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Abstract

In the present article, we define a new family for holomorphic functions (so-called
Bazilevic-Sakaguchi type functions) and determinate strong differential subordination
and superordination results for these new functions by investigating certain suitable
classes of admissible functions. These results are applied to obtain strong differential

sandwich results.

1. Introduction and Preliminaries

Indicate by U the open unit disk U={t € C: |[£| <1}, U={t €C : |t| < 1} the
closed unit disk and let (W) stand for the family of holomorphic functions in . For
n € Z* and a € C, let $[a,n] be the subfamily of g (U) consisting of functions of the
form:

M) =a+ apt™ + apy £ + -,
with g = p[1,1].

Denote by T the collection of all holomorphic functions in the open unit disk U that
have the form:

ME) =1+ z agtk.
k=2
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With a view to recalling the principle of subordination between holomorphic
functions, let the functions M and ' be members of (). We say that the function M
is said to be subordinate to IV, if there exists a Schwarz function w holomorphic in U
with w(0)=0 and |w®@)| <1 €eU) such that M%) = N(w(t)). This
subordination is denoted by M < V' or M'(¢) < N (£)(# € U). It is well known that, if
the function V' is univalent in U, then we have the following equivalent (see [10])

ME)<N@E) o M) =N(0)and MQ) < NQ).

Let G(%, ) be holomorphic in A X U and let M (#) be holomorphic and univalent in
U. Then the function G(%, {) is said to be strongly subordinate to M (£) or M (¢) is said
to be strongly superordinate to G(t,{), written as G(#,{) << M (t), if for { €U =
{t € C: |£| <1}, G(#,Q) as a function of £ is subordinate to M (). We note that

G, ) <<M(#) < G(0,0)=m(0)and GQAU X N) c MQ).

Definition 1.1 [11]. Let ¢ : C3 x U X U — C and let h be univalent function in U. If
P is holomorphic in U and fulfills the following (second-order) strong differential
subordination:

(), tp' (£), £2p" (£); £,{) << h(¢), (1.1)

then p is namely a solution of the strong differential subordination (1.1). The univalent
function q is called a dominant of the solutions of the strong differential subordination or
more simply a dominant if p(¢) < q(#) for all p satisfying (1.1). A dominant @ that
fulfills @(¢) < q(#) for all dominants q of (1.1) is said to be the best dominant.

Definition 1.2 [12]. Let ¢ : C3 X U x U — C and let h be holomorphic function in
W If p and p(p(£), £p’ (), £2p" (£); £,{) are univalent in U for { € U and satisfy the
following (second-order) strong differential superordination:

h(t) << ¢(p(2), tp'(£), t2p" (£); £, ), (1.2)

then p is namely a solution of the strong differential superordination (1.2). A
holomorphic function q is called a subordinant of the solutions of the strong differential
superordination or more simply a subordinant if q (%) < p(%) for all p satisfying (1.2). A
univalent subordinant @ that fulfills q(¢) < @(#) for all subordinants q of (1.2) is said to
be the best subordinant.

Definition 1.3 [11]. Denote by Q the set consisting of all functions q that are
holomorphic and injective on U \ E(q), where
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E(q) = {;’ € au:;g? q(®) = oo},
and are such that q' () # 0 for § € JU\E(q).

Further, let the subclass of Q for which q(0) = a be denoted by Q(a), Q(0) = Q,
and Q(1) = Q,.
Definition 1.4 [14]. Let IT be a collection in C, q € Q and n € N. The class of

admissible functions ¥ [II,q] consists of those functions 1 : C3XxUXU — C that

satisfy the following admissibility condition:

¢(r1:r2;r3; tl {) e H’

whenever

I3
1, =q(é), r, = kéq'(§) and Re {E + 1} >k Re{

§q' ()
q'(€) *_1}’

t €U, & € OU\E(q),{ € Uand k > n.
We simply write ¥, [IT, q] = ¥[II, q].

Definition 1.5 [13]. Let IT be a collection in C and q € g[a, n] with q'(#) # 0. The

class of admissible functions llf;l [I1, q] consists of those functions 1 : C3 X U X U — C

that satisfy the following admissibility condition:

w(rlerI I3, El {) € H,

whenever

tq'(t) 5 1
; =q(ft), 1, =———and Re{—+ 1} < — Rel{l——~
m m

teU,Eedd, (eUandm=n> 1.

In particular, we write ‘I’,l [1,q] = @' [11, q].

Definition 1.6 [19]. Let Il be a collection in C and q € Q4 N . The class of
admissible functions @ [, q] consists of those functions ¢ : C3xUXU — C that

satisfy the admissibility condition:

d(UV,W;£,0) ¢,
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whenever

! 2 "
U = q($), V=kf(ql (E), q(é) # 0 and Re{W;V }z kRe{Eq (5)+1},

q($) q'($)
where + € U,{ € U, & € OU\E(q) and k > 1.

Definition 1.7 [19]. Let IT be a collection in C and q € . The class of admissible
functions ¢>’L[17, q] consists of those functions ¢ : C3 X U x U — C that satisfy the
admissibility condition:

(U V,W;E0) €T,

whenever

! 2 "
U=q®), V= q () q(t) # 0 and Re{w+v }g %Re{tq (t)+1},

m q(¢)’ v q'(£)
where £ € U,{ € U,£ € U and m > 1.
In our investigations we shall need the following lemmas:

Lemma 1.1 [14]. Let € ¥_ [I1, q] with q(0) = a. If p € @[a,n] fulfills

Y(p(D), tp’ (), £°p" (£);¢,{) €11,
then p(£) < q(%¢).
Lemma 12 [13]. Let €W [M,q] wih q0) =a If peQa) and
Y(pt), tp' (1), £2p" (t); £, Q) is univalent in U for { € U, then
1 c Y(p@),2p'(£),°p" (£);£,{) : t € U,{ € U}
implies q(t) < p(%).

In recent years, several authors obtained many interesting results in strong
differential subordination and superordination [1,2,3,6,8,9,20,21,22,23]. The purpose of
the present investigation is to consider certain suitable classes of admissible functions and
investigate some strong differential subordination and superordination properties of
Bazilevic-Sakaguchi type functions.

2. Main Results

We begin this section by defining a new family for functions M € T (so-called
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Bazilevic-Sakaguchi type functions) as follows:

Definition 2.1. Let M € T, the function M is said to be in the family S(a, 4, 8, x, ¥)
if it fulfills the following geometrical condition:

oo (G »e) (@)
(M(xt) - M) ™

where 0<6<1,420,0<a<1, x,yeCwithx #y,|y|<1landt €U

Remark 2.1. It should be remarked that the family S(a, A, §, x,y) is a generalization
of well-known families considered earlier. These families are:

(1) For § = 0 and A = 1, the family S(a, 4,8, x,y) reduce to the family S(«, x,y)
which was introduced recently by Frasin [7].

(2) For § = 0 and A = x = 1, the family S(a, 4, §, x, y) reduce to the family S(«, y)
which was investigated by Owa et al. [15].

(3)Ford =0, A =x =1and y = —1, the family S(a, 4, §, x, ¥) reduce to the family
Ss(a) of Sakaguchi type functions of order (0 < a < 1) which was studied by
Sakaguchi [17] (see also [5,16]).

(4)Fora =y =0and A = x = 1, the family S(a, 4, §, x, y) reduce to the family Bg
of Bazilevic functions which was given by Singh [18].

(5) For § =y =0 and x = 1, the family S(a, 4, §, x, y) reduce to the family £, («)
of A-pseudo-starlike function of order @(0 < a@ < 1) which was introduced by
Babalola [4].

Our first main result is asserted by Theorem 2.1 below.

Theorem 2.1. Suppose that ¢ € @ [I1,q]. If M € T fulfills

{(p (((x — ) () M (e)
(M@t) - M) > M@

M(xt) — M(yt) M (E)

MM (%) . tM"(£)
M (%) ( - M’(t))

Earthline J. Math. Sci. Vol. 8 No. 2 (2022), 205-226
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£2(M (xt) — M (yt))"
M (xt) — M (yt)

—(1—5)[

t(M(xt) — M (1))’ t(M(xt) — M(yt)) . | ~
+ M (xt) — M (yt) (1 T T Mt - MOD) )]t(>t eU € u}

ci, (2.1)
then
(G- @)
(M) - M)

q(t).

Proof. Assume that the function [p be defined by

_(e-p)" (@)’

p(?) g (2.2)
(M) - M)
It is obvious that p is holomorphic in U.
After some calculation from (2.2), we deduce that
tp'(t) MM (£) ~ (M) - M(yt))'
pe) ey T (1 M) — M) ) (23)
More computations show that
£p'@) | ') <tp’(t>>2
p(%) p(%) p(®)
e t(met) - moo) |
Mm@ A (1 T T M) = MyE) )]
_AMEM(E) M (8) EM ()
T M%) M' () ( M) )
t2(M (xt) — M(y1))"
—1=9) [ M (xt) — M (yt)
t(M (xt) — M(yt)) L) - Myt)) 2.4)
M (xt) — M (yt) Mxt) —Myt) || '

http:/fwww.earthlinepublishers.com
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Define the transforms from C3 to C by

2
%) r1(r3 +13) — 13
U=z, V=2, W= 2 .
T T
1 1

Assume that

Iz 1 (13 + 1) — 1,7

1/)(r1,r2,r3;t,()=¢('U,V,W;t,{)=¢<r1,r1, > ;t,(). (2.5)

%1

In the light of equations (2.2), (2.3) and (2.4), we find from (2.5) that
Y (p(), tp' (1), £2p" (£); £, ()

(e o) soee
(M@t) - mMyp)' 0 M@

M (xt) — M(yt) M(8)

MM [ M)
+M@<‘M@>

PR i Gl ok M) tH(Mot) - M)
M (xt) — M (yt) M(xt) — M (yt)
(M) - M)\
(1 T T M) - M(E) )‘ it 5)' (2.6)

Therefore (2.1) becomes Y (p(2),£p’ (), £%p" (£);£,) € I1.

We next show that the admissibility condition for ¢ € @ [I1, q] is equivalent to the
admissibility condition for 1 as given in Definition 1.4.

Note that

I3 W + Vz
= +1= :
1, v

and hence Y € W[II, q]. By applying Lemma 1.1, we conclude that p(#) < q(#) or
equivalently

Earthline J. Math. Sci. Vol. 8 No. 2 (2022), 205-226
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(=D TOCO). oy
(M(xt) - M)

We consider the special situation when Il # C is a simply connected domain. In this

case [T = h(U), for some conformal mapping h of U onto II and the family @ [~(2), q]

is written as @ L[h, q]. The following result is an immediate consequence of Theorem 2.1.

Theorem 2.2. Suppose that ¢ € @ [h,q]. If M € T fulfills

(((x — ) ()" aem(e)
(M@t - M) 0 M@

(M (xt) — M(ye))"\ A2M" (%)
+(1-9) (1_ MGE) — M(yE) ) M (D)

| MM () (1 ~ tM”(t))

M(8) M(8)

£2(M(xt) — M (1))
M (xt) — M (yt)

—(1—5)[

TGt — Myt)) | tOrGe) - Myt)) 2
M (xt) — M (yt) M (xt) — M (yt) T

<< h(%), (2.7)

then
(x—ye) (')
(M@t) - M)~

< q(®).

By selecting (U, V,W;£,0) =U + ,(1,%£ € C) in Theorem 2.2, we state the

4
nu+¢
following corollary:

Corollary 2.1. Let 11, £ € C and let h be convex in 0 with h(0) = 1 and Re{nh(£) +
2} > 0. If M € T fulfills

(=) (')
(M (xt) — M (1) ™"

http:/fwww.earthlinepublishers.com
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M (1)

(1 —o+ M (t) )(M(xt) - M(yf))1_6 -(1- 5)%

(MGet)-M (1))’

+ - -
(M (xt) — M) ™ + 0@ - ) (@)’

<< h(t),

then

(G=-90)" (@)

2 < qe).
() - M)

The next result is an extension of Theorem 2.1 to the case where the behavior of q on

dU is not known.

Corollary 2.2. Suppose that Il € C and q be univalent in W with q(0) = 1. Let

¢ € @ ,[h,q,] for some p € (0,1), where q,(£) = q(pt). If M € T fulfills

. (((x ) (@) am(e)
(M@t) - M) 0 M@

t(M(xt) — M(yt)) "\ AL2M"(8)
+(1_5)<1_ MGE) — MyD) ) M(E)
MM@E) (M)
NI ( B M’(t))
t2(M(xt) — M (1))
_(1_5)[ M (xt) — M (yt)

M (xt) — M (y1) M (xt) — M (yt)

, H00G) - D) (1 MG — MG0) )‘ i, z) en,

then

(=) (' ()"
(M (xt) — M(yt))' ™

< q(®).

(@-n6)" " (m'0)"
(MGt)-My) 0
deduced from the fact that q, (¢) < q(%).

Proof. Theorem 2.1 produces

< q,(#). The result is now

Earthline J. Math. Sci. Vol. 8 No. 2 (2022), 205-226
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Theorem 2.3. Assume that h and q be univalent in W with q(0) =1 and put
q,(t) = q(pt) and h,(t) = h(pt). Let ¢ :C> x U x U — C satisfy one of the

following conditions:
(1) ¢ € @,[h,q,] for some p € (0,1),
(2) there exists py € (0,1) such that ¢ € @ [h,, q,] forall p € (py, 1).

If M € T fulfills (2.7), then

(=) (')
(Mxt) = M(ye)' ™

< q®).

Proof.

— A
(G20 (@)
(Mxt)-m(y) 0

Case (1): An application of Theorem 2.1, we conclude that

q, (%), since q, (%) < q(%), we find that

(=) (' ()" .
(M (xt) — M(yt))' ™

q(t).

- A
@-»t) " (' @)
(M)-Mye) 0

Case (2): Define p(t) = ( and p, (%) = p(pt). Then

P (p, (), tp), (), £2p), (£); pt,{) = p(p(pt), £p’ (p1), £2p" (p1); pt, ) € h, ().
By making use of Theorem 2.1 and the comment associated with
P (p(£), tp' (1), £2p" (£); w(£),0) €11,

where w is any function mapping U into U, with w(¢) = pt, we obtain p,(¢) < q,(*)
for p € (py, 1). By taking p — 17, we deduce p(%) < q(#). Thus

(=) (' ()"
(M (xt) — M) ™

< q®).

The next result offers the best dominant of the strong differential subordination (2.7):

http:/fwww.earthlinepublishers.com
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Theorem 2.4. Suppose that h be univalent in W and ¢ : C2 X U x U — C. Let the

differential equation

tq'(¥) t2q" (1) tq'(¥) (t«ﬂ’(t)

2
a® a®  a® q(t)> ;*'5>=h(f> (28)

¢ («u(t),

has a solution q with q(0) = 1 and fulfills one of the following conditions:
(1) q € Ql andd) € d)L[hl ((ﬂ]'
(2) q is univalent in W and ¢ € @ [k, q,] for some p € (0,1),

(3) q is univalent in U and there exists py € (0,1) such that ¢ € @ [h,,q,] for all
p € (po, 1)
If M € T fulfills (2.7), then

(G- r@®)"
(MGet) - 2 ye)'

q(t).

and q is the best dominant.

Proof. By applying Theorem 2.2 and Theorem 2.3, we conclude that q is a dominant
of (2.7). Since q fulfills (2.8), it is also a solution of (2.7) and thus q will be dominated
by all dominants. Hence q is the best dominant of (2.7).

In the particular case q(#) =14+ M%, M > 0 and in view of Definition 1.6, the
family of admissible functions @ [I1, q] indicated by @ [II, M] can be expressed in the

following form:

Definition 2.2. Suppose that I1 be a collection in C and M > 0. The family of
admissible functions @ [II, M] consists of those functions ¢ : C3xUXU — C such
that

kM kM + Le™'® ( kM )2

14 Me'?, _, - _) £, 1, 2.9
¢< © Mte® Mtei0 M + e~ €> ¢ (29)
whenever £ € U,{ € U6 e R,Re{Le‘ie} >k(k—1)M forall @ and k > 1.

Corollary 2.3. Let ¢ € @ [I1, M]. If M € T fulfills

Earthline J. Math. Sci. Vol. 8 No. 2 (2022), 205-226
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5 (((x — ) () M)
(M(xt) - Mye)) > M@

t(M(xt) — M(ye)) "\ M2M"(2)
+(1-9) (1_ M&E) = MOD) > M(E)
MM (£) £M(8)
M (t) < - M’(t))
£2(M(xt) — M (1))
_(1_5)[ M (xt) — M (yt)

t(M (xt) — M(yt))' - (M (xt) — M(yt))' L en
M(xt) — M(yt) Mot — Mmoo S :

then
(-t " @)

1
(M(xt) - M)

<M.

When I1 = qU) = {w : |w — 1| < M}, the family @ [IT, M] is simply indicated by

@ .[M], then Corollary 2.3 takes the following form:

L
Corollary 2.4. If ¢ € & [M] and M € T fulfills

‘qb (((x — ) (@) M (e)
(M@t) - M) 0 M@

(M (xt) — M(yt))"\ MM (¢)
+(1-9) (1_ MEE) — Moo > M (D)

MM (£) <1 ~ tM”(t))

M(8) M(8)

£2(M(xt) — M (y1))"
M (xt) — M (yt)

—(1—5)[

M (xt) — M (yt) M (xt) — M (yt)
<M,

t(M(xt) - M(yt))' (1 (M (xt) — M(W)Y)] . <> 4

http:/fwww.earthlinepublishers.com
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then
1-6,. 2
((x=»t) (M'®)
1| <M.
(M (xt) = M (y1))
Example 2.1. If M > 0 and M € T fulfills
MM (t) t(M (xt) — M (1)) M

-(1-9)

M(E) MG —MoE) | “M+1’

then

(-t " (w)'

1
(M(xt) — M(yt)' ™

<M.

This implication follows from Corollary 2.3 by taking ¢ (U, V,W;%,{) =V + § and
I = h(U) where h(t) = %t, M > 0. To apply Corollary 2.3, we need to show that

¢ € @ [II,M], that is the admissibility condition (2.9) is satisfied follows from

M+1 M+1

kM kM + Le™'f ( kM )2. _ kM M
'M+e0" M +ei0 M+ei®) 70 )| -

‘¢ (1 + Me'®

fort €U, €U,0 € Rand k > 1.

Example 2.2. If M > 0 and M € T fulfills

AE2M () M (£))
M) (M’(t))

(M (xt) - M(yt))’>2 _ e - o)\

+1-9) ( Mt — MoD) Mt — Myt

then

(=) (@)’

1
(M(xt) — M(yt)' ™

<M.

This implication follows from Corollary 2.4 by selecting ¢p(U, V,W;%£,{) =W —
V+4§+2

Earthline J. Math. Sci. Vol. 8 No. 2 (2022), 205-226
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_ A
(=)' (2 (0))
" (re)-me)'?

Theorem 2.5. Suppose that ¢ € & [T, q]. If M € T € Q, and

. (((x — ) (M) M (e)
(M@t) - M) 0 M@

t(M(xt) — M(yt))\ M2M"(¢)
+(1_5)<1_ ME) — M(yE) ) M(E)
MMI(E) (M (8)
M'(t) ( - M’(t))
t2(M(xt) — M(y1))"
M (xt) — M (yt)

—(1—5)[

t(M (xt) — M(yt)) | tOrGe) - Myt)) 2
M (xt) — M (yt) M (xt) — M (yt) n

is univalent in U, then

1-6 1] A 17
0 ¢<((x—y)t) (Mm'(£))" M (2)

(M@t) - mMy) 0 M@

(M) - M(yt))'>

+(1-9) (1 MaD) — Moo

AE2M(E) M (£) MO 2(M(xt) — M(y1))"
GG ( 0 >_( R R

tH(Mt) - M) [ (@) -men)\| _
T M) = M) (1‘ M (xt) — M (yE) )]'ff)-’feu'f Eu}, (2.10)

implies
(=) (' ()"
(Mxt) — M) ™

qt) <

Proof. Assume that p defined by (2.2) and y (p(%), £p’ (), £%p"' (£); £, {) defined
by (2.6). Since ¢p € Q)IL [11, q], then we find from (2.6) and (2.10) that

http:/fwww.earthlinepublishers.com
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I c (p(pQ),tp' (¢),£*p" (£);%,{) : £ € U,{ € U}.

In view of (2.5), we see that the admissibility condition for ¢ € d)’L [11,q] is equivalent to

the admissibility condition for Y as given in Definition 1.5. Hence i € ‘P’[I'[, q] and by
apply Lemma 1.2, we obtain q(#) < p(%) or equivalently

(G=t)"Orw)
(M@t) - M)~

qt) <

We consider the special situation when I1 # C is a simply connected domain. In this case

IT = h(U), for some conformal mapping h of U onto II and the family <I),L [AW), q] is

written as CI);[h, q]. The following result is an immediate consequence of Theorem 2.5.

Theorem 2.6. Suppose that ¢ € CDIL [h,ql, q € $ and h be holomorphic in W. If

_ A
cp (G20 *(am' )

M ’ 1-6
(M(xt)-M(y1))

€ Q1 and

. (((x ) (@) ()
(M@t) - M) > ME)

t(M(xt) — M(yt)) \ M2M" (%)
+(1_5)<1_ ME) — M(yE) ) M(E)
MMI(E) (M (8)
M'(t) ( - M’(t))
t2(M(xt) — M(yt))"
_(1_5)[ M (xt) — M (yt)

L TG - Myt)) Lt - Myt)) 2
M (xt) — M (yt) M (xt) — M (yt) n

is univalent in U, then

(=) (' ()" aemc ()
(Meet) - M) M@

h(t) << (

Earthline J. Math. Sci. Vol. 8 No. 2 (2022), 205-226
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— ! 2 nr
+(1 _ 5) (1 _ t(M(x’t) M(}/’f)) >’At M (t)

M (xt) — M(yt) M)

MM [ M)
M@ < ) M’(t))

t2(M (xt) — M (1))
M (xt) — M (yt)

—(1—5)[

t(M(xt) — M (1))’ t(M(xt) — M(yt)) _
* M (xt) — M (yt) (1 T M@xt) - M(yt) )] Jﬁ(). (2.11)

implies
(G —y)e) (' ()"
(M(xt) — M(yt))' ™

qt) <

By selecting ¢(U, V,W;£,0) = U+ ,(m, % € C€) in Theorem 2.6, we state the

4
nu+¢
following corollary:

Corollary 2.5. Suppose that n,€ € C and let h be convex in U with h(0) = 1. Let the

tq' (t)
nq(t)+¢

differential equation q(t) + = h(%) has univalent solution q that fulfills

(@-ne) (')

0) = 1and q(t) < h(£). M €T, -
q(0) = 1 and q(t) < h(2). If (M t)-2 )~

€ p N Qq and

(=) (')
(M (xt) — M(y8)' ™

aem" (1)

(1 -6+ ) )(M(X’f) _ M(yt))l—(s _ (1 _ 5) t(M(xt)—]V[(yt))’

(M) -m(ye)°

+

(M et) - M) + (G — ) (1)’
is univalent in U, then

(G —yt) ()
(M (xt) - M(yt) ™"

h(t) <
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M (1)

'@ )(M(xt) — M) 8 - (1 - 5) LRLEOMOD).

(Mt)-M (1))’

(M (xet) - M) " + (G =) (1)’

(1—6+
+

implies

(=) ° (' ()"

() < o~
! (M(xt) - M) ™"

The next result gives the best subordinant of the strong differential superordination
(2.11):

Theorem 2.7. Suppose that h be holomorphic in Wand ¢ : C3 X U x U — C. Let

the differential equation

tq'(£) £2q"(¢) tq'(t) [tq'(t) 2. )

(0] (q(t),

(@-9e) (')

has a solution q € Q1. If € @ [h,q], M €T (]V[(xt)—M(yt))l_a

€ Q and

5 (((x — ) () M)
(Mxet) — M) 0 M@

s (1 (M (xt) — M(yt))"\ M2M"'(£) MM (£) ) tM" (%)

LAY Ry vorows v vows wl e vares M (D) ( - M’(t))
t2(M (xt) — M(y1))"

~(1-9) [ M (xt) — M (yt)

. t(M(xt) — M) . t(M(xt) - my0) ||
M (xt) — M (yt) M (xt) — M (yt) <)

is univalent in U, then

(=) (') aenc ()
(Meet) - M) M@

h(t) << ¢<
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(M) - M(yt))’> AE2M ()

=9 (1 MO —MD) ) MO

MM (£) M (£)
TTM® ( G )
£2(M (xt) — M (yt))"

M (xt) — M (yt)

—(1—5)[

t(M(xt) — M (yt)) +t(M(xt) —Myt)) .z
M (xt) — M (yt) M (xt) — M (yt) R

implies

(C=t)"Orw)
(Gxt) -2 )

qt) <

and q is the best subordinant.
Proof. The proof is similar to that of Theorem 2.4 and is omitted.

By combining Theorem 2.2 and Theorem 2.6, we obtain the following sandwich
theorem:

Theorem 2.8. Suppose that h, and qy be holomorphic functions in U, h, be
univalent in U, q, € Q1 with q;(0) = q,(0) =1 and ¢ € @ [hy,q,] N c:b’L[hl,(qh]. If

(@-ne) ()"

MeT i
(]Vl' (xt)-M (yt))

€ o N Qq and

" (((x — ) ()t e (e)
(M@t) - mye)' 0 M@

(M (xt) — M (ye)) | A2M"(¢)
MOt —-MEt) T M(p)

+(1-19) (1

MM [ M ()
0! ( - M’(t))
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£2(M (xt) — M (yt))"
M (xt) — M (yt)

(M (xt) — M (1)) - (M (xt) — M (1)) .
M (xt) — M (yt) M (xt) — M (yt) i<

—(1—5)[

is univalent in U, then

(G —y)e) (M) At (1)
(M) — myr))' " M@
(M (xt) — M(yt))"\ m2M"(¢)
+(1=-9) (1_ Mt — Moo > M (D)
M) (M)
M < ) M’(t))
£2(M(xt) — M (1))
M (xt) — M (yt)

h(t) < ¢<

—(1—5)[

TGt - Myt)) | Ger) M(yt)) 2
M (xt) — M (yt) Mxt)-M@yt) )|

< hy (%),
implies

(G —8) (' ()"
(M (xt) — M) ™

By combining Corollary 2.1 and Corollary 2.5, we obtain the following sandwich
corollary:

Corollary 2.6. Suppose that n,€ € C and let hy,h, be convex in U with hy(0) =

h,(0) = 1. Suppose that the differential equations qq (%) + n:]qggi = hi(%), q.(t) +
1
n;ngi = h, (%) have a univalent solutions @, and q,, respectively, that fulfills q,(0) =
2

(-ne)" " (m'0)"

q2(0) =1 and @1 () < hy(£), q2 () < hy(#). If M €T, oy
(M et)-M (1))

EHPNQ
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and

(Gc—yt) (')
(M(xt) - M)

aem! (1)

(1 -6+ ]Vl"—(t)) (M(xt) _ M(y’f))l_6 _ (1 _ (S) t(M(xt)—]V[(yt))’

(Met)-M (1))’

+ - -
(M (et) - M) " + (G =) ()’

is univalent in U, then

(x—t) (')
(M (xt) - M) ™"

hy (%) <

(1-6+2220) (M er) - M) ™ - (1= ) %
+ - -
oM xt) - M) ™ +1(Cx - ) (@)’
< hy(%),
implies
SN (G200 M L) KN
_ 2 .
T () - M) ?
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