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Abstract 

In the present paper, we introduce a new subclass of harmonic functions in the unit disc U 

defined by using the generalized Mittag-Leffler type functions. Coefficient conditions, 

extreme points, distortion bounds, convex combination are studied. 

1. Introduction  

A continuous complex-valued function ivuf +=  defined in a simply complex 

domain D is said to be harmonic in D. In any simply connected domain, we can write 

,ghf +=  where h and g are analytic in D. A necessary and sufficient condition for f to 

be locally univalent and sense preserving in D is that ( ) ( ) ., Dzzgzh ∈′>′  

Clunie and Sheil-Small [7] introduced a class SH of complex valued harmonic maps 

f which are univalent and sense-preserving in the open unit disk { }1: <= zzU  and 

assume a normalized representation ,ghf +=  where ( ) ( ) .0100 =−= zff  Then for 

SHghf ∈+=  we may express the analytic functions h and g as 

 ( ) ( )∑ ∑
∞

=

∞

=
<=+=

2 1
1 .1,,

k k

k
k

k
k bzbzgzazzh   (1) 
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Later on, Sheil-Small [9] investigated the class SH as well as its geometric 

subclasses and obtained some coefficient bounds. Since then, there have been several 

related papers on SH and its subclasses. Connectivity of geometric functions and 

hypergeometric functions with harmonic functions is seen through some of these papers 

([6], [4], [5], [3], [2], [1]). The Mittag-Leffler and generalized Mittag-Leffler type 

functions was first introduced by the Swedish mathematician Mittag-Leffler [8] and also 

studied by Wiman [14]. It is a special function of Cz ∈  which depends on the complex 

parameter α and is defined by the power series 

( )
( )

( )∑
∞

=
α ∈>α∈α

+αΓ
=

0

.,0,,
1

k

k

CzRC
k

z
zE  (2) 

A first generalization of ( )zEα  introduced by Wiman [14], is the two-parametric M-L 

function of ,Cz ∈  defined by the series 

( )
( )

( ) ( )∑
∞

=
βα ∈>β>α∈βα

α+βΓ
=

0
, .,0,0,,,

k

k

CzRRC
k

z
zE  (3) 

Prabhakar [10] introduced a three-parametric generalization of ( )z
γ

βαψ ,  defined in (3) as 

a kernel of certain fractional differential equations in terms of the series  

( ) ( )
( )

( ) ( )∑
∞

=

γ
βα ∈>β>α∈βα

α+βΓ
γ

=
0

, .,0,0,,,
!

k

k
k CzRRC

kk

z
zE  (4) 

Due to its integral representation ( )zE
γ

βα,  is considered as a special case of Fox’s H-

function as well as of Wright’s generalized hypergeometric ,qp Ψ  so called Fox-Wright 

psi function of .Cz ∈  Further extensions of the M-L function to four parameters, Salim 

[12] introduced the function in the form ( )z
γ

βαψ ,  in the following form 

( ) ( )
( ) ( )∑

∞

=

δγ
βα δα+βΓ

γ
=

0

,
, ,

k k

k
k

k

z
zE  (5) 

where ( ) ( ) ( ) ( )( ) .,0,,0,min,,,, CzRRRRC ∈>δγ>βα∈δγβα  Recently, Salim 

and Faraj [13] introduced a new generalization of Mittag-Leffler function associated 
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with Weyl fractional integral and differential operators as follow 

( )
( )

( ) ( )∑
∞

=

δγ
βα δα+βΓ

γ
=

0

,,
,, ,

k pk

k
qkq

p k

z
zE  (6) 

where ( ) ( ) ( ) ( )( ) ,,0,,0,min,,,, CzRRRRC ∈>δγ>βα∈δγβα  with ,, +∈ Rpq  

( ) ,pq +α≤ R  and ( )pnγ  denotes an extended variant of the Pochhammer symbol, 

defined by ( ) ( ) ( ).γΓ+γΓ=γ qnqn   

Corresponding to ( ),,,
,, zE
q
p

δγ
βα  we define the function ( )z

q
p

,,
,,

δγ
βαΘ  by 

( ) ( )zEzz
q
p

q
p

,,
,,

,,
,,

δγ
βα

δγ
βα ∗=Θ  

( ) ( )
( )[ ]( ) ( )

∑
∞

= −

−

δ−α+βΓ

γ
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2 1

1
.

1
k

k

kp

kq
z

k
z  

Now, for ,, N∈∈ mAf  we define the following differential operator: 

AAf
m

pq →Φ βαδγ :,,,,,  by 

( ) ( ) ( ),,,
,,

0
,,,,, zzfzf

q
ppq

δγ
βαβαδγ Θ∗=Ψ  

( ) [ ( ) ( )] ,,,
,,

1
,,,,,

′Θ∗=Ψ δγ
βαβαδγ zzfzzf

q
ppq  

: 

: 

( ) ( ) [ ] .,1 ,,,,,,,,,,
1

,,,,, Uzmzzfm
m

pq
m

pq
m

pq ∈Ψ+Φ=Ψ+ βαδγβαδγ
+

βαδγ  

Thus it is obvious to see from above that 

( ) ( )
( )

( ) ( )
( )[ ]( ) ( )

∑
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βαδγ δ−α+βΓ
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−
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+=Ψ
2 1

11
,,,,, .

1!1

1

k

k
k

kp

kqkm
pq za

kk

m
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Note that, when ,1,0 =δ=γ=β=α  we get Ruscheweyh Operator [11]. 

Throughout this section, unless otherwise stated, we shall use the notation  
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( )
( )

( ) ( )
( )[ ]( ) ( )
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βαδγ δ−α+βΓ
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Involving the generalized Mittag-Leffler function as defined in (6), for 

nmnm >∈∈<η≤ ,,,10 0NN  and ,Uz ∈  let ( )η,, nmSH  denote the family of 

harmonic functions f of the form (1.1) such that 

,
,,,,,

,,,,, η>














Ψ

Ψ

βαδγ

βαδγ
n

pq

m
pq

R   (8) 

where ( ) ( ) ( ).1 ,,,,,,,,,,,,,,, zgzh
m

pq
mm

pq
m

pq βαδγβαδγβαδγ Ψ−+Ψ=Ψ  

We let the subclass ( )η,, nmHS  consist of harmonic functions mm ghf +=  in 

( )η,, nmHS  so that h and mg  are of the form 

( ) ( ) ( )∑ ∑
∞

=

∞

=

−−=−=
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1 .1,
k k

k
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m
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k
k zbzgzazzh   (9) 

The class ( )η,, nmHS  includes a variety of well-known subclasses of SH. 

The object of this paper is to examine some generalized Mittag-Leffler function 

inequalities as a necessary and sufficient condition for univalent harmonic analytic 

functions associated with certain generalized Mittag-Leffler function to be in the 

function class ( ).,, ηnmSH  The coefficient condition for the function class 

( )η,, nmSH  is given. Furthermore, we determine extreme points, a distortion theorem, 

convolution conditions and convex combinations for the functions f in ( ).,, ηnmHS  

2. Coefficient Bound 

We begin with a sufficient coefficient condition for functions f in ( ).,, ηnmSH  

Theorem 2.1. Let ghf +=  be given by (1). If 

∑
∞

=

βαδγβαδγ
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Proof. If ,21 zz ≠  then 
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which proves univalence. Note that f is sense-preserving in U. This is because  
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Using the fact that ( ) η>wR  if and only if ,11 ww −η+≥+η−  it suffices to 

show that 

( ) ( ) ( )zz
m

pq
n

pq ,,,,,,,,,,1 βαδγβαδγ Ψ+Ψη−  

( ) ( ) ( ) .01 ,,,,,,,,,, >Ψ−Ψη+− βαδγβαδγ zz
m

pq
n

pq  (12) 

Substituting the value of ( )z
m

pq ,,,,, βαδγΦ  and ( )z
n

pq ,,,,, βαδγΦ  in (11) yields, by (9), 

that 
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This last expression is non-negative by (10), and so the proof is complete. 

The harmonic function 

( ) ∑
∞

= βαδγβαδγ Φη−Φ

η−+=
2 ,,,,,,,,,,

1

k

k
kn

pq
m

pq

zxzzf  
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∞
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−

βαδγ Φη−−Φ
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1 ,,,,,,,,,,
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k
kn

pq
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where 0, NN ∈∈ nm  and ∑ ∑
∞

=
∞

= =+
2 1

1
k k kk yx  shows that the coefficient 

bound given by (10) is sharp. The functions f of the form (13) is ( ),,, η∈ nmSHf  

because 
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∞
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−

βαδγβαδγβαδγ
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=++=
2 1

.21

k k

kk yx  

In the following theorem, it is shown that the condition (10) is also necessary for 

functions ,mm ghf +=  where h and mg  are of the form (9). 

Theorem 2.2. Let mm ghf +=  be given by (9). Then ( )η∈ ,, nmHSfm  if and 

only if 

[( ) ( ( ) ) ]∑
∞

=
βαδγ

−
βαδγβαδγβαδγ Φη−−Φ+Φη−Φ

1
,,,,,,,,,,,,,,,,,,,, 1

k

k
n
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n

pq
m

pq ba  

( ).12 η−≤   (14) 

Proof. Since ( ) ( )η⊂η ,,,, nmHSnmHS  we only need to prove the “only if” part 

of Theorem 2.2. To this end, for functions f of the form (9), we notice that the condition 
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(8) is equivalent to 
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The above condition (15) must hold for all values of z on the positive real axes, where, 

,10 <µ=≤ z  we have 
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a

   (16) 

If the condition (14) does not hold, then the numerator in (17) is negative for sufficiently 

close to 1. Hence there exists a 00 µ=z  in ( )1,0  for which the quotient in (17) is 

negative. This contradicts the condition for ( )η∈ ,, nmHSfm  and so the proof is 

complete. 

3. Distortion Bounds 

In this section, we obtain distortion bounds for functions f in ( ).,, ηnmHS  

Theorem 3.1. Let ( ).,, η∈ nmHSfm  Then for ,1<z  we have 

( ) ( )µ+≤ 11 bzfm [ ]
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[ ]
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[ ]
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1111 2
1

222
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where [ ] ( )
( )

[ ]( )
.12 













δα+βΓ

γ
+=ϒ

p

qm
m  

Proof. We only prove the left-hand inequality. The proof for the right-hand 

inequality is similar and is thus omitted. Let ( ).,,,
,,, η∈ δγ

βα
mq
npm HSf  Taking the absolute 

value of ,mf  we have 
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The following covering result follows from the left hand inequality in Theorem 3.1. 
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4. Convolution, Convex Combinations and Extreme Points 

In this section, we show the class ( )η,, nmSH  is invariant under convolution and 

convex combination. 

For harmonic functions f of the form 

( ) ( )∑ ∑
∞

=
∞

=
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2 1
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k k

k
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km zbzazzf  
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∞

=
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k
k
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km zBzAzzF  

we define the convolution of ( )zfm  and ( )zFm  as 
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k
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Theorem 4.1. For ,10 <η≤ρ≤  let ( )η∈ ,, nmHSfm  and ( ).,, ρ∈ nmSFm  

Then the convolution  

( ) ( ).,,,, ρ⊂η∈∗ nmSnmHSFf mm  

Proof. Then the convolution mm Ff ∗  is given by (17). We wish to show that the 

coefficients of mm Ff ∗  satisfy the required condition given in Theorem 4.1. For 

( ),,, ρ∈ nmHSFm  we note that 1≤kA  and .1≤kB  Now, for the convolution 

function ,mm Ff ∗  we obtain 

∑
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Since ,10 <η≤ρ≤  and ( ),,, η∈ nmHSfm  ( ) ⊂η∈∗ ,, nmHSFf mm  

( ).,, ρnmHS  

Next, we discuss the convex combinations of the class ( ).,, ηnmHS  

Theorem 4.2. The family ( )η,, nmHS  is closed under convex combination. 

Proof. For ...,,2,1=i  suppose that ( ),,,, η∈ nmHSf jm  where 
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Then by Theorem 2.2, 
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For ∑
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= <≤=
1

,10,1
j jj tt  the convex combination of jmf ,  may be written as 

( )∑
∞

=1 ,j jmj zft ∑ ∑
∞

=
∞

= 




−=

2 1 ,k

k

j jkj zatz  

( ) ∑ ∑
∞

=
∞

=
−







−+

1 1 ,
1 .1

k

k

j jkj
m

zbt  
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Then by (4.3), 

∑ ∑
∞

=
∞

=
βαδγβαδγ








η−
Φη−Φ

1 1 ,
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1k j jkj

n
pq

m
pq
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∞
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−
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1 ,
,,,,,,,,,,

1

1

j jkj

n
pq

nmm
pq
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η−
Φη−Φ

= ∑∑
∞

=
βαδγβαδγ∞

= 1 ,
,,,,,,,,,,

1 1k jk

n
pq

m
pq

i i at  

( )














η−
Φη−−Φ

+ βαδγ
−

βαδγ
jk

n
pq

nmm
pq

b ,
,,,,,,,,,,

1

1
 

∑
∞

=
=≤

1
,22

j jt  

and therefore 

( ) ( )∑
∞

=
η∈

1 , .,,
j jmj nmHSzft  

Corollary 4.3. The class ( )η,, nmHS  is closed under convex linear combinations. 

Proof. Let the functions ( ) ( )mjzf jm ...,,2,1, =  defined by (4.2) be in the class 

( ).,, ηnmHS  Then the function ( )zϖ  defined by 

( ) ( ) ( ) ( ) ,10,1 ,, ≤µ≤µ−+µ=ϖ zfzfz jmjm   (20) 

is in the class ( ).,, ηnmHS  

Next, we determine the extreme points of closed convex hulls of ( ),,, ηnmSH  

denoted by clco ( ).,, ηnmSH  

Theorem 4.4. Let mf  be given by (10). Then ( )η∈ ,, nmHSfm  if and only if 

( ) [ ( ) ( )]∑
∞

=
+=

1

,

k

mkkkm zgYzhXzf
k

  (21) 
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where 

( ) ( ) ( ),...,2,
1

,
,,,,,,,,,,

1 =
Φη−Φ

η−−==
βαδγβαδγ

kzzzhzzh
k

n
pq

m
pq

k  

( ) ( )
( )

( ),...,2,1,
1

1
1

,,,,,,,,,,

1 =
Φη−−Φ

η−−+=
βαδγ

−
βαδγ

−
kzzzg

k

n
pq

nmm
pq

m
mk

 

∑ ∑
∞

=
∞

= ≥−−=
2 11 ,01

k k kk YXX .0,0 ≥≥ kk YX  In particular, the extreme points 

of ( )η,, nmSH  are { }kh  and { }.
kmg  

Proof. For functions mf  of the form (21) we have 

( ) [ ( ) ( )]∑
∞

=
+=

1k mkkkm zgYzhXzf
k
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∞

=
∞
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k
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pq
m

pq

kk zXzYX  
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∞
=

βαδγ
−
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−

Φη−−Φ
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1
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1 .
1

1
1

n

k
kn

pq
nmm

pq

m
zY  
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−
Φη−Φ
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η−
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∑
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=
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βαδγβαδγ
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,,,,,,,,,,

,,,,,,,,,, 1

1k kn
pq

m
pq

n
pq

m
pq

X  

( )
( )∑

∞
=

βαδγ
−

βαδγ

βαδγ
−

βαδγ

Φη−−Φ
η−















η−
Φη−−Φ

1
,,,,,,,,,,

,,,,,,,,,,

1

1

1

1

k kn
pq

nmm
pq

n
pq

nmm
pq

Y  

∑ ∑
∞

=
∞

=
≤−=−=

2 1 1 ,11
k k nn XYX  (22) 

and so ( ).,, η∈ nmSHclcofm  

Conversely, suppose that ( ).,, η∈ nmSHclcofm  Setting 

,...,2,10,
1

,,,,,,,,,, =≤≤
η−
Φη−Φ

= βαδγβαδγ
kXaX kk

n
pq

m
pq

k  
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( )
,...,2,1,10,

1

1 ,,,,,,,,,, =≤≤
η−

Φη−−Φ
= βαδγ

−
βαδγ

kYbY kk

n
pq

nmm
pq

k  

and ∑ ∑
∞

=
∞

=−−=
2 11 ,1

k k kk YXX  and note that, by Theorem 2.2, .01 ≥X  

Consequently, we obtain ( ) ( ( ) ( ) )∑
∞

= +=
1

,
k kmkkm YzgXzhzf

k
 as required. 

Using Corollary 4.3 we have clco ( ) ( ).,,,, η=η nmHGnmSH S  Then the statement 

of Theorem 4.4 is true for ( ).,, ρ∈ nmHGf S  

5. Conclusion 

In this paper, using the Hadamard product or convolution to define a new differential 

operator involving generalized Mittag-Leffler function. Also, we defined new subclass of 

univalent functions and established some interesting properties. 
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