2y+m-DE+1)—2(y + 13t + 1))]a3

11, 1,
=3 55271 +f1<75—§71) ,

1
—(V +n(r + 1))‘12 = 58(1%1

and

1
E[y(y —D+n@r+ D2y + @ - D +1)+ 23y +n(5t + 3))]a3

1/1 1
—2(y +nQt+1)as = 5(55215 + & (zz — Ez%)).

In view of (2.10) and (2.12) that
h=-%
and
2
8(y +n(r + 1)) a3 = &£ (77 + T3).
By subtracting (2.11) from (2.13) and using (2.14), we find that

a :az 51(7'2_53:2)
ST gy +n@r+ 1)

If we add (2.11) to (2.13), we deduce that

[y +D+n@+ DR +D+ 0 —- D+ 1)|d}

1 1 ) )
5@+ T -5 -0 + 3|

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

By substitute the value of 7;% + T2 from (2.15) in the right hand side of (2.17), we get
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2= & +T)
2 T 2y D) R+ D+(-1)(T+1))]€2°
+a(y+n(+D)’ (6,-&)

(2.18)

From (2.16) and (2.18), we obtain

az —pas =& [(d}(u) + )sz + (wm) -

1 1
8(y +n2t + 1)) 8(y +n(2t + 1))) 12]’

where
(1 - wét

2[yy+D+n(+D)(2(r+1D)+M-1) (t+1)) |2
+a(y+n(+1)° (61-6)

Y =

According to Lemma 1.1 and (2.1), we conclude that

$1

2(y+n2t+ 1)’
|as — pa?| <

0< YWl = 80 +nZr+ D) ;

4 , = )
L Sl ()] 1) 80y +n@2c+ 1)
After some computations, we deduce that
las — paj|
—fl for|ljuy—1<—————=<xX
2(y+n(21’+ 1))' _4(y+n(21’+1))
Xy + D) +n@+DRE+1D)+0-DE+1)+2(y +n(x+ 1))251;252 ;
1
< lu— 118}
1 2 p ’
e+ D +0G+ DO+ D+ 0 - DE+D)]E + ( +0G + D) (6 - &)
fOT' |,u - 1| = m X
Xy + D +n@+DEE+1)+ 0 - D+ D) +2(y +n@ + 1) 51;252 :
1

Taking 4 = 1 in Theorem 2.1, we conclude the next outcome:

Corollary 2.1. If U € F5(y,n,T;9), then
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las —a?| < 4 :
Z(y +n2t + 1))
Taking 4 = 0 in Theorem 2.1, we conclude the next outcome:
Corollary 2.2. IfU € Fs(y,n, T;9), then

&
2(}/ +nQ2t + 1))'
PO Y - ( Ay +n@A D) +y@+ D 0+ DEE+ D + @ - D+ 1)
§t ' 2(y+n(r+1))2
L4 #n@r+ D)~y + D -0+ DRE+ D+ 0 - D@+ D) w)
2(y+r](‘[+1)) '

&
lag] < |l r+D+nc+DRF+D+m-DE+ D)+ +n@+ 1))2(51 - {2)|'
i [ My +n@r+ D) +yr+ D40+ DERE+D+ 0= DE+D)
& 2(y+n(r+1))
YD @+ DR+ D+ G- DE + 1)))
Z(y +n(t+ 1))2
U( Yo+ D+ DR+ D+ G- DE+D)
Z(y +n(t+ 1))
4(y +nQt+ 1)) yy+1) —ni+ 1)(2(}/ +D+Mm-D(E+ 1))
2(}/ +n(t+ 1))
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