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Abstract 

In this article, we define a certain new class of multivalent analytic functions with 

negative coefficients on complex Hilbert space. We derive a number of important 

geometric properties, such as, coefficient estimates, radii of starlikeness and convexity, 

extreme points and convex set. 

1. Introduction  

Let pA  indicate the family of functions f of the form 

 ( ) { }( )∑
∞

=

+
+ =∈+=

1

,...,2,1

n

pn
pn

p
pzazzf N  (1.1)  

which are analytic and multivalent in the open unit disk { }.1: <∈= zzU C  

Also, let pS  denote the subclass of pA  consisting of functions of the form 
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 ( ) ( { })∑
∞

=
+

+
+ =∈≥−=

1

....,2,1,0

n

pn
pn

pn
p

pazazzf N  (1.2)  

Denote by H the Hilbert space on the complex field and T by a linear operator on H. 

For a complex analytic function f on the open unit disk U. The operator on H, indicated 

by ( ),Tf  is defined by the well-known Riesz-Dunford integral [2]. 

( ) ( ) ( )∫
−−

π
=

c
dzTzIzf

i
Tf ,

2

1 1  

where I is the identity operator on H, c is a positively oriented simple closed rectifiable 

contour lying in U and containing the spectrum ( )Tσ  of T in its interior domain [3]. Also 

( )Tf  can be defined by the series 

( )
( )( )

∑
∞

=
=

0

,
!

0

n

n
n

T
n

f
Tf  

which converges in the norm topology [4]. 

Now, we define the class ( )TWS p ,,, βαδ  consisting of the functions pSf ∈  such 

that 

  
( ) ( )
( ) ( )

,
2

pp
TfTf

TfTpp

<−
β−α

′β−αδ
 (1.3) 

where ,10 <δ<  ,11 ≤α<β≤−  ,0≠α  ,0≠β  N∈p  and for all operator T with 

∅≠< TT ,1  ( ∅  denote the zero operator on H). 

The operator on Hilbert space were considered recently by Yu [8], Joshi [6], Kim et 

al. [1], Ghanim and Darus [5], Selvaraj et al. [7] and Wanas and Frasin [9]. 

2. Main Results 

Theorem 2.1. Let pSf ∈  be given by (1.2). Then ( )TWSf p ,,, βαδ∈  for all 

∅≠T  if and only if 

[ ( ) ( ) ( )]∑
∞

=
+

++ β−α+β−α+δ
1n

pn
pnpnpp

appn  
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( ) ( ).121
2

−δ−β−α≤ ppp
                                                          (2.1) 

where .,0,0,11,10 N∈≠β≠α≤α<β≤−<δ< p  

The result is sharp for the function given by 

 ( ) ( ) ( )
[ ( ) ( ) ( )]

.1,
2

121 ≥
β−α+β−α+δ

−δ−β−α−= +
++ nz

ppn

p
zzf

pn

pnpnpp

pp
p  (2.2) 

Proof. Let the inequality (2.1) holds. It is enough to show that 

( ) ( ) ( ) ( )( ) ( ) ( ) .2 TfTfpTfTfpTfT
pp β−α<β−α−′β−αδ  

We consider 

( ) ( ) ( ) ( )( ) ( ) ( )TfTfpTfTfpTfT
pp β−α−β−α−′β−αδ2  

( ) ( ) ppp
Tp β−α−δ= 12  

[ ( ) ( ) ( )]∑
∞

=

+
+

++ β−α−β−α+δ−
1

2

n

pn
pn

pnpnpp
Tappn  

( ) ( )∑
∞

=

+
+

++ β−α−β−α−
1n

pn
pn

pnpnppp
TaTp  

( ) ppp
Tp β−α−δ≤ 12  

[ ( ) ( ) ( )]∑
∞

=

+
+

++ β−α+β−α+δ+
1

2

n

pn
pn

pnpnpp
Tappn  

( ) ( )∑
∞

=

+
+

++ β−α+β−α−
1n

pn
pn

pnpnppp
TapTp  

[ ( ) ( ) ( )]∑
∞

=
+

++ β−α+β−α+δ≤
1

2

n

pn
pnpnpp

appn  
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( ) ( ) .0121 ≤−δ−β−α− pp
p  

Therefore, ( ).,,, TWSf p βαδ∈  

To show the converse, let ( ).,,, TWSf p βαδ∈  Then 

( ) ( ) ( ) ( )( ) ( ) ( ) ,2 TfTfpTfTfpTfT
pp β−α<β−α−′β−αδ  

gives 

( ) ( ) [ ( ) ( ) ( )]∑
∞

=

+
+

++ β−α−β−α+δ−β−α−δ
1

212

n

pn
pn

pnpnppppp
TappnTp  

( ) ( ) .

1

∑
∞

=

+
+

++ β−α−β−α<
n

pn
pn

pnpnppp
TaTp   

Setting ( )10 <<= rrIT  in the above inequality, we have 

( ) [ ( ) ( ) ( )]

( ) ( )
.

212

1

1 p

rar

rappnrp

n

pn
pn

pnpnppp

n

pn
pn

pnpnppppp

<
β−α−β−α

β−α+β−α+δ+β−α−δ

∑
∑

∞

=
+

+
++

∞

=
+

+
++

 

(2.3) 

Upon clearing denominator in (2.3) and letting ,1→r  we obtain 

( ) [ ( ) ( ) ( )]∑
∞

=
+

++ β−α+β−α+δ+β−α−δ
1

212

n

pn
pnpnpppp

appnp  

( ) ( )∑
∞

=
+

++ β−α−β−α<
1

.

n

pn
pnpnppp

aprp   

Thus 

[ ( ) ( ) ( )] ( ) ( ),121
2

1

−δ−β−α≤β−α+β−α+δ∑
∞

=
+

++ pp

n

pn
pnpnpp p

appn  

which completes the proof.  
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Corollary 2.1. If ( ),,,, TWSf p βαδ∈  then 

( ) ( )
[ ( ) ( ) ( )]

.1,
2

121 ≥
β−α+β−α+δ

−δ−β−α≤ +++ n
ppn

p
a

pnpnpp

pp

pn  

Theorem 2.2. If ( )TWSf p ,,, βαδ∈  and ,,1 ∅≠< TT  then 

( ) ( )
[ ( ) ( ) ( )]

( )TfT
pp

p
T

p

pppp

pp
p ≤

β−α+β−α+δ
−δ−β−α− +

++
1

1112

121
 

( ) ( )
[ ( ) ( ) ( )]

1

1112

121 +
++ β−α+β−α+δ

−δ−β−α+≤ p

pppp

pp
p

T
pp

p
T  

and 

( ) ( ) ( )
[ ( ) ( ) ( )]

( )TfT
ppn

pnp
Tp

p

pnpnpp

pp
p ′≤

β−α+β−α+δ
−δ−β−α+− ++

−

2

1211
 

( ) ( ) ( )
[ ( ) ( ) ( )]

.
2

1211 p

pnpnpp

pp
p

T
ppn

pnp
Tp ++

−

β−α+β−α+δ
−δ−β−α+

+≤  

Proof. According to Theorem 2.1, we have 

( ) ( )
[ ( ) ( ) ( )]∑

∞

=
+++

β−α+β−α+δ
−δ−β−α≤

1
11

.
12

121

n
pppp

pp

pn
pp

p
a  

Thus 

( ) ∑ ∑
∞

=

∞

=
+
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+ −−≥−≥

1 1

1

n n
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pppn

pn
p

aTTTaTTf  

( ) ( )
[ ( ) ( ) ( )]

.
12

121 1
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+
++ β−α+β−α+δ

−δ−β−α
−≥ p

pppp

pp
p

T
pp

p
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Also, 

 ( ) ∑
∞

=

+
++≤

1n
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pn

p
TaTTf  
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( ) ( )
[ ( ) ( ) ( )]

.
12

121 1

11

+
++ β−α+β−α+δ

−δ−β−α+≤ p

pppp

pp
p

T
pp

p
T  

In the light of Theorem 2.1, we obtain 

( ) ( ) ( ) ( )
[ ( ) ( ) ( )]∑

∞

=
+++

β−α+β−α+δ
−δ−β−α+≤+

1

.
2

121

n
pnpnpp

pp

pn
ppn

pnp
apn  

Hence 

 ( ) ( )∑
∞

=

−+
+

− +−≥′
1

11

n

pn
pn

p
TapnTpTf  

( )∑
∞

=
+

− +−≥
1

1

n
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pp

apnTTp  

( ) ( ) ( )
[ ( ) ( ) ( )]

p

pnpnpp

pp
p

T
ppn

pnp
Tp ++

−

β−α+β−α+δ
−δ−β−α+−≥

2

1211
 

and 

( ) ( )∑
∞

=
+

− ++≤′
1

1

n

pn
pp

apnTTpTf  

( ) ( ) ( )
[ ( ) ( ) ( )]

.
2

1211 p

pnpnpp

pp
p

T
ppn

pnp
Tp ++

−

β−α+β−α+δ
−δ−β−α++≤  

Therefore the proof is complete. 

Theorem 2.3. If ( ),,,, TWSf p βαδ∈  then f will be multivalent starlike of order 

( )p<θ≤θ 0  in the disk ,1rz <  where 

( )[ ( ) ( ) ( )]
( ) ( ) ( )

( ).1,
121

2
inf

1

1 ≥












−δ−β−αθ−+
β−α+β−α+δθ−=

++
n

pnp

ppnp
r

n

pp

pnpnpp

n
 

The result is sharp for the function f given by (2.2). 
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Proof. It is sufficient to show that 

  
( )

( )
.θ−≤−

′
pp

Tf

TfT
 (2.4) 

We get 

( )
( )

.

1

1

1

∑

∑
∞

=
+

∞

=
+

−

≤−
′

n

n
pn

n

n
pn

Ta
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p
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TfT
 

Hence (2.4) will be satisfied if 

 ∑
∞

=
+ ≤









θ−
θ−+

1

.1

n

n
pn Ta

p

pn
 (2.5)  

In the light of Theorem 2.1, if ( ),,,, TWSf p βαδ∈  then 

  
[ ( ) ( ) ( )]

( ) ( )∑
∞

=
+

++
≤

−δ−β−α
β−α+β−α+δ

1

.1
121

2

n

pnpp

pnpnpp

a
p

ppn
 (2.6) 

By making use of (2.6), we see that (2.5) holds true if 

[ ( ) ( ) ( )]
( ) ( )121

2

−δ−β−α
β−α+β−α+δ≤

θ−
θ−+ ++

pp

pnpnpp
n

p

ppn
T

p

pn
 

or equivalently 

( )[ ( ) ( ) ( )]
( ) ( ) ( )

.
121

2

1

n

pp

pnpnpp

pnp

ppnp
T













−δ−β−αθ−+
β−α+β−α+δθ−≤

++
 

This gives the desired result. 

Theorem 2.4. If ( ),,,, TWSf p βαδ∈  then f is multivalent convex of order 

( )p<θ≤θ 0  in the disk ,2rz <  where 
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( )[ ( ) ( ) ( )]
( ) ( ) ( ) ( )

( ).1,
121

2
inf

1

2 ≥












−δ−β−αθ−++
β−α+β−α+δθ−=

++
n

pnpn

ppnp
r

n

pp

pnpnpp

n
 

The result is sharp for the function f given by (2.2). 

Proof. It is sufficient to show that 

( )
( )

.1 θ−≤−+
′
′′

pp
Tf

TfT
 

The result follows by application of arguments similar to the proof of Theorem 2.3. 

Theorem 2.5. Let ( ) p
zzf =0  and 

( ) ( ) ( )
[ ( ) ( ) ( )]

.1,
2

121
≥

β−α+β−α+δ
−δ−β−α

−= +
++ nz

ppn

p
zzf

pn

pnpnpp

pp
p

n  

Then ( )TWSf p ,,, βαδ∈  if and only if it can be expressed in the form: 

  ( ) ( )∑
∞

=
λ=

0

,

n

nn zfzf  (2.7) 

where 0≥λn  and ∑
∞

= =λ
0

.1
n n  

Proof. Assume that f can be expressed by (2.7). Then, we find that 

( ) ( ) ( ) ( )∑ ∑
∞

=

∞

=
λ+λ=λ=

0 0

00

n n

nnnn zfzfzfzf   

( ) ( )
[ ( ) ( ) ( )]∑

∞

=

+
++ λ

β−α+β−α+δ
−δ−β−α−=

1

.
2

121

n

pn
npnpnpp

pp
p

z
ppn

p
z  

Thus 

[ ( ) ( ) ( )]
( ) ( )∑

∞

=

++

−δ−β−α
β−α+β−α+δ

1 121

2

n
pp

pnpnpp

p

ppn
 

( ) ( )
[ ( ) ( ) ( )] npnpnpp

pp

ppn

p λ
β−α+β−α+δ

−δ−β−α× ++2

121
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∑
∞

=
≤λ−=λ=

1

0 ,11

n

n  

and so ( ).,,, TWSf p βαδ∈  

Conversely, suppose that f given by (1.2) is in the class ( ).,,, TWS p βαδ  Then by 

Corollary 2.1, we have 

( ) ( )
[ ( ) ( ) ( )]

.
2

121

pnpnpp

pp

pn
ppn

p
a +++

β−α+β−α+δ
−δ−β−α≤  

Putting 

[ ( ) ( ) ( )]
( ) ( )

,1,
121

2 ≥
−δ−β−α

β−α+β−α+δ=λ
++

na
p

ppn
npp

pnpnpp

n  

and ∑
∞

= λ−=λ
10 .1

n n  Then 

( ) ∑
∞

=

+
+−=

1n

pn
pn

p
zazzf  

( ) ( )
[ ( ) ( ) ( )]∑

∞

=

+
++ λ

β−α+β−α+δ
−δ−β−α−=

1 2

121

n

pn
npnpnpp

pp
p

z
ppn

p
z  

( ( )) ( )∑ ∑∑
∞

=

∞

=

∞

=
λ+














λ−=λ−−=

1 11

1

n n

nn
p

n

nnn
pp

zfzzfzz  

( ) ( ) ( )∑ ∑
∞

=

∞

=
λ=λ+λ=

1 0

00 ,

n n

nnnn zfzfzf   

 which completes the proof. 

Theorem 2.6. The class ( )TWS p ,,, βαδ  is a convex set. 

Proof. Let 1f  and 2f  be the arbitrary elements of ( ).,,, TWS p βαδ  Then for every 

( ),10 ≤≤ tt  we show that ( ) ( ).,,,1 21 TWStfft p βαδ∈+−  Thus, we obtain 
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( ) (( ) )∑
∞

=

+
++ +−−=+−

1

21 .11

n
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p
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Hence 

[ ( ) ( ) ( )](( ) )∑
∞

=
++

++ +−β−α+β−α+δ
1

1

n

pnpn
pnpnpp

tbatppn  

( ) [ ( ) ( ) ( )]∑
∞

=
+

++ β−α+β−α+δ−=
1

1

n

pn
pnpnpp

appnt  

[ ( ) ( ) ( )]∑
∞

=
+

++ β−α+β−α+δ+
1n

pn
pnpnpp

bppnt  

( ) ( ) ( ) ( ) ( )121
2

1211
2

−δ−β−α+−δ−β−α−≤ pppp
t

p
t

p
 

( ) ( ).121
2

−δ−β−α= ppp
 

This completes the proof. 
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