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Abstract

In this paper, we introduce a new operator defined in this paper, we give some

new generating functions of binary products of Tribonacci and Tribonacci

Lucas polynomials and special numbers.

1 Introduction

In mathematics, orthogonal polynomials consist of polynomials such that any

two different polynomials in the sequence are orthogonal to each other under

some inner product. The most widely used orthogonal polynomials are the
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classical orthogonal polynomials (Tchebychev polynomials of first and second

kinds, Fibonacci polynomials).

Further in [11], generating functions of the incomplete Fibonacci and Lucas

numbers are determined. In [13], Djordjevic gave the incomplete generalized

Fibonacci and Lucas numbers. In [14], Djordjevic and Srivastava defined

incomplete generalized Jacobsthal and Jacobsthal–Lucas numbers. In [12], the

authors define the incomplete Fibonacci and Lucas numbers. Also the authors

define the incomplete bivariate Fibonacci and Lucas p-polynomials in [17].

On the other hand, many kinds of generalizations of Fibonacci numbers

have been presented in the literature. In particular, a generalization is the

k-Fibonacci Numbers. For any positive real number k, the k-Fibonacci sequence,

say {Fk,n}n∈N , is defined recurrently by:{
Fk,0 = 1, Fk,1 = k,

Fk,n+1 = kFk,n + Fk,n−1, n ≥ 1
. (1.1)

The k-Pell numbers have been defined in [15] for any number k as follows:

{
Pk,0 = 0, Pk,1 = 1,

Pk,n+1 = 2Pk,n + kPk,n−1, n ≥ 1
. (1.2)

In 1973, Hoggatt and Bicknell [22] introduced Tribonacci polynomials. The

Tribonacci polynomials Tn(x) are defined by the recurrence relation

{
Tn(x) = x2Tn−1(x) + xTn−2(x) + Tn−3(x)

T0(x) = 1, T1(x) = x, T2(x) = x4 + x
. (1.3)

Also, in [24], authors defined Tribonacci Lucas polynomials, incomplete Tribonacci

Lucas numbers and incomplete Tribonacci Lucas polynomials. That is, Tribonacci

Lucas polynomials are defined by{
Kn(x) = x2Kn−1(x) + xKn−2(x) +Kn−3(x)

K0(x) = 3,K1(x) = x2,K2(x) = x4 + 2x
. (1.4)
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Now, we recall the notion of d-orthogonal polynomials. A remarkable propetry

of the d-monic orthogonal polynomial sequence is that those sequences satisfy a

(d+ 1)-order recurrence relation, written in the form

Pm+d+1(x) = (x− βm+d)Pm+d(x)−
d−1∑
ν=0

γd−1−νm+d−νPm+d−1−ν(x), m ≥ 0, (1.5)

with the initial conditions P0(x) = 1, P−1(x) = 0. So, if d ≥ 2:

Pn(x) = (x− βn−1)Pn−1(x)−
n−2∑
ν=0

γn−1−νd−1−ν Pn−2−ν(x), 2 ≤ n ≤ d, (1.6)

and the regularity conditions γ0m+1 6= 0, m ≥ 0.

Definition 1. An d-orthogonal polynomial sequence {Pn}n≥0 is called d-classical

d-orthogonal polynomial sequence if both {Pn}n≥0 and its derivative {P /n}n≥0 are

d-orthogonal. For more details, see [25].

In this contribution, we shall define a new useful operator denoted by δke1e2
for which we can formulate, extend and prove new results based on our previous

ones, see [16], [3], [18]. In order to determine generating functions of product of

k-Fibonacci, k-Lucas, k-Pell, k-Jacobsthal and Mersenne numbers with Tribonacci

and Tribonacci Lucas polynomials, we combine between our indicated past

techniques and these presented polishing approaches.

In Section 2, we introduce a new symmetric function and give some properties

of this symmetric function. We also give some more useful definitions which

are used in the subsequent sections, we prove our main result which relates

the symmetric function defined in the previous section with the symmetrizing

operator. This main theorem unifies several previously known results about the

generating functions. It is then used to find the product of Tribonacci polynomails

with some special numbers, in Section 3. In Section 4 Generatring functions of

some well-known numbers and Tribonacci Lucas polynomials.
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2 Definitions and Some Properties

In this section, we introduce a new symmetric function and give some properties

of this symmetric function [1, 2, 4, 5, 6]. We also give some more useful definitions

from the literature which are used in the subsequent sections [8, 9, 10, 16].

We shall handle functions on different sets of indeterminates (called alphabets,

though we shall mostly use commutative indeterminates for the moment). A

symmetric function of an alphabet A is a function of the letters which is invariant

under permutation of the letters of A. Taking an extra indeterminate z, one has

two fundamental series.

λz(A) = Πa∈A(1 + za), σz(A) =
1

Πa∈A(1− za)
,

the expansion of which gives the elementary symmetric functions Λn(A) and the

complete functions Sn(A) :

λz(A) =
∞∑
n=0

Λn(A)zn, σz(A) =
∞∑
n=0

Sn(A)zn.

Let us now start at the following definition.

Definition 2. Let A and B be any two alphabets, then we give Sn(A − B) by

the following form:

Πb∈B(1− zb)
Πa∈A(1− za)

=

∞∑
n=0

Sn(A−B)zn = σz(A−B), (2.1)

with the condition Sn(A−B) = 0 for n < 0 [1].

Corollary 1. Taking A = {0, 0, ...0} in (2.1) gives

Πb∈B(1− zb) =
∞∑
n=0

Sn(−B)zn = λz(−B). (2.2)
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Further, in the case A = {0, 0, ...0} or B = {0, 0, ...0}, we have

∞∑
n=0

Sn(A−B)zn = σz(A)× λz(−B). (2.3)

Thus,

Sn(A−B) =

n∑
k=0

Sn−k(A)Sk(−B). (2.4)

Definition 3. [6] Let g be any function on Rn, then we consider the divided

difference operator as the following form

∂xixi+1(g) =
g(x1, · · · , xi, xi+1, · · ·xn)− gσ(x1, · · · , xi, xi+1, · · ·xn)

xi − xi+1
,

where gσ is given by

gσ(x1, · · · , xi, xi+1, · · ·xn) = g(x1, · · ·xi−1, xi+1,xi, xi+2 · · ·xn).

Definition 4. [7] Given an alphabet E = {e1, e2} , the symmetrizing operator

δke1e2 is defined by

δke1e2(en1 ) =
ek+n1 − ek+n2

e1 − e2
= Sk+n−1(e1 + e2), for all k, n ∈ N.

In this part, The following propositions [18] is one of the key tools of the proof

of our main results.

Proposition 1. Let A = {a1,−a2} and E = {e1, e2, e3} two alphabets, we have

∞∑
n=0

Sn(E)Sn−1(a1 + [−a2])zn =

−S1 (−E) z − (a1 − a2)S2 (−E) z2

− ((a1 − a2)2 + a1a2)S3 (−E) z3∏
e∈E

(1− ea1z)
∏
e∈E

(1 + ea2z)
. (2.5)

Proposition 2. Let A = {a1,−a2} and E = {e1, e2, e3} two alphabets, we have

∞∑
n=0

Sn(E)Sn(a1 + [−a2])zn =
1 + a1a2S2 (−E) z2 + a1a2(a1 + a2)S3 (−E) z3∏

e∈E
(1− ea1z)

∏
e∈E

(1 + ea2z)
.

(2.6)

From (2.6) we deduce
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∞∑
n=0

Sn−1(E)Sn−1(A)zn =
z + a1a2S2 (−E) z3 + a1a2(a1 − a2)S3 (−E) z4∏

e∈E
(1− ea1z)

∏
e∈E

(1 + ea2z)
. (2.7)

Proposition 3. Given two alphabets E = {e1, e2, e3} and A = {a1,−a2}, we have

∞∑
n=0

Sn−1(E)Sn(A)zn =
(a1 − a2)z − S1 (−E) a1a2z

2 − S3 (−E) a21a
2
2z

4∏
e∈E

(1− ea1z)
∏
e∈E

(1 + ea2z)
. (2.8)

From (2.8) we deduce

∞∑
n=0

Sn−2(E)Sn−1(A)zn =
(a1 + a2)z

2 − S1 (−E) a1a2z
3 − S3 (−E) a21a

2
2z

5∏
e∈E

(1− ea1z)
∏
e∈E

(1 + ea2z)
.

(2.9)

Proposition 4. Given two alphabets E = {e1, e2, e3} and A = {a1,−a2}, we have

∞∑
n=0

Sn−2(E)Sn(A)zn =

(
(a1 − a2)2 + a1a2

)
z2 + (a1 − a2)S1 (−E) z3

+ S2 (−E) a21a
2
2z

4∏
e∈E

(1− ea1z)
∏
e∈E

(1 + ea2z)
. (2.10)

3 Generating Functions of Binary Products of

Tribonacci Polynomials and Special Numbers

In this section, we are going to create the new generating functions of products

of Tribonacci polynomials and some numbers (k-Fibonacci, k-Lucas, k-Pell,

k-Jacobsthal and Mersenne) based on Propositions 1, 2, 3 and 4.

Theorem 1. For n ∈ N, the new generating function of the product of Tribonacci

polynomials and k-Fibonacci numbers is given by
∞∑
n=0

Tn(x)Fk,nz
n =

1− xz2 − kz3

1− kx2z −
((
k2 + 2

)
x+ x4

)
z2 −

(
k2 + 3 + x3

)
kz3

−
(
k2 + 1

)
x2z4 + kxz5 − z6

.

(3.1)
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Proof. By [16], we have Fk,n = Sn (a1 + [−a2]). Then, we can see that

∞∑
n=0

Tn(x)Fk,nz
n =

∞∑
n=0

Sn (E)Sn (a1 + [−a2]) zn

=
1

(a1 + a2)

(
a1

∞∑
n=0

Sn(E)(a1z)
n + a2

∞∑
n=0

Sn(E)(−a2z)n
)

=
1

(a1 + a2)

(
a1

1 + S1(−E)a1z + S2(−E)a21z
2 + S3(−E)a31z

3

+
a2

1− S1(−E)a2z + S2(−E)a22z
2 − S3(−E)a32z

3

)
,

by reduce to same denominator, we obtain the following result

∞∑
n=0

Tn(x)Fk,nz
n =

1 + p1(x)z2 + p2(x)z3

1 + q1(x)z + q2(x)z2 + q3(x)z3 + q4(x)z4 + q5(x)z5 + q6(x)z6
,

where

p1(x) = a1a2S2 (−E) ,

p2(x) = a1a2(a1 − a2)S3 (−E) ,

and

q1(x) = (a1 − a2)S1(−E),

q2(x) = S2(−E)(a1 − a2)2 − a1a2(S1(−E)2 − 2S2(−E)),

q3(x) = S3(−E)(a1 − a2)3 − a1a2(a1 − a2)(S1(−E)S2(−E)− 3S3(−E)),

q4(x) = −a1a2(a1 − a2)2S3(−E)S1(−E) + a21a
2
2(S2(−E)2 − 2S3(−E)S1(−E)),

q5(x) = a21a
2
2S3(−E)S2(−E)(a1 − a2),

q6(x) = −S3(−E)2a31a
3
2.

After a simple calculation, of pi(x) and qi(x) we obtain

∞∑
n=0

Tn(x)Fk,nz
n =

1− xz2 − kz3

1− kx2z −
((
k2 + 2

)
x+ x4

)
z2 −

(
k2 + 3 + x3

)
kz3

−
(
k2 + 1

)
x2z4 + kxz5 − z6

.

This completes the proof.
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Theorem 2. For n ∈ N, the new generating function of the product of Tribonacci

polynomials and k-Lucas numbers is given by
∞∑
n=0

Tn(x)Lk,nz
n =

2− kx2z −
(
2 + k2

)
xz2 − k

(
k2 + 3

)
z3

1− kx2z −
((
k2 + 2

)
x+ x4

)
z2 −

(
k2 + 3 + x3

)
kz3

−
(
k2 + 1

)
x2z4 + kxz5 − z6

.

(3.2)

Proof. We have [16]

Lk,n = 2Sn (a1 + [−a2])− kSn−1 (a1 + [−a2]) .

∞∑
n=0

Tn(x)Lk,nz
n

=
∞∑
n=0

Sn (E) (2Sn (a1 + [−a2])− kSn−1 (a1 + [−a2])) zn

= 2

∞∑
n=0

Sn (E)Sn (a1 + [−a2]) zn − k
∞∑
n=0

Sn (E)Sn−1 (a1 + [−a2]) zn

= 2
∞∑
n=0

Tn(x)Fk,nz
n − k

(a1 + a2)

( ∞∑
n=0

Sn(E)(a1z)
n −

∞∑
n=0

Sn(E)(−a2z)n
)

= 2
∞∑
n=0

Tn(x)Fk,nz
n − k

(a1 + a2)

(
1

1 + S1(−E)a1z + S2(−E)a21z
2 + S3(−E)a31z

3

− 1

1− S1(−E)a2z + S2(−E)a22z
2 − S3(−E)a32z

3

)
,

after some calculations we find

∞∑
n=0

Tn(x)Lk,nz
n = 2

∞∑
n=0

Tn(x)Fk,nz
n − k

 p1(x)z − p2(x)z2 − p3(x)z3

1 + q1(x)z + q2(x)z2 + q3(x)z3

+ q4(x)z4 + q5(x)z5 + q6(x)z6

 ,

where

p1(x) = −S1 (−E) ,

p2(x) = (a1 − a2)S2 (−E) ,

p3(x) = ((a1 − a2)2 + a1a2)S3 (−E) ,
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and

q1(x) = (a1 − a2)S1(−E),

q2(x) = S2(−E)(a1 − a2)2 − a1a2(S1(−E)2 − 2S2(−E)),

q3(x) = S3(−E)(a1 − a2)3 − a1a2(a1 − a2)(S1(−E)S2(−E)− 3S3(−E)),

q4(x) = −a1a2(a1 − a2)2S3(−E)S1(−E) + a21a
2
2(S2(−E)2 − 2S3(−E)S1(−E)),

q5(x) = a21a
2
2S3(−E)S2(−E)(a1 − a2),

q6(x) = −S3(−E)2a31a
3
2.

After a simple calculation, of pi(x) and qi(x) we obtain (3.2).

Theorem 3. For n ∈ N, the new generating function of the product of Tribonacci

polynomials and k-Pell numbers is given by

∞∑
n=0

Tn(x)Pk,nz
n =

x2z + 2xz2 + (4 + k) z3

1− 2x2z −
(
2x (2 + k) + kx4

)
z2 − 2

(
3k + 4 + kx3

)
z3

− k (k + 4)x2z4 + 2k2xz5 − k3z6
.

(3.3)

Proof. By referred to [16], we have

Pk,n = Sn−1 (a1 + [−a2]) .

∞∑
n=0

Tn(x)Pk,nz
n =

∞∑
n=0

Sn (E)Sn−1 (a1 + [−a2]) zn

=
1

(a1 + a2)

( ∞∑
n=0

Sn(E)(a1z)
n −

∞∑
n=0

Sn(E)(−a2z)n
)

=
1

(a1 + a2)

(
1

1 + S1(−E)a1z + S2(−E)a21z
2 + S3(−E)a31z

3

− 1

1− S1(−E)a2z + S2(−E)a22z
2 − S3(−E)a32z

3

)
,

make some calculations, we get

∞∑
n=0

Tn(x)Pk,nz
n =

p1(x)z − p2(x)z2 − p3(x)z3

1 + q1(x)z + q2(x)z2 + q3(x)z3 + q4(x)z4 + q5(x)z5 + q6(x)z6
,
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where

p1(x) = −S1 (−E) ,

p2(x) = (a1 − a2)S2 (−E) ,

p3(x) = ((a1 − a2)2 + a1a2)S3 (−E) ,

and

q1(x) = (a1 − a2)S1(−E),

q2(x) = S2(−E)(a1 − a2)2 − a1a2(S1(−E)2 − 2S2(−E)),

q3(x) = S3(−E)(a1 − a2)3 − a1a2(a1 − a2)(S1(−E)S2(−E)− 3S3(−E)),

q4(x) = −a1a2(a1 − a2)2S3(−E)S1(−E) + a21a
2
2(S2(−E)2 − 2S3(−E)S1(−E)),

q5(x) = a21a
2
2S3(−E)S2(−E)(a1 − a2),

q6(x) = −S3(−E)2a31a
3
2.

Therefore

∞∑
n=0

Tn(x)Pk,nz
n =

x2z + 2xz2 + (4 + k) z3

1− 2x2z −
(
2x (2 + k) + kx4

)
z2 − 2

(
3k + 4 + kx3

)
z3

− k (k + 4)x2z4 + 2k2xz5 − k3z6
.

This completes the proof.

Theorem 4. For n ∈ N, the new generating function of the product of Tribonacci

polynomials and k-Jacobsthal numbers is given by

∞∑
n=0

Tn(x)Jk,nz
n =

x2z + kxz2 +
(
2 + k2

)
z3

1− kx2z −
((
k2 + 4

)
x+ 2x4

)
z2 − k

(
k2 + 6 + 2x3

)
z3

− 2
(
k2 + 2

)
x2z4 + 4kxz5 − 8z6

.

(3.4)

Proof. Recall that, we have [16]

Jk,n = Sn−1 (a1 + [−a2]) .
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∞∑
n=0

Tn(x)Jk,nz
n =

∞∑
n=0

Sn (E)Sn−1 (a1 + [−a2]) zn

=
1

(a1 + a2)

( ∞∑
n=0

Sn(E)(a1z)
n −

∞∑
n=0

Sn(E)(−a2z)n
)

=
1

(a1 + a2)

(
1

1 + S1(−E)a1z + S2(−E)a21z
2 + S3(−E)a31z

3

− 1

1− S1(−E)a2z + S2(−E)a22z
2 − S3(−E)a32z

3

)
,

by reduce to same denominator, we obtain the following result

∞∑
n=0

Tn(x)Jk,nz
n =

p1(x)z − p2(x)z2 − p3(x)z3

1 + q1(x)z + q2(x)z2 + q3(x)z3 + q4(x)z4 + q5(x)z5 + q6(x)z6
,

where

p1(x) = −S1 (−E) ,

p2(x) = (a1 − a2)S2 (−E) ,

p3(x) = ((a1 − a2)2 + a1a2)S3 (−E) ,

and

q1(x) = (a1 − a2)S1(−E),

q2(x) = S2(−E)(a1 − a2)2 − a1a2(S1(−E)2 − 2S2(−E)),

q3(x) = S3(−E)(a1 − a2)3 − a1a2(a1 − a2)(S1(−E)S2(−E)− 3S3(−E)),

q4(x) = −a1a2(a1 − a2)2S3(−E)S1(−E) + a21a
2
2(S2(−E)2 − 2S3(−E)S1(−E)),

q5(x) = a21a
2
2S3(−E)S2(−E)(a1 − a2),

q6(x) = −S3(−E)2a31a
3
2.

Therefore

∞∑
n=0

Tn(x)Jk,nz
n =

x2z + kxz2 +
(
2 + k2

)
z3

1− kx2z −
((
k2 + 4

)
x+ 2x4

)
z2 − k

(
k2 + 6 + 2x3

)
z3

− 2
(
k2 + 2

)
x2z4 + 4kxz5 − 8z6

.

This completes the proof.
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Theorem 5. For n ∈ N, the new generating function of the product of Tribonacci

polynomials and Mersenne numbers is given by

∞∑
n=0

Tn(x)Mnz
n =

x2z + 3xz2 + 7z3

1− 3x2z − (5x− 2x4) z2 − 3 (3− 2x3) z3 + 14x2z4 + 12xz5 + 8z6
.

(3.5)

Proof. Recall that, we have [3]

Mn = Sn−1 (a1 + [−a2]) .

∞∑
n=0

Tn(x)Mnz
n =

∞∑
n=0

Sn (E)Sn−1 (a1 + [−a2]) zn

=
1

(a1 + a2)

( ∞∑
n=0

Sn(E)(a1z)
n −

∞∑
n=0

Sn(E)(−a2z)n
)

=
1

(a1 + a2)

(
1

1 + S1(−E)a1z + S2(−E)a21z
2 + S3(−E)a31z

3

− 1

1− S1(−E)a2z + S2(−E)a22z
2 − S3(−E)a32z

3

)
,

by reduce to same denominator, we obtain the following result

∞∑
n=0

Tn(x)Mnz
n =

p1(x)z − p2(x)z2 − p3(x)z3

1 + q1(x)z + q2(x)z2 + q3(x)z3 + q4(x)z4 + q5(x)z5 + q6(x)z6
,

where

p1(x) = −S1 (−E) ,

p2(x) = (a1 − a2)S2 (−E) ,

p3(x) = ((a1 − a2)2 + a1a2)S3 (−E) ,
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and

q1(x) = (a1 − a2)S1(−E),

q2(x) = S2(−E)(a1 − a2)2 − a1a2(S1(−E)2 − 2S2(−E)),

q3(x) = S3(−E)(a1 − a2)3 − a1a2(a1 − a2)(S1(−E)S2(−E)− 3S3(−E)),

q4(x) = −a1a2(a1 − a2)2S3(−E)S1(−E) + a21a
2
2(S2(−E)2 − 2S3(−E)S1(−E)),

q5(x) = a21a
2
2S3(−E)S2(−E)(a1 − a2),

q6(x) = −S3(−E)2a31a
3
2.

Therefore

∞∑
n=0

Tn(x)Mnz
n =

x2z + 3xz2 + 7z3

1− 3x2z − (5x− 2x4) z2 − 3 (3− 2x3) z3 + 14x2z4 + 12xz5 + 8z6
.

This completes the proof.

4 Generating Functions of Binary Products of

Tribonacci Lucas Polynomials and Well-Known

Numbers

Based on Propositions 1, 2, 3 and 4, we can state the following theorems

which represent the new generating functions of products of Tribonacci Lucas

polynomials and some well-known numbers.

Theorem 6. For n ∈ N, the new generating function of the product of Tribonacci

Lucas polynomials and k-Fibonacci numbers is given by

∞∑
n=0

Kn(x)Fk,nz
n =

3− 2kx2z −
(
k2 + 4 + 2x3

)
xz2 + k

(
x3 − 3

)
z3 − x2z4

1− kx2z −
((
k2 + 2

)
x+ x4

)
z2 −

(
k2 + 3 + x3

)
kz3

−
(
k2 + 1

)
x2z4 + kxz5 − z6

.

(4.1)
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Proof. By [16], we have Fk,n = Sn (a1 + [−a2]). Then, we can see that

∞∑
n=0

Kn(x)Fk,nz
n

=

∞∑
n=0

(
3Sn (E)− 2x2Sn−1 (E)− xSn−2 (E)

)
Sn (a1 + [−a2]) zn

= 3
∞∑
n=0

Tn(x)Fk,nz
n − 2x2

(a1 + a2)

(
a1

∞∑
n=0

Sn−1(E)(a1)z
n + a2

∞∑
n=0

Sn−1(E)(−a2z)n
)

− x

(a1 + a2)

(
a1

∞∑
n=0

Sn−2(E)(a1z)
n + a2

∞∑
n=0

Sn−2(E)(−a2z)n
)

= 3
∞∑
n=0

Tn(x)Fk,nz
n − 2x2

(a1 + a2)

(
a21z

1 + S1(−E)a1z + S2(−E)a21z
2 + S3(−E)a31z

3

− a22z

1− S1(−E)a2z + S2(−E)a22z
2 − S3(−E)a32z

3

)
− x

(a1 + a2)

(
a31z

2

1 + S1(−E)a1z + S2(−E)a21z
2 + S3(−E)a31z

3

+
a32z

2

1− S1(−E)a2z + S2(−E)a22z
2 − S3(−E)a32z

3

)
,

by using Proposition 1

then, by reduce to same denominator, we obtain the following result

∞∑
n=0

Kn(x)Fk,nz
n = 3

∞∑
n=0

Tn(x)Fk,nz
n − p1(x)z + p2(x)z2 + p3(x)z3 + p4(x)z4

1 + q1(x)z + q2(x)z2 + q3(x)z3

+ q4(x)z4 + q5(x)z5 + q6(x)z6

,

where

p1(x) = 2 (a1 − a2)x2,

p2(x) = −x
(

2xS1(−E)a1a2 − (a1 − a2)2 − a1a2
)
,

p3(x) = x (a1 − a2)S1(−E),

p4(x) = −x
(
2xa21a

2
2S3(−E)− a21a22S2(−E)

)
,

http://www.earthlinepublishers.com



Generating Functions of Binary Products of Tribonacci ... 251

and

q1(x) = (a1 − a2)S1(−E),

q2(x) = S2(−E)(a1 − a2)2 − a1a2(S1(−E)2 − 2S2(−E)),

q3(x) = S3(−E)(a1 − a2)3 − a1a2(a1 − a2)(S1(−E)S2(−E)− 3S3(−E)),

q4(x) = −a1a2(a1 − a2)2S3(−E)S1(−E) + a21a
2
2(S2(−E)2 − 2S3(−E)S1(−E)),

q5(x) = a21a
2
2S3(−E)S2(−E)(a1 − a2),

q6(x) = −S3(−E)2a31a
3
2.

After a simple calculation, of pi(x) and qi(x) we obtain

∞∑
n=0

Kn(x)Fk,nz
n =

3− 2kx2z −
(
k2 + 4 + 2x3

)
xz2 + k

(
x3 − 3

)
z3 − x2z4

1− kx2z −
((
k2 + 2

)
x+ x4

)
z2 −

(
k2 + 3 + x3

)
kz3

−
(
k2 + 1

)
x2z4 + kxz5 − z6

.

This completes the proof.

Theorem 7. For n ∈ N, the new generating function of the product of Tribonacci

Lucas polynomials and k-Lucas numbers is given by

∞∑
n=0

Kn(x)Lk,nz
n =

6− 5kx2z − 2
(
2k2 + 4 + 2x3

)
xz2 − k

(
3k2 + 9− x3

)
z3

+ 2
(
1 + k2

)
x2z4 + kxz5

1− kx2z −
((
k2 + 2

)
x+ x4

)
z2 −

(
k2 + 3 + x3

)
kz3

−
(
k2 + 1

)
x2z4 + kxz5 − z6

.

(4.2)

Proof. We have [16]

Lk,n = 2Sn (a1 + [−a2])− kSn−1 (a1 + [−a2]) .
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∞∑
n=0

Kn(x)Lk,nz
n

=
∞∑
n=0

(
3Sn (E)− 2x2Sn−1 (E)− xSn−2 (E)

)
(2Sn (a1 + [−a2])− kSn−1 (a1 + [−a2])) zn

= 2
∞∑
n=0

(
3Sn (E)− 2x2Sn−1 (E)− xSn−2 (E)

)
Sn (a1 + [−a2]) zn

−k
∞∑
n=0

(
3Sn (E)− 2x2Sn−1 (E)− xSn−2 (E)

)
Sn−1 (a1 + [−a2]) zn

= 2
∞∑
n=0

Kn(x)Fk,nz
n − 3k

(a1 + a2)

( ∞∑
n=0

Sn(E)(a1z)
n −

∞∑
n=0

Sn(E)(−a2z)n
)

+
2kx2

(a1 + a2)

( ∞∑
n=0

Sn−1(E)(a1z)
n −

∞∑
n=0

Sn−1(E)(−a2z)n
)

+
kx

(a1 + a2)

( ∞∑
n=0

Sn−2(E)(a1z)
n −

∞∑
n=0

Sn−2(E)(−a2z)n
)

= 2
∞∑
n=0

Kn(x)Fk,nz
n +

3k

(a1 + a2)

(
1

1 + S1(−E)a1z + S2(−E)a21z
2 + S3(−E)a31z

3

− 1

1− S1(−E)a2z + S2(−E)a22z
2 − S3(−E)a32z

3

)
+

2kx2

(a1 + a2)

(
a1z

1 + S1(−E)a1z + S2(−E)a21z
2 + S3(−E)a31z

3

+
a2z

1− S1(−E)a2z + S2(−E)a22z
2 − S3(−E)a32z

3

)
+

kx

(a1 + a2)

(
a21z

2

1 + S1(−E)a1z + S2(−E)a21z
2 + S3(−E)a31z

3

− a22z
2

1− S1(−E)a2z + S2(−E)a22z
2 − S3(−E)a32z

3

)
,

after Lemma 1, by reducing to the same denominator, and make some calculations,
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we find

∞∑
n=0

Kn(x)Lk,nz
n = 2

∞∑
n=0

Kn(x)Fk,nz
n

− k
(

p1(x)z + p2(x)z2 + p3(x)z3 + p4(x)z4 + p5(x)z5

1 + q1(x)z + q2(x)z2 + q3(x)z3 + q4(x)z4 + q5(x)z5 + q6(x)z6

)
,

where

p1(x) = −3S1 (−E)− 2x2,

p2(x) = − (3(a1 − a2)S2 (−E) + x(a1 − a2)) ,

p3(x) = −
(
3((a1 − a2)2 + a1a2)S3 (−E) + 2x2a1a2S2(−E)− xa1a2S1(−E)

)
,

p4(x) = −2x2(a1 − a2)a1a2S3(−E),

p5(x) = xa21a
2
2S3(−E),

and

q1(x) = (a1 − a2)S1(−E),

q2(x) = S2(−E)(a1 − a2)2 − a1a2(S1(−E)2 − 2S2(−E)),

q3(x) = S3(−E)(a1 − a2)3 − a1a2(a1 − a2)(S1(−E)S2(−E)− 3S3(−E)),

q4(x) = −a1a2(a1 − a2)2S3(−E)S1(−E) + a21a
2
2(S2(−E)2 − 2S3(−E)S1(−E)),

q5(x) = a21a
2
2S3(−E)S2(−E)(a1 − a2),

q6(x) = −S3(−E)2a31a
3
2.

After a simple calculation, of pi(x) and qi(x) we obtain (4.2).

Theorem 8. For n ∈ N, the new generating function of the product of Tribonacci

Lucas polynomials and k-Pell numbers is given by

∞∑
n=0

Kn(x)Pk,nz
n =

x2z + 4xz2 +
(
12 + 3k + kx3

)
z3 + 4kx2z4 − k2xz5

1− 2x2z −
(
2x (2 + k) + kx4

)
z2 − 2

(
3k + 4 + kx3

)
z3

− k (k + 4)x2z4 + 2k2xz5 − k3z6
.

(4.3)
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Proof. By referred to [16], we have

Pk,n = Sn−1 (a1 + [−a2]) .

∞∑
n=0

Kn(x)Pk,nz
n

=
∞∑
n=0

(
3Sn (E)− 2x2Sn−1 (E)− xSn−2 (E)

)
Sn−1 (a1 + [−a2]) zn

= 3
∞∑
n=0

Tn(x)Pk,nz
n − 2x2

(a1 + a2)

( ∞∑
n=0

Sn−1(E)(a1z)
n −

∞∑
n=0

Sn−1(E)(−a2z)n
)

− x

(a1 + a2)

( ∞∑
n=0

Sn−2(E)(a1z)
n −

∞∑
n=0

Sn−2(E)(−a2z)n
)

= 3
∞∑
n=0

Tn(x)Pk,nz
n − 2x2

(a1 + a2)

(
a1z

1 + S1(−E)a1z + S2(−E)a21z
2 + S3(−E)a31z

3

− a2z

1− S1(−E)a2z + S2(−E)a22z
2 − S3(−E)a32z

3

)
− x

(a1 + a2)

(
a21z

2

1 + S1(−E)a1z + S2(−E)a21z
2 + S3(−E)a31z

3

− a22z
2

1− S1(−E)a2z + S2(−E)a22z
2 − S3(−E)a32z

3

)
,

after doing a simple calculation, we get
∞∑
n=0

Kn(x)Pk,nz
n = 3

∞∑
n=0

Tn(x)Pk,nz
n

− p1(x)z + p2(x)z2 + p3(x)z3 + p4(x)z4 + p5(x)z5

1 + q1(x)z + q2(x)z2 + q3(x)z3 + q4(x)z4 + q5(x)z5 + q6(x)z6
,

where

p1(x) = 2x2,

p2(x) = x(a1 − a2),

p3(x) = 2x2a1a2S2 (−E)− xa1a2S1(−E),

p4(x) = 2x2a1a2 (a1 − a2)S3(−E),

p5(x) = −xa21a22S3(−E),
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and

q1(x) = (a1 − a2)S1(−E),

q2(x) = S2(−E)(a1 − a2)2 − a1a2(S1(−E)2 − 2S2(−E)),

q3(x) = S3(−E)(a1 − a2)3 − a1a2(a1 − a2)(S1(−E)S2(−E)− 3S3(−E)),

q4(x) = −a1a2(a1 − a2)2S3(−E)S1(−E) + a21a
2
2(S2(−E)2 − 2S3(−E)S1(−E)),

q5(x) = a21a
2
2S3(−E)S2(−E)(a1 − a2),

q6(x) = −S3(−E)2a31a
3
2.

Therefore

∞∑
n=0

Kn(x)Pk,nz
n =

x2z + 4xz2 +
(
12 + 3k + kx3

)
z3 + 4kx2z4 − k2xz5

1− 2x2z −
(
2x (2 + k) + kx4

)
z2 − 2

(
3k + 4 + kx3

)
z3

− k (k + 4)x2z4 + 2k2xz5 − k3z6
.

This completes the proof.

Theorem 9. For n ∈ N, the new generating function of the product of Tribonacci

Lucas polynomials and k-Jacobsthal numbers is given by

∞∑
n=0

Kn(x)Jk,nz
n =

x2z + 2kxz2 +
(
2x3 + 3k2 + 6

)
z3 + 4kx2z4 − 4xz5

−kx2z −
((
k2 + 4

)
x+ 2x4

)
z2 − k

(
k2 + 6 + 2x3

)
z3

1− 2
(
k2 + 2

)
x2z4 + 4kxz5 − 8z6

.

(4.4)

Proof. Recall that, we have [16]

Jk,n = Sn−1 (a1 + [−a2]) .
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∞∑
n=0

Kn(x)Jk,nz
n

=
∞∑
n=0

(
3Sn (E)− 2x2Sn−1 (E)− xSn−2 (E)

)
Sn−1 (a1 + [−a2]) zn

= 3

∞∑
n=0

Tn(x)Jk,nz
n − 2x2

(a1 + a2)

( ∞∑
n=0

Sn−1(E)(a1z)
n −

∞∑
n=0

Sn−1(E)(−a2z)n
)

− x

(a1 + a2)

( ∞∑
n=0

Sn−2(E)(a1z)
n −

∞∑
n=0

Sn−2(E)(−a2z)n
)

= 3
∞∑
n=0

Tn(x)Jk,nz
n − 2x2

(a1 + a2)

(
a1z

1 + S1(−E)a1z + S2(−E)a21z
2 + S3(−E)a31z

3

− a2z

1− S1(−E)a2z + S2(−E)a22z
2 − S3(−E)a32z

3

)
− x

(a1 + a2)

(
a21z

2

1 + S1(−E)a1z + S2(−E)a21z
2 + S3(−E)a31z

3

− a22z
2

1− S1(−E)a2z + S2(−E)a22z
2 − S3(−E)a32z

3

)
,

by reducing to the same denominator, we obtain the following result

∞∑
n=0

Kn(x)Jk,nz
n = 3

∞∑
n=0

Tn(x)Jk,nz
n

+
p1(x)z + p2(x)z2 + p3(x)z3 + p4(x)z4 + p5(x)z5

1 + q1(x)z + q2(x)z2 + q3(x)z3 + q4(x)z4 + q5(x)z5 + q6(x)z6
,

where

p1(x) = −2x2,

p2(x) = −x(a1 − a2),

p3(x) = −
(
2x2a1a2S2 (−E)− a1a2xS1(−E)

)
,

p4(x) = −2x2a1a2 (a1 − a2)S3(−E),

p5(x) = xa21a
2
2S3(−E),
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and

q1(x) = (a1 − a2)S1(−E),

q2(x) = S2(−E)(a1 − a2)2 − a1a2(S1(−E)2 − 2S2(−E)),

q3(x) = S3(−E)(a1 − a2)3 − a1a2(a1 − a2)(S1(−E)S2(−E)− 3S3(−E)),

q4(x) = −a1a2(a1 − a2)2S3(−E)S1(−E) + a21a
2
2(S2(−E)2 − 2S3(−E)S1(−E)),

q5(x) = a21a
2
2S3(−E)S2(−E)(a1 − a2),

q6(x) = −S3(−E)2a31a
3
2.

Therefore

∞∑
n=0

Kn(x)Jk,nz
n =

x2z + 2kxz2 +
(
2x3 + 3k2 + 6

)
z3 + 4kx2z4 − 4xz5

1− kx2z −
((
k2 + 4

)
x+ 2x4

)
z2 − k

(
k2 + 6 + 2x3

)
z3

− 2
(
k2 + 2

)
x2z4 + 4kxz5 − 8z6

.

This completes the proof.

Theorem 10. For n ∈ N, the new generating function of the product of Tribonacci

Lucas polynomials and Mersenne numbers is given by

∞∑
n=0

Kn(x)Mnz
n =

x2z + 6xz2 +
(
21− 2x3

)
z3 − 12x2z4 − 4xz5

1− 3x2z − (5x− 2x4) z2 − 3 (3− 2x3) z3 + 14x2z4 + 12xz5 + 8z6
.

(4.5)

Proof. Recall that, we have [3]

Mn = Sn−1 (a1 + [−a2]) .

Earthline J. Math. Sci. Vol. 8 No. 2 (2022), 237-262



258 H. Merzouk, A. Boussayoud and V. Kanuri

∞∑
n=0

Kn(x)Mnz
n

=
∞∑
n=0

(
3Sn (E)− 2x2Sn−1 (E)− xSn−2 (E)

)
Sn−1 (a1 + [−a2]) zn

= 3

∞∑
n=0

Tn(x)Mnz
n − 2x2

(a1 + a2)

( ∞∑
n=0

Sn−1(E)(a1z)
n −

∞∑
n=0

Sn−1(E)(−a2z)n
)

− x

(a1 + a2)

( ∞∑
n=0

Sn−2(E)(a1z)
n −

∞∑
n=0

Sn−2(E)(−a2z)n
)

= 3
∞∑
n=0

Tn(x)Mnz
n − 2x2

(a1 + a2)

(
a1z

1 + S1(−E)a1z + S2(−E)a21z
2 + S3(−E)a31z

3

− a2z

1− S1(−E)a2z + S2(−E)a22z
2 − S3(−E)a32z

3

)
− x

(a1 + a2)

(
a21z

2

1 + S1(−E)a1z + S2(−E)a21z
2 + S3(−E)a31z

3

− a22z
2

1− S1(−E)a2z + S2(−E)a22z
2 − S3(−E)a32z

3

)
,

by reducing to the same denominator, we obtain the following result

∞∑
n=0

Kn(x)Mnz
n = 3

∞∑
n=0

Tn(x)Mnz
n

+
p1(x)z + p2(x)z2 + p3(x)z3 + p4(x)z4 + p5(x)z5

1 + q1(x)z + q2(x)z2 + q3(x)z3 + q4(x)z4 + q5(x)z5 + q6(x)z6
,

where

p1(x) = −2x2,

p2(x) = −x(a1 − a2),

p3(x) = −
(
2x2a1a2S2 (−E)− xa1a2S1(−E)

)
,

p4(x) = −2x2a1a2 (a1 − a2)S3(−E),

p5(x) = xa21a
2
2S3(−E),
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and

q1(x) = (a1 − a2)S1(−E),

q2(x) = S2(−E)(a1 − a2)2 − a1a2(S1(−E)2 − 2S2(−E)),

q3(x) = S3(−E)(a1 − a2)3 − a1a2(a1 − a2)(S1(−E)S2(−E)− 3S3(−E)),

q4(x) = −a1a2(a1 − a2)2S3(−E)S1(−E) + a21a
2
2(S2(−E)2 − 2S3(−E)S1(−E)),

q5(x) = a21a
2
2S3(−E)S2(−E)(a1 − a2),

q6(x) = −S3(−E)2a31a
3
2.

Therefore

∞∑
n=0

Kn(x)Mnz
n =

x2z + 6xz2 +
(
21− 6x3

)
z3 − 12x2z4 − 4xz5

1− 3x2z − (5x− 2x4) z2 − 3 (3− 2x3) z3 + 14x2z4 + 12xz5 + 8z6
.

This completes the proof.

5 Conclusion

In this paper, the new theorems has been proposed in order to determine the

generating functions. The proposed theorems is based on the symmetric fonctions.

The obtained results agree with the results obtained in some previous works.
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