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Abstract

In this article, we define a certain new class of multivalent analytic functions with
negative coefficients on complex Hilbert space. We derive a number of important
geometric properties, such as, coefficient estimates, radii of starlikeness and convexity,

extreme points and convex set.

1. Introduction

Let A p indicate the family of functions f of the form

[e)

FR)=2P + > a,,"P (pON={1,2,.}), (1.1)

n=1
which are analytic and multivalent in the open unitdisk U ={z O C:|z| < 1}.

Also, let §, denote the subclass of A p consisting of functions of the form
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o)

FR) =27 =D ap,d"P (4, 20, pON={1,2,.}). (12)
n=1

Denote by H the Hilbert space on the complex field and 7 by a linear operator on H.
For a complex analytic function f on the open unit disk U. The operator on H, indicated

by f(T), is defined by the well-known Riesz-Dunford integral [2].

1 -1
r)=— ) -T) d,
10 == r@ -1

where [ is the identity operator on H, c is a positively oriented simple closed rectifiable

contour lying in U and containing the spectrum o(7') of T in its interior domain [3]. Also

f(T) can be defined by the series

which converges in the norm topology [4].
Now, we define the class WS, (3, a, B, T) consisting of the functions f [0 S p such
that

28(a” ~BP)1f'(T)
f(aT) - f(BT)

—p|<p (1.3)

where 0 <0<, —1<fB<ac<l, a#0, B#0, pON and for all operator T with
[T|<1T#0O (O denote the zero operator on H).

The operator on Hilbert space were considered recently by Yu [8], Joshi [6], Kim et
al. [1], Ghanim and Darus [5], Selvaraj et al. [7] and Wanas and Frasin [9].

2. Main Results

Theorem 2.1. Let f LS, be given by (1.2). Then fUWS, (5, a,B, T) for all
T £ 0O if and only if

[ee]

> (80 + p)(a? - B7) + p(a™? =B lays,

n=1
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sg(a” -BP)(1 -] 25 -1]). 2.1)

where 0 <d<1,-1<B<a<l,az0,p£0, pON.

The result is sharp for the function given by

flz)=2F - pla” ~B")(1 =] 25 -1]) P onzl. (22)
208(n + p)(a? = BP)+ p(a”* P - B )]

Proof. Let the inequality (2.1) holds. It is enough to show that

[28(a” = BP)If(T) = p(f(aT) = FBT))| < pl f(aT) = F(BT)].

We consider
|128(a” = BP)1f'(T) = p(f(aT) = F(BT))| - pll f(aT) = F(BT)]

- H p(25-1)(a? - B7)T”

= D [28(n + p)(a” =BP) = p(a”™*P =B P )., TP

n=l1

(aP =BP)T7 =3 (@7 = B"*P)ay TP

n=l1

4

< pl25-1][(a” =B)|T 7

£ [28(n+ p)(a? ~BP)+ p(a™* 7 =B Y]ay | T

n=1

= p(a? =B TP+ pD (" =B P )y, | T |7

n=l1

<3 2050 + p)(@? - B7) + p(a™? - B P)a, s,

n=l1
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- pla? -BgP)(1-]28-1[)<0
Therefore, f O WSp(5, a, B, T).
To show the converse, let f OWS, (5, a, B, T). Then

128(a” = BP)If'(T) = p(f (aT) = f(BT)) < pll f(aT) = FBT)|.

gives

p(28=1)(a” =BP)T? = [28(n + p)(a? =BP) = p(a"*P = B"*P)]a,, ,T"*7

n=1

00

(@ =17 - S0 g a7 |

n=1

<p

Setting T = rl (0 < r < 1) in the above inequality, we have

A28=11(a? =BP)r? + 3" [28(n + p)(a? ~BY)+ pla*? =B, r" P

(2]
(a? =BP)r? _anl(an+p _Bn+p)an+prn+p

<p,

(2.3)

Upon clearing denominator in (2.3) and letting r — 1, we obtain

p|25=1](a? =BP)+ Y [28(n + p)(a” =)+ p(a™*? =B" P )a,s,

n=1

[oe]
< pla? =pP)r? —pZ(G"+p ~B"" )y -
n=l1

Thus

S 06+ p)(@? ~B7)+ p(a™P ~B*P)aye, < <Z(a” -pr)(1-[25-1]),

n=1

which completes the proof.
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Corollary 2.1. If f OWS (3, a, B, T), then

o s p(a? -BP)(1-]25-1]) -
TP 0L8(n + p)(aP - BP) + p(a™tP - P

Theorem 2.2. [f f OJWS, (d,a,B,T)and |T| <1, T # 0, then

b pla? -p)(-]25-1] o
T et e @ -7y ptart gy =10

pla? =pP)(1-[25-1]) "T"p+1
2A3(p +1)(a” = B7) + p(a?*! —pP*h)

<|T|”+

and
p-1 __ pln+p)(a” -pP)(1-]25~1]) P g
ATl 23(n + p)(a” = BP)+ p(a™*P =B =1l

<Pt Ll p)a” BN =281]) pp
2As(n + p)(a” - B7) + pla”*” —B"P)
Proof. According to Theorem 2.1, we have
3 ey 5 PA0" B 26- 1)
n - .
=T 2ds(p +1)(af =BP) + pla”! - B
Thus
LAONZITI = F ans I TIP 2|71 =T 17 = Yy
n=l n=l1
P _RP\(1 - _
S P TS it 10 Gl ot Y PV}
208(p +1)(a” ~B7) + pla?™ -7
Also,

o0

I F@ISITI? + Y apep | TI™P

n=1
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S”T”p + p(ap _Bp)(l_” 26_1") ||T||p+1.
203(p +1)(a? = BP) + p(a”™! - P

In the light of Theorem 2.1, we obtain

i(n+p)a < pntp)(a? -pr){1-|25-1|)

n=1 "R o[8(n + p)(af - BP)+ p(a™tP - pitP)]
Hence
L@z Al TIP™ =3+ Pl | TP
n=1
2| TP =TI (0 + p)age,
n=1
P DR Gy ) C i [ L et Y I
o+ (e )+ (a7 )
and

[o0)

L@ pIT |7 +IT 1P Y (1 + p)ags,

n=l1

<p|T|Pt + p(n+ p)(a” ‘Bp)(l—ﬂf5_1!l)+ IT|P.
2[3(n + p)(a? =BP)+ p(a" P =B )]

Therefore the proof is complete.
Theorem 2.3. If f O WSp(5, a, B, T), then f will be multivalent starlike of order
8(0 <8< p) inthedisk | z| < r, where

1
{%p-@hw+pﬂap—WW+Mu“p-W”U%ﬂ(nzu
pln+p—8)(a” —p7)(1-[25-1)

n-= inf
n

The result is sharp for the function f given by (2.2).
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Proof. It is sufficient to show that

70 pl<p-o 24
Hf(T) 4 R ¢4

We get

R =
1= anp| T "
n=1
Hence (2.4) will be satisfied if
c n+p- 0 n
Z(ﬁ]anﬂ,n T|"<1. (2.5)

n=1

In the light of Theorem 2.1, if f O WS, (3, a, B, T), then

§ 2800+ p)(a” ~B7) + pla™" ")
2T @ (- 2-1))

By making use of (2.6), we see that (2.5) holds true if

ey <1 (2.6)

0t p =0 28+ p)(a” =)+ pla B
p-8 pla’ =B?)(1-| 25-1])

or equivalently

1
HE {Z(P - 0)[8(n + p)(a” ~B) + p(a"*? - s"w)]}".
pln+ p-8)(a? -P)(1-]25-1])

This gives the desired result.

Theorem 2.4. If f DWSp(é, a,B, T), then f is multivalent convex of order
8 (0 <0< p) inthedisk | z| < ry, where
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n = inf
n

1

{2(19 ~6)[8(n + p)(a” —B%) + p(a""” - B"”’)]}", (n21).
(n+p)(n+p-0)(a? -B")(1-]25~1])

The result is sharp for the function f given by (2.2).

Proof. It is sufficient to show that

H Tf"

<p- 0.

The result follows by application of arguments similar to the proof of Theorem 2.3.

Theorem 2.5. Let f(z) = z¥ and

S U O B el N
= S )@ =) % pla T g

Then f UWS, (3, a, B, T) if and only if it can be expressed in the form:

DR WAC! )
=0

where N, 2 0 and Z::o)‘n =1

Proof. Assume that f can be expressed by (2.7). Then, we find that

f(Z) = Z)‘nfn( OfO Z)‘nfn
n=0

O S Ul (et IS
S oo + p)(a? ~BP) + p(a™? ~FT7)]

Thus
2[3(n + p)(a? =B”) + p(a”"" P —p"P)]
p(a? —BP)(1-28-1)

2

n=1
p(a” -p”)(1 258 -1])

203(n + p)(a” =B7) + p(a”™*? —p"P) "
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and so f DWSp(é, a, B, 7).

Conversely, suppose that f given by (1.2) is in the class WS, (3, a, B, T). Then by
Corollary 2.1, we have

. pla” -p")(-[28-1)
n p 2[6(n+ p)(o(p _BP)+ p( n+p _Bn+17)]

Putting

_ 203(n + p)(a? —B”) + p(a""? - B"7)]

)\n ns N2 1,
p(a? =BP)(1-]25-1])
and Ay =1 —Z:::l)\n. Then
F2) =2 =) gy

n=1

_ i pla? —=pP)(1-]25-1]) A D
n:12[5n+p (a? =BP)+ p(a™*? - p"*P)]

= z? _fn(Z {I_Z)\njzp -'-Z)\nfn(Z
n=1

_)‘OfO Z)‘nfn Z)‘nfn

which completes the proof.

Theorem 2.6. The class WS > (5, a, B, T) is a convex set.

Proof. Let f| and f, be the arbitrary elements of WS, (3, a, B, T). Then for every
1(0<r<1), we show that (1 -1) f; +1f, OWS,(3, o, B, T). Thus, we obtain
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I=0)fi +tfy = 2P =D (1= aysp +thys )" 7.
n=l1
Hence
D [8(n + p)(a? =BP) + p(a™* P =B PN~ )aysp + thys )
n=1

S-S [+ p)(aP ~B)+ PP B,

n=l1

+13 [8(n + p)(a? =BP) + p(a™*? =P )b, ,

n=1

l\.)|"B

(1-2)(a? —B”)(l-||25-1||)+§ t(a?” =pP)(1-]25-1)

=2 (a” -p7) (-] 28 -1])).
This completes the proof.
References
[1] Y.C.Kim,J. S. Lee and S. H. Lee, A certain subclass of analytic functions with negative

coefficients for operators on Hilbert space, Math. Japon. 47(1) (1998), 115-124.

[2] N. Dunford and J. T. Schwartz, Linear Operators, Part I, General Theory, New York-
London: Interscience Publishers, 1958.

[3] K. Fan, Analytic functions of a proper contraction, Math. Z. 160 (1978), 275-290.
https://doi.org/10.1007/BF01237041

[4] K. Fan, Julia’s lemma for operators, Math. Ann. 239 (1979), 241-245.
https://doi.org/10.1007/BF01351489

[5] F. Ghanim and M. Darus, On new subclass of analytic p-valent function with negative
coefficients for operator on Hilbert space, Int. Math. Forum 3(2) (2008), 69-77.

[6] S. B. Joshi, On a class of analytic functions with negative coefficient for operators on
Hilbert Space, J. Appr. Theory and Appl. (1998), 107-112.

http://www.earthlinepublishers.com



New Family of Multivalent Analytic Functions Defined on Complex Hilbert Space 165

(7]

(8]

[9]

C. Selvaraj, A. A. J. Pamela and M. Thirucheran, On a subclass of multivalent analytic
functions with negative coefficients for contraction operators on Hilbert space, Int. J.
Contemp. Math. Sci. 4(9) (2009), 447-456.

Xiao Pei Yu, A subclass of analytic p-valent functions for operator on Hilbert Space,
Math. Japon. 40(2) (1994), 303-308.

A. K. Wanas and B. A. Frasin, Applications of fractional calculus for a certain subclass of
multivalent analytic functions on complex Hilbert space, General Mathematics 26(1-2)
(2018), 11-23.

Earthline J. Math. Sci. Vol. 3 No. 1 (2020), 155-165



