Earthline Journal of Mathematical Sciences
ISSN (Online): 2581-8147

Volume 8, Number 2, 2022, Pages 237-262
https://doi.org/10.34198/ejms.8222.237262

Generating Functions of Binary Products of
Tribonacci and Tribonacci Lucas Polynomials and

Special Numbers

Hind Merzouk!, Ali Boussayoud? and Kasi Viswanadh V. Kanuri®"

I LMAM Laboratory and Department of Mathematics, Mohamed Seddik Ben Yahia University,
Jijel, Algeria

e-mail: merzoukhind07@gmail.com

2 LMAM Laboratory and Department of Mathematics, Mohamed Seddik Ben Yahia University,
Jijel, Algeria

e-mail: aboussayoud@yahoo.fr

33669 Leatherwood Dr, Frisco, TX 75033, USA

e-mail: vis.kanuri@gmail.com

Abstract

In this paper, we introduce a new operator defined in this paper, we give some
new generating functions of binary products of Tribonacci and Tribonacci

Lucas polynomials and special numbers.

1 Introduction

In mathematics, orthogonal polynomials consist of polynomials such that any
two different polynomials in the sequence are orthogonal to each other under

some inner product. The most widely used orthogonal polynomials are the
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classical orthogonal polynomials (Tchebychev polynomials of first and second

kinds, Fibonacci polynomials).

Further in [I1], generating functions of the incomplete Fibonacci and Lucas
numbers are determined. In [13], Djordjevic gave the incomplete generalized
Fibonacci and Lucas numbers. In [I4], Djordjevic and Srivastava defined
incomplete generalized Jacobsthal and Jacobsthal-Lucas numbers. In [12], the
authors define the incomplete Fibonacci and Lucas numbers. Also the authors

define the incomplete bivariate Fibonacci and Lucas p-polynomials in [17].

On the other hand, many kinds of generalizations of Fibonacci numbers
have been presented in the literature. In particular, a generalization is the
k-Fibonacci Numbers. For any positive real number k, the k-Fibonacci sequence,

say {Fln},ey» is defined recurrently by:

{ Fro=1,F,1=k,

(1.1)
Fk,n+1 = ka,n + Fk,n—la n=>1

The k-Pell numbers have been defined in [15] for any number & as follows:

Poo=0FP.1=1
{ k0 =0, Pr1 , (1.2)

Pk,nJrl = 2Pk:,n + k‘Pk,nfla n>1

In 1973, Hoggatt and Bicknell [22] introduced Tribonacci polynomials. The

Tribonacci polynomials 7;,(x) are defined by the recurrence relation

{ T (z) = 22Ty 1(2) + 2Tp_o(z) + Ths(x) 13)

To(z) =1,T1(z) =2, To(z) =2t + o
Also, in [24], authors defined Tribonacci Lucas polynomials, incomplete Tribonacci
Lucas numbers and incomplete Tribonacci Lucas polynomials. That is, Tribonacci

Lucas polynomials are defined by

Kn(z) = 2°K,_1(2) + 2K, o(7) + K,_3(2) (1.4)
Ko(z) = 3, Ki(z) = 22, Ko(z) = 2% + 2z '
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Now, we recall the notion of d-orthogonal polynomials. A remarkable propetry
of the d-monic orthogonal polynomial sequence is that those sequences satisfy a

(d + 1)-order recurrence relation, written in the form

Pm+d+1(x) = (x_ﬁerd m+d Z’Yerd v m+d 1- 1/( )7 m > 07 (15)

with the initial conditions Py(z) =1, P_;(x) = 0. So, if d > 2:
Po(x) = (& — Bn-1) Zv” VP y(2), 2<n<d, (1.6)

and the regularity conditions 72, 170, m>0.

Definition 1. An d-orthogonal polynomial sequence { P, },>¢ is called d-classical
d-orthogonal polynomial sequence if both { P, },,>0 and its derivative {Pé tn>0 are

d-orthogonal. For more details, see [25].

In this contribution, we shall define a new useful operator denoted by % .
for which we can formulate, extend and prove new results based on our previous
ones, see [16], [3], [I8]. In order to determine generating functions of product of
k-Fibonacci, k-Lucas, k-Pell, k-Jacobsthal and Mersenne numbers with Tribonacci
and Tribonacci Lucas polynomials, we combine between our indicated past

techniques and these presented polishing approaches.

In Section 2, we introduce a new symmetric function and give some properties
of this symmetric function. We also give some more useful definitions which
are used in the subsequent sections, we prove our main result which relates
the symmetric function defined in the previous section with the symmetrizing
operator. This main theorem unifies several previously known results about the
generating functions. It is then used to find the product of Tribonacci polynomails
with some special numbers, in Section 3. In Section 4 Generatring functions of

some well-known numbers and Tribonacci Lucas polynomials.
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2 Definitions and Some Properties

In this section, we introduce a new symmetric function and give some properties
of this symmetric function [I} 2[4, 5, [6]. We also give some more useful definitions

from the literature which are used in the subsequent sections [8, O, [10] [16].

We shall handle functions on different sets of indeterminates (called alphabets,
though we shall mostly use commutative indeterminates for the moment). A
symmetric function of an alphabet A is a function of the letters which is invariant
under permutation of the letters of A. Taking an extra indeterminate z, one has

two fundamental series.

1

A (A) =aea(l+ za), 0,(A) = m,

the expansion of which gives the elementary symmetric functions A, (A) and the

complete functions S, (A) :
A) = An(A)2", 0.(A) = Su(A)z"
n=0 n=0

Let us now start at the following definition.

Definition 2. Let A and B be any two alphabets, then we give S, (A — B) by

the following form:

HbeB 1—Zb
m Zs A—B):" =0.(A- B), (2.1)

with the condition S, (A — B) =0 for n < 0 [1J.

Corollary 1. Taking A ={0,0,...0} in (2.1) gives

Myep(1 — 2b) ZS = \.(—B). (2.2)
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Further, in the case A = {0,0,...0} or B ={0,0,...0}, we have

> Sn(A - B)2" = 0.(A) x A\:(—B). (2.3)
n=0
Thus,
Su(A—B) = Sn_i(A)Sk(—B). (2.4)
k=0

Definition 3. [6] Let g be any function on R", then we consider the divided

difference operator as the following form

a$i$i+1(9) = 9@y, - @i i1, ) — 97 (21,0 i, Tiga, - -:L‘n),

Tj — Ti41

where g7 is given by
a
9% (x1, -, @iy Tig1, - Tp) = g1, - S i1, Tk 1, Ty Tik2 " Tn)-

Definition 4. [7] Given an alphabet E = {ej, e}, the symmetrizing operator
6 _is defined by

eres

k+n k+n
Sk (=22 g i(e1+en), forall kyne N
ereg \“1 e1 — €9 k+n—1\€1 2) ) .

In this part, The following propositions [1§] is one of the key tools of the proof

of our main results.

Proposition 1. Let A = {a1,—as} and E = {e1,e2,e3} two alphabets, we have
—S1 (=E)z — (a1 — a2)S2 (—E) 22
— ((a1 — a2)2 -+ a1a2)53 (—E) 23

H(l —ea2) H(l + eazz)

ecE eckE

> Sn(E)Sn-1(a1 + [~ag])2" = (2.5)
n=0

Proposition 2. Let A = {a1,—as} and E = {e1,e9,e3} two alphabets, we have
_ 1+4a1a25: (—-F) 22 + aas(ay + a)S3 (—E) 23

H(l —eayz) H(l + eazz)

ecE eckE

Z Sn(E)Sp(a1 + [—az])z"
n=0

(2.6)
From (2.6) we deduce

Earthline J. Math. Sci. Vol. 8 No. 2 (2022), 237-262



242 H. Merzouk, A. Boussayoud and V. Kanuri

2+ a1azSs (—F) 23 + araz(ay — az)S3 (—E) 2*

H(l —eaz) H(l + eayz)

eckE eck

> Sn1(E)Sp-1(A)2" = . (2.7)
n=0

Proposition 3. Given two alphabets E = {e1,e2,e3} and A = {a1, —aa}, we have
a1 —az)z — 81 (—E)ajazz?® — S5 (—F) a?a3z*

H(l —eaz) H(l + easz)

ecE eckE

D Sn1(E)Sn(A)z" = ( (2.8)
n=0

From (2.8) we deduce

(a1 + a2)z? — S1 (—E) ajazz® — S5 (—F) a?a32®

H(l —earz) H(l + eazz)

eck eck

> Sn-a(E)Sp-1(A)2" =
n=0

(2.9)
Proposition 4. Given two alphabets E = {e1,e2,e3} and A = {a1, —az}, we have

((a1 —as)? + alag) 22+ (a1 — a2)S1 (—E) 23

S n + 85 (—F) aja3e!
Sn_2(E)Sp(A)Z" = . (2.10
nzzo A E)Sn(4) H(l—ealz) H(l-i—eagz) (2.10)

ecE ecElR

3 Generating Functions of Binary Products of

Tribonacci Polynomials and Special Numbers

In this section, we are going to create the new generating functions of products
of Tribonacci polynomials and some numbers (k-Fibonacci, k-Lucas, k-Pell,

k-Jacobsthal and Mersenne) based on Propositions 1, 2, 3 and 4.

Theorem 1. Forn € N, the new generating function of the product of Tribonacci

polynomials and k-Fibonacci numbers is given by

S 1— 22— k23
To(x)Fippn2" =
nZ:o (x) kn? 1—k:v2z—((k2+2)x+x4) z2—(l<:2+3+;p3) 123

— (k:2 + 1) 2224 + kxz® — 26
(3.1)
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Proof. By [16], we have F},,, = Sy, (a1 + [—a2]). Then, we can see that

ZT Fknz = ZS n (a1 + [—ag]) 2"
N (a1+a2 (alzs @) +Q2ZS o) )

1 a1
(a1 + a2) (1 + S1(—E)a1z + Sa2(—E)a2z2 + S3(—E)a}z?

az
+1 — S1(—E)agz + S2(—E)a3z? — Sg(—E)ag’z?’) ’

by reduce to same denominator, we obtain the following result

ZT F o 1 +p1($)2’2 +p2(x)z3
BT ()2 + qa(2)2® + g3(2) 2% + qa(@) 2t + g5(2) 2 + ()25

where
pi(z) = a1a25 (—E),
p2(z) = aiaz(ar —a2)S3 (—E),
and
a(z) = (a1 —a2)51(—E),
@(r) = So(—E)(a1 - a2)? — a1a2(S1(~E)? - 255(~E)),
g3(r) = S3(—E)(a1 — az)’ — araz(a1 — az)(S1(—E)S2(—E) — 3S3(~ E)),
() = —amaz(a — az)’S3(—E)Si(—E) + aja3(S2(—E)? — 2S3(—E)S1(—E)),
g5(r) = afa353(~E)S2(—E)(a1 — as),
g(z) = —S3(—FE)%alas.

After a simple calculation, of p;(z) and ¢;(z) we obtain

ZT ) F 2" 1— 222 — k23
kn 1—kx22—((k2+2)x+a}4)22—(k2+3—|—a:3)kz3

— (k‘2 + 1) 22zt + kxz® — 26

This completes the proof. O
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Theorem 2. Forn € N, the new generating function of the product of Tribonacci
polynomials and k-Lucas numbers is given by
ZT Y 2 —ka?z — (2+ k?) w2® — k (k* + 3) 23
"1 ka?z— (> +2)z+a*) 2% — (K +3+2%) k2?
— (k:2 + 1) 2224 4+ kx2d — 20

(3.2)
Proof. We have [16]
Ly = 25, (a1 + [~a2]) — kSn_1 (a1 + [~a2]).
ZT )Lin2"
= Z S (E) (25, (a1 + [~az]) — kSn—1 (a1 + [~az])) 2"
= 225 o (a1 + [—as]) 2" —/-eZ;s ) Sn—1 (a1 + [~az]) 2"
= QréTn(x)Fk’nz” - (a1+ka2) (gs (a12)" Z S, (E)(—azz) )
= 2712)%@)&7”2” @ : a2) (1 S ( Bz + 52(—115)@%22 SN o) P

" 1—S1(—E)agz + So(—E)a2z? — Sg(—E)a§z3> ’

after some calculations we find

e | @) (@) (@)
2 Ta@Leaz" =23 Tula)Fins” — b | 7 +aqu(2)z + ¢2(2)2” + g3(2)2® |7

=0 =0 + qu(z)2* + g5(2)2° + g6() 28
where

pi(z) = =Si1(-E),

p2(x) = (a1 —a2)S (-E),

p3(z) = ((a1 —a2)® + ara2)S; (—E),
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and

a(z) = (a1—a2)51(-E),

@(r) = So(—E)(a1 — a)? — ara2(S1(—E)? - 255(—E)),

@(z) = S3(—E)(a1 —a2)’ — araz(ar — a2)(S1(—E)Ss(~E) — 3S3(—E)),

() = —aiaz(ar — a2)*S3(—E)S1(—E) + aja3(S2(—E)? — 283(—E)S1(—E)),
g5(r) = afa383(—E)S2(—E)(a1 — az),

gs(x) = —S3(—FE)’aias.

After a simple calculation, of p;(z) and ¢;(x) we obtain (3.2). O

Theorem 3. Forn € N, the new generating function of the product of Tribonacci

polynomials and k-Pell numbers is given by

22242222 + (4 + k) 23
ZT ) Prnz" 2 1y 2 3) .3
T 1222 — (2z (2+ k) + kat) 22 — 2 (3k + 4 + ka) 2
— (k4 4) 2224 + 2k%02° — k325
(3.3)
Proof. By referred to [16], we have
Prn = Sn-1 (a1 + [—az]).
ZT )Py = ZS ) Sn—1 (a1 + [—az]) 2"
= S S
ot (e - S Py
1 ( i
- (al + a2) 1+ 51(—E)a12 + 52(—E)Cl%2’2 + Sg(—E)aill’Z?’

1
11— S1(—E)agz + So(—E)adz? — S3(—E )a§z3>’

make some calculations, we get

p1(x)z — pa(x)2® — p3()2°

T x) P n )
Z hin?" 1y q1(2)2 4+ g2(2) 22 + q3() 23 + qu(x)2* + g5(2) 25 + gg(x) 26

Earthline J. Math. Sci. Vol. 8 No. 2 (2022), 257-262
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where

pi(z) = =Si1(-E),

p2(z) = (a1 —a2)S2(—E),

ps(z) = ((a1 —a2)* + a1a2)S3 (—F),
and
a(z) = (a1—a2)51(-E),
@(r) = Sa(—E)(a1 — az)? — a1as(S1(—E)* - 25:(—E)),
@3(x) = S3(—E)(a1 — a2)’ — aras(a1 — a2)(S1(—E)S2(—E) — 3S3(—E)),
wu(x) = —araz(ay —a2)?S3(—E)S1(—E) + a2a3(So(—E)? — 2S3(—E)S1(—E)),
g5(r) = aja3S3(—E)Sy(—E)(ar — az),
g(z) = —S3(—E)%aias.
Therefore

22242222 + (4 + k) 23
ZT VP 1—21‘22—(21‘(2+k‘)+k$4)22—2(3k+4+k$3)23
—k(k+4) 2224 + 2k%02° — k320

This completes the proof. ]

Theorem 4. Forn € N, the new generating function of the product of Tribonacci

polynomials and k-Jacobsthal numbers is given by

Z T (2)J 22z + kxz? + (2 + kg) 23
knz 1—l<:$22—((k:2—|—4):c—+—2x4)22—k:(k‘2+6—|—2x3)z3
-2 (k:2 + 2) 2224 + Akxz® — 826
(3.4)

Proof. Recall that, we have [16]

Jin = Sp-1 (a1 + [—az]) .
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ZT Jin" :ZS ) Snt (a1 + [az]) 2"

- a1+a2 (ZS (02" ZS “o) )

1 1

(a1 + a2) (1 + S1(—E)arz + Sa2(—E)a2z2 + S3(—E)a}z?
1

11— S1(—E)agz + So(—E)a2z? — S3(—E )a2z3>

by reduce to same denominator, we obtain the following result

p1(x)z — pa(x)2* — p3(x)2°

To(2)Jkm )
Z kn?" 1+ @1 (2)z 4+ q2(2) 22 + q3()23 + qu(x)2* + g5(2) 25 + ge(x) 26

where

p1<$) = =5 (_E) )

p2(z) = (a1 —a2)S (-E),

ps(z) = ((a1 —a2)* + a1a2)Ss (—E),
and
a(z) = (a1 —a2)51(-E),
@(r) = Sa(—E)(a1 — az)? — a1as(S1(—E)? - 25(—E)),
g3(x) = S3(—E)(a1 —az)’ — aras(a1 — a2)(S1(—E)S2(—E) — 3S3(—FE)),
u(x) = —araz(ay —a2)?S3(—E)S1(—E) + a2a3(So(—E)? — 2S3(—E)S1(—E)),
g5(r) = aja3S3(—E)Sy(—E)(ar — ag),
g(z) = —S3(—E)%aias.
Therefore

22z + kxz? + (2 + k2) 23
ZT k" l—k::L"Qz—((k2+4)x+2x4)22—k:(k:2+6—i—2x3)z3
-2 (k‘2 + 2) 222t + dkxz® — 826

This completes the proof. O
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Theorem 5. Forn € N, the new generating function of the product of Tribonacci

polynomials and Mersenne numbers is given by

i T n 222 + 3222 + 723
" © 11— 322z — (5 — 224) 22 — 3(3 — 223) 23 + 142224 + 12225 + 826"
(3.5)
Proof. Recall that, we have [3]
Mn = On—1 (al + [—CLQ]) .
o0 o0
Y Tu(@)Mp2" = ) Sn(E)Su i (a1 + [—ag]) 2"
n=0 n=0
= S S (
@ ta) (Z )(a1z)" Z —agz) >
_ 1 < 1
(a1 +a2) \1+ S1(—FE)arz + So(—E)a?z? + S3(—F)ajz?

1
1 S1(—E)agz + So(—F)a322 — S3(—FE )a§z3> ’

by reduce to same denominator, we obtain the following result

3

= - p1(2)z — pa(x)2? — p3(a)z
2 ) M = g P T @ T @ 1 6@ T 6@

where

pi(z) = =Si1(-E),
p2(x) = (a1 —a2)S (-E),
p3(z) = ((a1 —a2)® + ara2)Ss (—E),
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and

q(z) = (a1 —a2)Si(—F),

@(x) = Sy(—FE)(a; — a2)2 — alag(Sl(—E)2 —25(—F)),

@3(x) = Ss(—E)(a1 — az)® — araz(ar — az)(S1(—E)S2(—E) — 353(—E)),

@u(x) = —araz(ar — a2)’S3(—E)S1(—E) + ala3(S2(—E)* — 255(—E)S1(—E)),
gs(x) = aja3S3(—E)Sa(—E)(ar — az),

g6(x) = —Sg(—E)Qai’a%.

Therefore

oo 2 2 3

ZTn($)ann = 2 4 Qx s —2723 2.4 5 6
vt 1—3x%22 — (bx — 224) 22 — 3(3 — 223) 23 + 14a22% + 12225 + 82
This completes the proof. O

4 Generating Functions of Binary Products of
Tribonacci Lucas Polynomials and Well-Known

Numbers

Based on Propositions 1, 2, 3 and 4, we can state the following theorems
which represent the new generating functions of products of Tribonacci Lucas

polynomials and some well-known numbers.

Theorem 6. Forn € N, the new generating function of the product of Tribonacci

Lucas polynomials and k-Fibonacci numbers is given by

>0 3—2ka2z — (K2 +4+ 223 222+ k (a3 — 3) 23 — 2224
ZKn(:r:)kaz”: 1 — ka2 (2 )4 2 (2 ) 3N .3
o — :UZ—((k‘ +2)$+:E)z —(k‘ —|—3+m)kz
—(k:2+1) 2224 + kxz® — 26
(4.1)

Earthline J. Math. Sci. Vol. 8 No. 2 (2022), 237-262
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Proof. By [16], we have F},,, = Sy, (a1 + [—a2]). Then, we can see that

ZK ) Frn2"

= > (350 (B) — 22781 (E) — 2Sn_2 (E)) S (a1 + [—ag]) 2"
n=0
= 3ZT Fk nz VN (alen 1 al)z”—i—aQZSn_l(E)(—agz)”)
CL1 + a2 e
_m <CL1 Z Sn 2 alz)n + a9 ngo SnQ(E)(—CLQZ)n>
222 a’z
= 3) Th(x)Fy,2" — L
Z kin?" (a1 + az) (1 + S1(=E)arz + So(~E)aiz? + S3(—E)aiz?
- a%z
1 — Si(—E)agz + Sa(—E)a32? — S3(—E)a3z?

x a3z’

B (a1 + az) <1 + S1(—E)ar1z + Sg(—E')a%z2 + Sg(—E)CL?ZS
3.2
asz

1 — Si(=FE)agz + Sa(—E)a322 — S3(—E )a§z3> ’

_l’_

by using Proposition 1

then, by reduce to same denominator, we obtain the following result

2 3 4
ZK Fknz _3ZT Fk,‘n n pl(a;)Z‘i‘pQ(l')Z +p3§(]})2 +p4§x)z
14+ q1(2)z + qa(x) 2" + g3(x)z
+ qa(z)2* + g5(2)2° + g (z)2°

where

pi(z) = 2(a; — ag)2?,

pe(z) = —x (23:51(—E)a1a2 — (a1 — ag)* — a1a2> ,
p3(z) = =z(a1 —a2) Si(—E),

pa(z) = —x (2:L‘a1a2 3(—F) — G%G%SQ(—E)) ,
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= (al - CLQ)Sl( E),
= Sy(—FE)(a1 — a2)2 ayaz(S1(—F ) — 28 (—E)),
)

(2)
(2)
g3(r) = S3(—E)(a1 —az)’ — araz(a1 — az)(S1(—E)So(—E) — 3S3(~ E)),
(2)
(2)
(2)

@) = —aas(ar —a2)?S3(—E)Si(—E) + afa3(Sa(—E)? — 253(~E)Si(—E)),
gs(x) = aia553(—E)Sa(—FE)(a1 — a),
g6(r) = —Ss(—E)%ala3.

After a simple calculation, of p;(z) and ¢;(x) we obtain

—2kx2z—(/€2+4+2x3) :):z2+k(x3—3) 23— 2t
ZK ) Eie 2" 2 2 1 2 2 3N 1.3
T 1—kx z—((F*+2)z+a2) 22— (K* +3+2%) kz

—(k2+1) a2zt + ka2 — 26

This completes the proof. O

Theorem 7. Forn € N, the new generating function of the product of Tribonacci

Lucas polynomials and k-Lucas numbers is given by

6—5kx2z—2(2k2+4—|—2x)xz —k:(3l<:2+9 ) 3
Ko (o)L +2 (1 + kQ) :17224 + kx2®
Z k" l—kaZ—((k2+2)x+x4)22—(k2—|—3+m3)kz3
— (k2 + 1) 2224 + kxz® — 28
(4.2)

Proof. We have [16]

Ly, =25, (a1 + [—az]) — kS, (a1 + [—ag]) .

Earthline J. Math. Sci. Vol. 8 No. 2 (2022), 257-262
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o
ZKn )Lgn 2"

o0

= Z (3Sn (B) — 22251 (E) — 2Sp—2 (E)) (25n (a1 + [—a2]) — kSp—1 (a1 + [—a2

n=0

= 2 Z (35, (B) — 22%S,_1 (BE) — S,—2 (E)) Sy (a1 + [—as]) 2"
—k Z (38, (E) — 222S,_1 (E) — £Sn—_2 (E)) Sn—1 (a1 + [~az]) 2"
= QZK V2" — a1+a2 (ZS (a12)" ZS —asz) )
a1 (a1 + a) <Z Sn—1(E)(a12)" Z Sn-1( agz)”>
a1 (a1 + az) az) (Z Sn—2(E)(a12)" Z Sn—a( a22)”>

3k 1
=2 Z (@) Finz" + (a1 + a2) (1 + S1(—=E)aiz + S2(—E)a222 + Ss(—E)a3
1
11— S1(—E)agz + So(—E)a2z? — S3(—F )agz:”)
N ka2 < a1z
(a1 +a2) \1+ S1(—E)a1z + S2(—FE)a3z2 + S3(—E)a3jz?
asz
L. Si(=FE)agz + Sa(—E)a3z? — S3(—E )agz?’)
N ka < a?z?
(a1 +a2) \1+ S1(—E)a1z + S2(—E)a3z2 + S3(—E)a3z?
2,2

B a3z
1 — Si(—=FE)agz + Sa(—E)a222 — S3(—E)a3z3 )’

after Lemma 1, by reducing to the same denominator, and make some calculations,
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we find

ZK )Ljn 2" _2ZK ) Frn 2"

B ( p1()z + pa(2)2® + p3()2® + pa(x)2* + ps(x)2° )
14+ q(x)z + q2(2)22 + g3(x) 22 + qu(x)2* + ¢5(x)2° + g¢() 26
where
pi(z) = =381 (—F)—2z%
p2(z) = — (a1 —a2)S2 (—F) +z(a1 — az)),
p3(z) = —(3((a1 — a2)? 4 a1a2)S3 (—E) + 22%a1a25(—E) — zaya251(—E)),
pa(x) = —23:2(@1 — ag)a1a2S3(—F),
ps(x) = ma%a%S;z,(—E),
and
qa(z) = (a1 —a2)Si1(—E),
@(r) = S(—E)(a1 — az)? — a1as(S1(—E)* - 25:(—E)),
g3(x) = S3(—E)(a1 — az)’ — aras(a1 — a2)(S1(—E)S2(—E) — 3S3(—E)),
q4(£L') = —alag(al — a2)25’3(—E)51(—E) =+ a%a%(Sg(—E)Q — 253(—E)51(—E)),
g5(x) = afa3S3(—E)Sa(—E)(a1 — a2),
g(x) = —S3(—F) a“;’a%.
After a simple calculation, of p;(z) and ¢;(x) we obtain (4.2). O

Theorem 8. Forn € N, the new generating function of the product of Tribonacci

Lucas polynomials and k-Pell numbers is given by

22z + 4wz + (12 + 3k + kx3) 23+ 4ka22t — k222
ZK )P z" 2 1) .2 3 .3
T 1222 — (22 (24 k) + kat) 22 — 2 (3k + 4 + ka?) 2
—k(k+4) 222 + 2k%225 — k325
(4.3)
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Proof. By referred to [16], we have

Pyp = Sn—1 (a1 + [—az2]) .

ZK ) Pen2"

o0

= Z (3Sn (F) — QxQSn_l (E) —xSph—2 (E)) Sp—1 (a1 + [—ag]) 2"

n=0

= 3ZT Pknz — a1+a2 (an 1 alz ZSTL 1 agz)")
o0
(a1 + ag) (Z Sn—2(E)(a12)" ZSnQ(E)(—(IZZ)n>

222 a1z
=3 Z Tn(@Pen?” = ey (1 + S1(—E)arz + So(—E)alz? + S3(—E)d?
asz
" 1—S1(—E)agz + S3(—E Ja3z% — S3(—F )a§z3)
x a3z?
(a1 + a2) <1 + S1(=E)a1z + So(—E)a222 + S3(—FE)a3z3

2,2
azz

11— 51(—E)agz + So(—E)a2z? — S3(—F )a2z3>

after doing a simple calculation, we get

ZK ) Ppn 2" _3ZT ) Py 2"

B p1(2)z + pa(2)2® + p3()2® + pa(x)2* + ps(x)2°
14+ q(x)z + q2(x)22 + g3(x) 22 + qa(z)2* + ¢5(x)2° + q¢(x) 28’

where
= 2x2,

= z(a1 — ag),

(z)
(z)
p3(z) = 22°a1095: (—F) — xa1a251(—F),
(z) = 22°a1as (a1 —ag) S3(—FE),
(z)

= —wafa;S3(—E),

23
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and
qa(r) = (a1 —a2)S(—FE),
@(x) = Sy(—E)(a1 — az)® — a1az(S1(—E)* — 253(—E)),
@3(x) = Ss(—E)(a1 — az)® — araz(ar — az)(S1(—E)S2(—E) — 353(—E)),
@u(z) = —araz(ar — a2)’S3(—E)S1(—E) + ala3(S2(—E)* — 255(—E)S1(—E)),
gs(x) = aja3S3(—E)Sa(—E)(ar — az),
g(r) = —S3(—F) a“;’a%.
Therefore
22z + dxz? + (12 + 3k + kx3) 23 4 dka?zt — k2x2b
Z Kn(2)Pypz" 2 D .2 3\ .3
1222 (22 (2 + k) + kz*) 2% — 2 (3k + 4 4 ka?) 2
—k (k4 4)222* + 2k%x2° — k328
This completes the proof. O

Theorem 9. Forn € N, the new generating function of the product of Tribonacci

Lucas polynomials and k-Jacobsthal numbers is given by

Z Ko ()] 22z + 2kxz? + (2303 +3k% + 6) 23 4 4ka?zt — da2b
an ka:Qz—((k2+4)x+2x4) z2—k(k2+6+2m3) 23
1—-2 (k2 + 2) 222t + dkxz® — 826
(4.4)

Proof. Recall that, we have [16]

Jin = Spo1 (a1 + [—az]) .
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ZK Jknz

o0

— Z (3Sn (E) — QZL'QSnfl (E) — l’Snfg (E)) Snfl (a1 + [—CLQD Zn
n=0

= 3ZT ) enz" — (a1 + a2) (ZS" 1(E)(a12)" ZS" i azz)n>
@t (an 2(E)(a12)" an 2 aﬂ)”)

22 a1z
= 3 To(2)Jkn2" —
Z k" (a1 + az) (1 + S1(—E)a1z + S2(—E)a2z2 + S3(—E)a}z?

asz

11— S1(—E)agz + Sy(—E)a3z2 — S3(—E )6@23)
2.2

x ajz
(a1 + az) (1 + S1(=E)aiz + S2(—E)aiz? + S3(—E)ajz

2.2
B a3z
1 —Si1(—=E)agz + Sa(—FE )a222 S3(—F )a§z3) ’

by reducing to the same denominator, we obtain the following result

ZK ) T2 _3ZT )T 2"

p1(x)z + pa(x)2° + p3(x)2° 4 pa(x)z* + ps(x)2°
1+ qi1(z)z + q2(2)22 + q3(2) 2% + qu(x)2* + ¢5(2)25 + g6(x) 20’

where

pi(z) = —22°

p2(z) = —z(a1 — az),

p3(x) = — (2x2a1a232 (—F) — alagxsl(—E)) ,
pa(z) = —22%a1a9 (a1 — ap) S3(—E),

ps(x) = waja3Sz(—E),
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and
a(r) = (a1 —a2)S1(—F),
@(x) = Sy(—E)(a1 — az)® — a1az(S1(—E)* — 253(—E)),
@3(z) = S3(—E)(a1 — az)® — araz(ar — az)(S1(—E)S2(—E) — 353(—E)),
@(z) = —aiaz(ar — az)?S3(~E)Si(—E) + afa3(S2(—E)? — 283(~E)S1(—E)),
gs(x) = afa3S3(—E)Sy(—E)(a1 — as),
gs(x) = —S3(—F)%ala3.
Therefore
22z + 2kxz? + (2x3 +3k2 + 6) 23 4 4ka?2t — 422
Z Kn(2) Jenz" 2 2 2 2 3\ .3
1—kz%z — ((k: +4)$—i—2x )z —k(k + 6+ 2z )z
-2 (k2 + 2) 222t + dkxz® — 826

This completes the proof. O

Theorem 10. Forn € N, the new generating function of the product of Tribonacci

Lucas polynomials and Mersenne numbers is given by

i i n 22z + 6122 + (21 — 2303) 23 — 122224 — 422
n

T 1- 322z — (b — 224) 22 — 3 (3 — 223) 23 + 142224 + 12225 4 826~

(4.5)

Proof. Recall that, we have [3]

M, = 5,1 (al + [_aQ]) :

Earthline J. Math. Sci. Vol. 8 No. 2 (2022), 257-262



258 H. Merzouk, A. Boussayoud and V. Kanuri

i;ﬂ

— Z (3Sn (E) — QZL'QSnfl (E) — l’Snfg (E)) Snfl (a1 + [—CLQD Zn
n=0

= 3ZT VM, 2" — a1+a2 (ZSnl )(a12)" an 1( a22)n>
@t (an 2(E)(a12)" an 2 aﬂ)”)

222 a1z
= 3 Ton(x)Myz" —
Z & (a1 + az) <1 + S1(—E)a1z + S2(—E)a222 + S3(—E)a}z?

asz

11— S1(—E)agz + Sy(—E)a3z2 — S3(—E )6@23)
2.2

x ajz
(a1 + az) (1 + S1(=E)aiz + S2(—E)aiz? + S3(—E)ajz

2.2
B a3z
1 —Si1(—=E)agz + Sa(—FE )a222 S3(—F )a§z3) ’

by reducing to the same denominator, we obtain the following result

o0 [e.e]
ZKn(CL‘)MnZn = 3ZTn(x)M z
n=0 n=0

p1(x)z + pa(x)2® + p3(x)2° + pa()z* + ps(x)2°
1+ q1(2)z 4 q2(2)22 + g3(x) 2% + qa(x)2* + ¢5(2)2° + g6 ()28’

where

pi(z) = —22°

p2(z) = —z(a1 — az),

p3(x) = — (2x2a1a232 (—F) — ﬂzalagSl(—E)) ,
pa(z) = —22%a1a9 (a1 — ap) S3(—E),

ps(x) = waja3Sz(—E),
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and

a(r) = (a1 —a2)S1(—FE),

@(x) = So(—E)(ar — a2)? — araz(S1(—E)* — 29(—E)),

g3(r) = S3(=E)(a1 —a2)’ — araz(a1 — a2)(S1(—E)S2(—E) — 3S3(~ E)),

q(z) = —aiaz(ar — az)’S3(—E)S1(—E) + aja3(S2(—E)* — 253(—E)S1(—E)),
gs(x) = afa3Ss(—E)Sy(—FE)(a1 — as),

g6(z) = —S3(—E)*aja3.

Therefore

i Koy () My " = i 22z + 6:1:,242 —|—2(21 — 6:)63) zj —312$2242—44$Z5 i .
= 1—3222z — (bx — 2x%) 22 — 3(3 — 223) 23 + 14a?2% + 12225 + 82
This completes the proof. O

5 Conclusion

In this paper, the new theorems has been proposed in order to determine the
generating functions. The proposed theorems is based on the symmetric fonctions.

The obtained results agree with the results obtained in some previous works.
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