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Abstract

In this paper, we introduce the generalized p-Mersenne sequence and deal
with, in detail, two special cases, namely, p-Mersenne and p-Mersenne-Lucas
sequences. We present Binet’s formulas, generating functions, Simson
formulas, and the summation formulas for these sequences. Moreover, we

give some identities and matrices related with these sequences.

1 Introduction

A Mersenne number, denoted by M,,, and a Mersenne-Lucas number, denoted by
H,,, are numbers of the form M, = 2" — 1 and H, = 2" + 1, respectively. The
Mersenne sequence {M,, },,>0 and the Mersenne-Lucas sequence {Hy, },,>0 can also

be defined recursively by
M, =3M,_1 —2M,_»
with initial conditions My = 0, M} = 1 and
H,=3H,-1—2H, 2

with initial conditions Hy = 2, H; = 3, respectively.
{M,}n>0 is the sequence A000225 in the OEIS [21], whereas {Hy}n>o is
the id-number 4000051 in OEIS. Note that Mersenne-Lucas numbers are also
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called as Fermat numbers. In fact, there are two definitions of the Fermat
numbers. The less common is a number of the form 2" 4 1, the first few of which
are 2,3,5,9,17,33,... (OEIS A000051). The much more commonly encountered
Fermat numbers are a special case, given by the binomial number of the form
F, = 22" +1. The first few for n = 0,1, 2, ... are 3, 5,17, 257, 65537, 4294967297, ...
(OEIS A000215).

Mersenne sequence has been studied by many authors and more detail can

be found in the extensive literature dedicated to this sequence, see for example,

Generalizations of Mersenne numbers can be obtained in various ways (see
for example ) Our generalizations of Mersenne numbers in Section
are not Mersenne numbers in the sense of and are Mersenne numbers in
the sense of which is given as: a generalized Mersenne sequence {Wp, }p>0 =
{Wpn(Wo, W1) }n>0 is defined by the second-order recurrence relation

W, = 3W,_1 — 2W,, o (1.1)

with the initial values Wy = ¢y, W1 = ¢1 not all being zero. For more information
on generalized Mersenne numbers, see Soykan [23].

The purpose of this article is to generalize and investigate these interesting
sequence of numbers (Mersenne numbers). First, we recall some properties of
Fibonacci numbers and its generalizations, namely generalized Fibonacci numbers.

The Fibonacci numbers and their generalizations have many interesting
properties and applications to almost every field such as architecture, nature, art,
physics and engineering. The sequence of Fibonacci numbers {F), },>¢ is defined
by

F,=F, 1+ F, 2 n>2  F=0 F=1.

The generalization of Fibonacci sequence leads to several nice and interesting

sequences. The generalized Fibonacci sequence (or generalized (r,s)-sequence

or Horadam sequence or 2-step Fibonacci sequence) {W,(Wo, Wi;r,s)}n>0 (or
shortly {W,},>0) is defined (by Horadam [12]) as follows:

Wn=rW,_1+ sW,_o, Wo=a,Wi=b, n>2 (1.2)
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where Wy, Wj are arbitrary complex (or real) numbers and r, s are real numbers,
see also Horadam and Soykan [25].

For some specific values of a,b,r and s, it is worth presenting these special
Horadam numbers in a table as a specific name. In literature, for example, the
following names and notations (see Table 1) are used for the special cases of r, s

and initial values.

Table 1: A few special case of generalized Fibonacci sequences.

Name of sequence Wh(a,b;r, s) Binet Formula OEISUQi]
(57) - (57)
2 2

Fibonacci Wn(0,1;1,1) = F, = A000045
Lucas Wo(2,1;1,1) = L, <1+2V5)n n (%ﬁ)n A000032

1+v2)" = (1=v2)"
Pell W,(0,1;2,1) = P, (L+v2)" -~ (1-v2) A000129

2v/2

Pell-Lucas Wn(2,22,1) =Qn, (1+v2)"+(1-v2)" A002203
Jacobsthal W, (0,1;1,2) = J, e A001045
Jacobsthal-Lucas W, (2,1;1,2) = j, 2" + (=)™ A014551

Here, OEIS stands for On-line Encyclopedia of Integer Sequences.

The sequence {WW,,},>0 can be extended to negative subscripts by defining

r 1
Wop=—W_(p)+ W (o
3 V=tn-1) T TW-(n-2)

for n =1,2,3,... when s # 0. Therefore, recurrence (|1.2)) holds for all integer n.
Now we define two special cases of the sequence {W,}. (r,s) sequence
{Gn(0,1;7,8)}n>0 and Lucas (r,s) sequence {Hp(2,7;7,5)}n>0 are defined,

respectively, by the second-order recurrence relations

Gn+2 = TGn-ﬁ-l + SGny GO = 07 Gl = 17 (13)
Hn+2 - T-Hn—l-l + San HO = 27 Hl =T (14)

The sequences {Gp}n>0, {Hn}tn>0 and {E,}n>0 can be extended to negative
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subscripts by defining

T 1

G = —=G_tn_1) + -G_(n_a,
SO-(n-1) T SG-(n-2)
T 1

H., = —H_(_1)+-H__o),
S H-(n-1) T TH-(n-2)

forn = 1,2, 3, ... respectively. Therefore, recurrences (|1.3))-(1.4) hold for all integer
n.

Some special cases of (r,s) sequence {Gn(0,1;r,s)}n>0 and Lucas (r,s)

sequence {Hy(2,7;7,s)}n>0 are as follows:
1. G»(0,1;1,1) = F,, Fibonacci sequence,
2. H,(2,1;1,1) = L,, Lucas sequence,
3. Gn(0,1;2,1) = P, Pell sequence,
4. Hp(2,2;2,1) = @y, Pell-Lucas sequence,
5. Gn(0,1;1,2) = J,, Jacobsthal sequence,
6. H,(2,1;1,2) = j,, Jacobsthal-Lucas sequence.

The following theorem shows that the generalized Fibonacci sequence W, at

negative indices can be expressed by the sequence itself at positive indices.

Theorem 1. For n € Z, for the generalized Fibonacci sequence (or generalized
(r, s)-sequence or Horadam sequence or 2-step Fibonacci sequence) we have the
following:

(a)

W, = (=1)""ts™™(W, — H,Wp)
= (="l (W, — H,Wp).

(b)
(_1)n+187n
- WE+ sWE + Wy

(W1 — W) WoWpi1 — (WE + sWEHW,,).
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Proof. For the proof, see Soykan [26, Theorem 3.2 and Theorem 3.3]. O

The following theorem presents sum formulas of generalized (r,s) numbers

(generalized Fibonacci numbers).

Theorem 2. Let x be a real (or complex) number. For all integers m and j, for
generalized (1, s) numbers (generalized Fibonacci numbers), we have the following

sum formulas:

(a) If (—s)™2? — xH,, +1# 0, then

(=)™ 2 — Hp) 2" Wonys + (=)™ 2" Wonntj—m
zn:ka o + W = (=8)" W
— mhty (—s)mx? —xH, +1 ’

(1.5)

(b) If (—s)™2? —xHy + 1 = u(z — a)(x — b) = 0 for some u,a,b € C with u # 0
and a # b, i.e., x =a or x = b, then
(x(n+2)(=s)" — (n+ 1)Hp)x"Wjtmn

n & +(=9)" (n+ D)z"Wntjem — (=) Wi_m
Wipsj = .
kz_%x ’“” 2(=5)" & — Hy,

(c) If (—s)™2? — zH;, + 1 = u(z — ¢)? = 0 for some u,c € C with u # 0, i.e.,

x =c, then

(n+1) (=)™ (n+2)2" — nz" ' Hy,) Winj

n —
> Wiy = - ”(Z D o) o Wonnjom
k=0 (=s)
Proof. Tt is given in Soykan Theorem 4.1]. O

Note that (1.5 can be written in the following form

((—s)m xr — Hm)xn+1wmn+j + (_S)m xn+1Wmn+j—m
Zkamk’—i-' = +x(Hpy — (=8)" 2)W; — (=8)" aWj_m .
k=1 ’ (=s)ma? — aHpm +1

o0
We give the ordinary generating function ) W,z" of the sequence {W,}.
n=0
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o0
Lemma 3. Suppose that fyy, (x) = >, Wya™ is the ordinary generating function
n=0

(o]
of the generalized Fibonacci sequence {Wy}n>0. Then, > Wya™ is given by
n=0

S W = Hok W= o) (1.6)
o 1—rz—sx

Proof. For a proof see, Lemma 1.1]. O

1.1 Binet’s Formula for the Distinct Roots Case and Single Root
Case

Let a and B be two roots of the quadratic equation
22 —rx—s5=0, (1.7)

of which the left-hand side is called the characteristic polynomial (or the
characteristic equation) of the recurrence relation (1.2)). The following theorem

presents the Binet’s formula of the sequence W,.

Theorem 4. The general term of the sequence W, can be presented by the

following Binet formula:
W — Wla_ﬁﬁwo o™ — Wla—OéﬁWO g" , if a # B (Distinct Roots Case)
(W1 —a(n—1)Wy)a™t | ifa=p (Single Root Case)
Wy — _
B 10[ _ﬂWo a — Wla _a/BWO g™, if a# B (Distinct Roots Case)
(W1 — 5 (n—1) W) (%)n_l , if a = p (Single Root Case)

Proof. For a proof, see Soykan and [26]. O

The roots of characteristic equation are

T—{—\/K r—\/Z
o= 5 8= 5

where
A =1r?+4s

http://www. earthlinepublishers.com
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and the followings hold

a+p =
afl = -—s,
(a—pB)?% = (a+p)?—4a8 =r?+4s.

If A =72 +4s # 0, then a # B, i.e., there are distinct roots of the quadratic
equation and if A = r? +4s = 0, then a = B, i.e., there is a single root of
the quadratic equation (|1.7]).

In the case r2 4 4s # 0 so that o # §3, for all integers n, (r, s) and Lucas (r, s)
numbers (using initial conditions in Theorem [4]) can be expressed using Binet’s
formulas as
o — "

P
H, = oa"+ 5",

G, =

respectively. In the case 72 + 4s = 0 so that a = 3, for all integers n, (r,s)
and Lucas (r, s) numbers (using initial conditions in Theorem [4) can be expressed

using Binet’s formulas as

G, = na" ",

H, = 2a",

respectively.

2 Generalized p-Mersenne Sequence

In this paper, we consider the case 1 = p,s = —(p — 1) where p € R, p # 1
(so throughout the paper we assume that p # 1 unless otherwise stated). A
generalized p-Mersenne sequence { Wy, }n>0 = {W,,(Wo, Wi) }n>0 is defined by the

second-order recurrence relation

Wyp=pWp_1—(p—1)Wp_2 (2.1)
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with the initial values Wy = cg, W1 = ¢1 not all being zero.
The sequence {W,, }n>0 can be extended to negative subscripts by defining
P 1
W_p=—F+7—"—"W_p_1y— —W_(,—
n (p—1) (n—1) (p—1) (n—2)
for n =1,2,3,.... Therefore, recurrence (2.1)) holds for all integer n.

By Theorem [4 the Binet formula of generalized p-Mersenne numbers can be

written as
W, — Wla__ﬁﬂwo a™ — W;__QBWO g™, if a # B (Distinct Roots Case)
(nW1 — 5 (n—1) W) (%)nq , if @ = (3 (Single Root Case)
where a and 3 are the roots of the quadratic equation z? — pz + (p — 1) = 0.
Moreover
a = p-—1
=1
Note that
at+f = p,
af = p—1,
a—pF = p—2.
%0 Wy — Wy Wi-(p—DWo
Wo={ poz VT Ty Ay
nWi—(n—1)W, , ifp=2

For the case p € R, p # 1, the first few generalized p-Mersenne numbers with

positive subscript and negative subscript are given in the following Table 2.

Table 2: A few generalized p-Mersenne numbers.

n Wy, W_n

0 Wo Wo

1 W }%(—Wl +pWo)

2 pWi—(p—1) Wy ﬁ(_pﬂll + (P —p+ )W)

3 P —p+1)Wi—pp—1)Wo G (G0 =+ WL+ p(p® = 2p + 2) W)

4 p(® =2+ 2)Wi = (=D E* —p+ DWW i (-p@® = 2p + Wi + (0" = 3p° + 4% — 2p + YY)
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For the case p = 2, the first few generalized 2-Mersenne numbers with positive

subscript and negative subscript are given in the following Table 3.

Table 3: A few generalized 2-Mersenne numbers.

W, W_,
W() WO
wh W_y =2Wy — Wy

Wo =2W1 =Wy W_y =3Wy -2
W3 =3W1 = 2Wy W_3 =4Wy — 3W;
Wy =4W1 —3Wy W_y =5Wy — 4W;
Ws =5W1 —4Wy W_s = 6Wy — 5W;
We = 6W1 —5Wy W_g =T7Wo — 6W;
Wr =7TW1 —6Wy W_7 =8Wy —TW;
Wg =8W1 —TWy W_g =9Wy — 8W;

0 N O U R W NN = O3

Now we define two special cases of the sequence {W,,}. p-Mersenne sequence
{Mp}n>0 and p-Mersenne-Lucas sequence {Hp, },>0 are defined, respectively, by

the second-order recurrence relations

Mn = pMn,1 - (p - 1)Mn,2, MO == O,Ml == 1, (23)
Hn = panl - (p - I)HTL*Q? HO = 2, Hl =D (24)

The sequences { My, },>0 and {H,},>0 can be extended to negative subscripts by
defining

p 1
—M - ——M_(,_
-1 " -y

P 1

H -

-1 -1
forn = 1,2, 3, ... respectively. Therefore, recurrences ([2.3))-(2.4)) hold for all integer

n.

M., = -

H., = - H_ (),

If p = 3, then 3-Mersenne sequence { M, } is the well known Mersenne sequence
and 3-Mersenne-Lucas sequence { H, } is the well known Mersenne-Lucas sequence.
If p = 2, then 2-Mersenne sequence { My, },>0 is the sequence A001477 in the OEIS
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, whereas 2-Mersenne-Lucas sequence {Hp}n>0 is the id-number A007395 in
OEIS.
Next, for the case p € R, p # 1, we present the first few values of the

p-Mersenne and p-Mersenne-Lucas numbers with positive and negative subscripts:

Table 4: The first few values of the special second-order numbers with positive

and negative subscripts.

n 0 1 2 3 4
, 7 _ 2
M, 0 1 P p?—p+1 p(p*—2p+2)
M, ... -4 e —ﬁ (PP-p+1) ~ 55 (p® —2p+2)
H, 2 p p?P—2p+2 p(p? —3p+3) pt—4p® +6p? —dp+2
H_, p%l ﬁ(p272p+2) ﬁ(pZ,gijg) ﬁ(p4f4p3+6p274p+2)

Now, for the case p = 2, we present the first few values of the 2-Mersenne and

2-Mersenne-Lucas numbers with positive and negative subscripts:

Table 5: The first few values of the special second-order numbers with positive

and negative subscripts.

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
M, 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

M, . -1 -2 -3 -4 -5 -6 -7 -8 -9 -10 -11 -12 -13 -—-14 -15
H, 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
H., .. 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2

For all integers n, p-Mersenne and p-Mersenne-Lucas (using initial conditions
in Theorem H)) can be expressed using Binet’s formulas as

u { -1 - ifp A2

n =

n , ifp=2

and

=(-1)"+1

2 , ifp=2

respectively.
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o0
Next, we give the ordinary generating function > W,a" of the sequence
n=0
o0
Lemma 5. Suppose that fi, (z) = > Wya" is the ordinary generating function
n=0

o0
of the generalized p-Mersenne sequence {Wy}n>0. Then, Y Wypa™ is given by
n=0

> Wo + (W — pW,
ZWM”: o+ (Wi—p o)l‘_
vt 1—pz+(p—1)a?

Proof. In Lemma[3] take r = p,s = —(p — 1). O
The previous Lemma gives the following results as particular examples.

Corollary 6. Generated functions of p-Mersenne and p-Mersenne-Lucas numbers

are
ad T
M, .’En = 9
nz:% " 1—px+(p—1)z?
oo
2 —pzx
S i -
_ RV
—~ l—px+(p—1x
respectively.

Proof. In Lemma [5 take W,, = M,, with My = 0,M; = 1 and W,, = H,, with
Hy = 2, H; = p, respectively. O

3 Simson’s Formulas

There is a well-known Simson’s Identity (formula) for Fibonacci sequence {F),},
namely,

Fupr Py — F2 = (—1)"
which was derived first by R. Simson in 1753 and it is now called as Cassini’s

Identity (formula) as well. This can be written in the form

Fn+1 Fn

— (-1
Fn Fn—l

Earthline J. Math. Sci. Vol. 8 No. 1 (2022), 83-120
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The following theorem gives generalization of this result to the generalized

p-Mersenne sequence {W,, },,>0.

Theorem 7 (Simson’s Formula of Generalized p-Mersenne Numbers). For all

integers n, we have

Why1 Wy 1 9 9
=@p-D)""(=W{—(p—1) W5+ pW1Wy). 3.1
|Wan1 -0 W= (- W+ p W), (31)
Proof. For a proof of Eq. (3.1), see Soykan [24], just take s = —(p — 1). O

The previous theorem gives the following results as particular examples.

Corollary 8. For all integers n, p-Mersenne and p-Mersenne-Lucas numbers are

given as
Mn+1 Mn _ _(p . 1)n—1
Mn Mnfl ’
Hn+1 Hn —1,.2
= (p=D" (" —4p+4),
‘ Hn Hn—l
respectively.

4 Some Identities

In this section, we obtain some identities of generalized p-Mersenne, p-Mersenne
and p-Mersenne-Lucas numbers. First, we can give a few basic relations between
{Wy,} and {M,}.

Lemma 9. The following equalities are true:

(@) (p—1)°Wy = (= —p + 1)W1 + p(p* — 2p + 2)Wo)Mpnia + (p(p* — 2p +
)Wy — (p* — 3p® + 4p? — 2p + D)Wo) M, 3.

(b) (p—1)* Wy, = (—pW1+ (p? —p+ 1)Wo) My + (0> —p+ 1)W1 —p(p* — 2p+
2)Wo) My .
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(€) (p— )Wy = (=W1 +pWo)Mpyo — (—pWi + (p* —p + 1)Wo) My 1.
(d) Wy, = WoMypq + (W1 — pWo) M.
(e) Wy = W1 M, — (p — 1) W(]Mnfl.

(£) p—1)*Wo—W1) (-Wi+(p—1D)Wo)M, = (—(p* — p + DWW +
p(p—1) Wo)Wyis+ (p(p* —2p+ 2)W1 — (p— 1) (p* — p+ 1)Wo) Wiy

(8) (p—1)° (Wo— W) (=Wi+ (p— DWo) My, = (—pWi1 + (p — 1)Wo)Woys +
(P> =p+ 1)W1 —p(p—1) Wo)Wnia.

(h) (p—1)(Wo—=W1) (W1 +p-1)Wo)M, = -WiWp + (W1 + (1 —
p)WO)WnH-

(i) (Wo — W) (=W + (p— Y)Wo) My, = =WWyi1 + WiW,,.
(G) Wo—Wr) (W1 + (p—1)Wo) My, = (W1 — pWo)Wy, + (p — 1) Wo Wy, 1.

Proof. Note that all the identities hold for all integers n. We prove (a). To show
(a), writing
Wn:aan+4—|—ben+3

and solving the system of equations

Wo = ax My+bx Ms
Wi = ax Ms+bx My

we find  that a = (= *PJrl)M(/;jf)(r?Q 2l ; b =

(e ~2p+2) W1 = (" 73‘23 P2 =20+ OWo)  The  other equalities can be proved
(r-1) '

similarly. O

Note that all the identities in the above Lemma can be proved by induction
as well.

Next, we present a few basic relations between {H,,} and {W,,}.

Lemma 10. The following equalities are true:

Earthline J. Math. Sci. Vol. 8 No. 1 (2022), 83-120
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(@) (p—27(p-1°W, = —(—p(* — 3p + W1 + (p* — 4p°> + 6p* — dp +
2)Wo)Hpya + (—(p* — 4p° + 6p* — dp + 2)W1 + p(p* — 5p® + 10p* — 10p +
5)W0)Hn+3.

(b) (p—1)*(p—2)* Wy = ((p* —2p+2)W1 — p(p* — 3p+3)Wo) Hpys + (—p(p® —
3p + 3)Wy + (p* — 4p> + 6p% — 4dp + 2)Wy) Hypyo.

(¢) (p—1)(p—2° W, = (pW1 — (p* — 2p + 2)Wo) Hpya + (—(p* — 2p + 2)W1 +
p(p* —3p+3)Wo)Hpy1.

(d) (p— 2)2 Wy = QW1 — pWo)Hyy1 + (—pWi + (p? — 2p + 2)Wo) H,,.

(e) (p—2)° Wy, = (2Wy — 2pWo + pW1)Hy + (p — 1) (=2W1 + pWo) Hp—1.

() (p—13Wo—W1) (=W1+ (p—1D)Wo) Hy, = (p(p® — 3p + 3)W, + 2W, —
A4pWo + 3p*Wo — pPPWo)Wipa + (—(p* — 4p® + 6p? — 4p + 2)W1 + p(p —

1)(p® = 3p + 3)Wo)Wass.

(8) (p—1°Wo—Wi) (-Wi+(p-DWo)H, = (®* — 2p + 2)W1 —
p(p— 1) Wo)Wnis + (—p(p* = 3p+ 3)W1 + (p — 1) (p* — 2p + 2)Wo) Wy 1o

(h) (p—=1)(Wo =W1) (W1 +(p—-1)Wo)H, = (pW1 — 2(p—1) Wo)Wy42 +
(—(* —2p+2)W1+p(p—1) Wo)Wy1.

(i) Wo—=W)(=Wi+({p-1)Wo)H, = @2Wi — pWo)Wpy1 + (—pW1 +
2 (p - 1) WO)Wn

() Wo=W) (=Wi+(p—1)Wo)H, = —(—pWi + (p* — 2p + 2)Wo)W, +
(p—1) (—2W1 + pWo)Wp_1.

Next, we present a few basic relations between {M,} and {H,}.
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Lemma 11. The following equalities are true:

(p—1°H, = p(p*—3p+3) Mpra+ (—p* +4p* — 6p* + 4p — 2) M, 13,
(p—1°Hy, = (*—2p+2)Mnis—p (p* —3p+3) Myyo,
(p—1H, = pMyyo+ (—p* +2p—2)M, 1,

H, = 2M,.1 —pM,,

H, = pM,—-2(p—1)M,_,

and
(P-22(p-1)°M, = p(p*—3p+3) Hysa+ (—p* +4p° — 6p” + 4p — 2)Hpys,
(P-17(p-2°M, = (*—2p+2)Hn3—p(p*—3p+3) Huyo,
(p—1)(p—2)°M, = pHpyo+ (—p*+2p—2)Hpu1,

(p—2)>M, = 2H,4 —pH,,

(p—2°M, = pH,—2(p—1)Hy

We now present a few special identities for the generalized p-Mersenne

sequence {W,}.

Theorem 12. (Catalan’s identity of the generalized p-Mersenne sequence) For
all integers n and m, the following identity holds:
Wneranm - Wrs

(P—D""((p— 1™ = 1> (Wo — W1) (W + (1 — p)Wo)

, fpF2
= (p—2)°
—m® (Wo — W1)* . ifp=2
Proof. We use the identity ([2.2]). O

As special cases of the above theorem, we have the following corollary.

Corollary 13. For all integers n and m, the following identities hold:

()

- (p-1)" 1)

, fp#F2
My Mpy—m — Mg = (p - 2)2
2

—m , ifp=2
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(b)
p—1)" M (p—1)" =1 , ifp#2
HyymHp—m — H72L = ( ) 2(( )2 ) f 4 :
-m (p - 2) ) pr =2
Note that for m = 1 in Catalan’s identity of the generalized p-Mersenne

sequence, we get the Cassini identity for the generalized p-Mersenne sequnce.

Theorem 14. (Cassini’s identity of the generalized p-Mersenne sequence) For all

integers n, the following identity holds:

(p— 1" (Wo — W) (Wy + (1 —p)Wo) , ifp#2

Wi Wy — W2 = ‘
’ { — (Wo — W)? , ifp=2

As special cases of the above theorem, we have the following corollary.

Corollary 15. For all integers n, the following identities hold:

—(p-1"" , ifp#2

(@) Mg My = My = { 1 , ifp=2

p-1)""(p-27 , ifp#£2

b) Hy1H, 1 — H2 =
(B) HntiHns { 0 , ifp=2

The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by
using (2.2)). The next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’

identities of generalized p-Mersenne sequence {W,, }.

Theorem 16. Let n and m be any integers. Then the following identities are

true:
(a) (d’Ocagne’s identity)
Wm+1Wn - WmWn+1

B ((P—l)m—(P—1)n)(?/0_—2W1)((1—P)W0+W1) Cifpt2 |

—(m—n)(WO—Wl)Z , ifp=2
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(b) (Gelin-Cesaro’s identity)
Wn+2Wn+1Wn71Wn72 - qubl

(p—1)""%(Wo — Wi)(-W1 + (p — 1)W0)Ql ifp 49
= (p—2)° ’

Q9 , fp=2

where

U= (=(-D)"@-D)@*+p—1)+(p—-1)"(p" —2p° +4p* —dp+2) —p* +
2p— D)W+ (p— 1) (—(p—1)*"(P*+p—1)+(p—1)"(p* —2p> +4p* —4p+2) —
P42 +207 = 3p+ WG+ 2(p— D" (p— 1) (p* +p—1)+ (p— 1)" p(—p* +
2p3 — 4p? + 4p — 2) + 2p* — 2p3 — 4p® + 6p — 2)W Wy

and
Qo = —(Wo—W1)2((5n? —4)W2+(5n2 —10n+1)Wg —2(5n% —5n—4) Wy Wh).

(c) (Melham’s identity)
WnJrl Wn+2Wn+6 - Wff+3

B (p_1)n+1(W0—I;Vl_)(2—W1+(p—1)W0)A ipi2

(Wo — W1)2(—(7n +15W + (Tn+8)Wy) , ifp=2

where

A=—((p-1)"@*—p+D-12-p*+p* —2p+ HWi+ (p—1)((p —
) (pd —p+1) — p* +p? — 2p+ 1) W

Proof. Use the identity (2.2]). O

As special cases of the above theorem, we have the following three
corollaries. First one presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities

of p-Mersenne sequence {M,}.

Corollary 17. Let n and m be any integers. Then the following identities are

true:
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(a) (d’Ocagne’s identity)

Mm+1Mn - MmMn-I—l = p—2 7& .

(b) (Gelin-Cesaro’s identity)

-3
p—1)" .
4 ( ) P \Ill ) pr 7é 2
My oMy 1 My 1 My 2 — M, = (p—2)
—(5n?—4) , ifp=2

where
Uy = —(p=1)*"(p—1)(p*+p—1)+(p—1)"(p* —2p° —dp+4p>+2) —p* +2p—1.
(c) (Melham’s identity)

o (p -1 n+1

— 7 Wy, , 2

Myi1 Mo Mpye — M, 5 = p— 2 W7
—(

2
Tn+15) , ifp=2

Uy =((p—1)""2 (P —p+1)—p* +p* - 2p+1).

Second one presents d’Ocagne’s, Gelin-Cesaro’s and Melham’s identities of

p-Mersenne-Lucas sequence {H,,}.

Corollary 18. Let n and m be any integers. Then the following identities are
true:

(a) (d’Ocagne’s identity)

a _J =D =-0)"(p-2) , ifp#2
Hm+1Hn HmHn+1 { _ (m _ n) (p . 2)2 ’ pr _9 .

(b) (Gelin-Cesaro’s identity)

—1)" 3 (p—2)2Ty , ifp#2
HooH o Ho Hooo—gi—] ’
n+24dn+14dIn—-14In—2 n { (p _ 2)2F2 ’ zfp —9
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where
L= ((p—1)"" @ +p—1)+@—-1)"p" - 20° +4p* —dp+2) +p° — 2p+1)
and
Ty = (=5(p — 2)?n% — 20(p — 2)n + 4(p* — 4p — 1)).
(c) (Melham’s identity)

~(p-1)""(p—-2)°Ts , ifp#2
Hy1Hy oH,. 6 — H>, o =
n+14dn4-241n+6 n+3 { (p _ 2)2 F4 : ifp -9

where
Ty=(—-(p— 1" @ —p+1)—p*+p* - 2p+1)
and

Ty = (14n — 15p — Tnp + 16)..

5 On the Recurrence Properties of Generalized

p-Mersenne Sequence

Taking r = p,s = —(p — 1) in Theorem [l| (a) and (b), we obtain the following

Proposition.

Proposition 19. Forn € Z, generalized p-Mersenne numbers (the caser = p,s =
—(p — 1)) have the following identity:

Wo, = —(p—-1)"(W,—-H,W)
—(p-1)7"
—W12 —(p— 1)W02 + pWoW,
X ((2W1 — pWo)WoWna1 — (WE = (p — YW Wy)

From the above Proposition, we have the following corollary which gives the
connection between the special cases of generalized p-Mersenne sequence at the
positive index and the negative index: for p-Mersenne and p-Mersenne-Lucas
numbers: take W,, = M,, with My = 0, M; = 1 and take W,, = H,, with Hy =
2, Hy = p, respectively. Note that in this case H,, = H,.
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Corollary 20. For n € Z, we have the following recurrence relations:

(a) p-Mersenne sequence:

_ 1 _1y—n_1_ ;
Moy = —(p—1)"M, =4 2T @D ip A2

(b) p-Mersenne-Lucas sequence:

1+(p_1)—n ) pr#2

=1+(p-1)"
>, oppm2 PP

n=(@-1)""H, = {

6 The Sum Formula > ,_, "Wk,

In this section, we present sum formulas of generalized p-Mersenne numbers. The
following theorem presents sum formulas of generalized p-Mersenne numbers (the

case r =p,s = —(p—1)).

Theorem 21. Let x be a real (or complex) number. For all integers m and j, for

generalized p-Mersenne numbers we have the following sum formulas:

(a) If (p— 1)™a? —xH,, +1#0, then

(p=1)" 2 — Hp)2" ' Wipngj + (p = 1) 2" Wongp o
+ W —(p—1)"aWjm

k
Wnksj =
;0”" ftd (p—1)mx?2 — zH,, + 1
(6.1)

(b) If (p—1)"2? —xH,,+1 = u(x—a)(x—b) =0 for some u,a,b € C withu # 0
and a # b, i.e., x =a or x = b, then
(#(n+2) (p— 1) = (n+ D) Hp)2" Wiy

zn:ka fi = +@—D" 4+ D)2"Wantjom — (0 — )™ Wi '
— e 2(p—1)"x — Hp,
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(c) If (p— 1)™2? — 2Hp, + 1 = u(z — ¢)? = 0 for some u,c € C with u # 0, i.e.,

r = c, then

(n+1) ((p—=1D™ (n+2)a"™ — na" " Hp) Winnj

S i = (1) (= )" Wy
mk—+j 9 (p _ 1)m .
Proof. Take r =p,s = —(p—1) and H,, = H,, in Theorem O

Note that (6.1) can be written in the following form

n ((p - 1)m )1(: n("er] —l_) (p; 1)m x(n—i_lW;anrjm
& o +x - D")W;—(p—1)"aWi_p,
Z:c Wk+; = (p— 1)"a2 — oM, + 1 .

As special cases of m and j in the last Theorem, we obtain the following

proposition.

Proposition 22. For generalized p-Mersenne numbers (the case r = p,s = —(p—

1)) we have the following sum formulas:

(a) (m=1,j=0)
If (p—1Da? —pr+1#0, de, x #1, :L‘;éﬁ, then

f:ka _(p=Da—p)a™' W, + (p—1) 2" Wy + a Wi + (1 — pa)Wo
* (p—1a*—pr+1
and

if(p—1)a2? —pr+1=0,de,z=1 orx:]%, then if p # 2, then

(x(n+2)(p—1) = (n+1)p)2" Wy + (p — 1) (n 4 1)z" Wy

~ + Wi —pWo
"Wy =
2 2(p—-1z—p

and if p = 2, then

zn:kak: (n+1)((n+2)x”_2nx )W +n(n + 1)z"~ 1W,1
2
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(b) (m=2,j=0)
If (p—1)%22 — (p> —2p+2)x+1#0,ie, v #1, 0 # m, then

((p - 1)2 T — (p2 - 2]9 + 2))xn+1w2n + (p - 1)2 xn+1W2n—2
n . 2 = _
S o Wy = +pzWi — (" —p+1) - DWW
k=0

(p—1)%a? — (p* = 2p+2)z +1
and
if (p— 1222 - (p?> —2p+2)x+1=0,ie,x=10rz= m, then if
p#0 and p # 2, then
(z(n+2) (p—1)° = (n+1)(p* — 2p + 2))a"Wa,

zn:ka% __+ (p— 1)2 (n+ 1)957;W2n_2 +pW1 — (p? —p+ )W
=0 2(p—1)"z—(p*—2p+2)

and if p=0 orp=2 (so that(p—1)2:1 and p?> —2p+2 =2), then

n 1) g1
kaW% = W(@x + nx — 2n)Way, + nWay,_2).
k=0

(c) (m=2,7=1)
If(p—1)222 — (p> —2p+2)x+1#0, ie., x #1, v # m, then

§ (p— 1%z — (p — 2p + 2))2" ' Wania
& +(p— 1)2 2" Wo, 1+ (pr — 2+ 1)W1 —p(p — 1)zWy
> Wy =
k=0

(p—1)22% — (p? = 2p + 2)z + 1
and
if (p— 1222 —(p?> —2p+2)x+1=0,ie,x=10rz= m, then if
p#0 and p # 2, then

. (z(n+2) (p—1)* = (n+ 1)(p% — 2p+ 2))a"Waps1
S Wy = +(p—1)*(n+ 1)a"Wap_1 + (p — 1)(Wy — pWp)
k=0

2(p—1)%z— (p? —2p+2)
and if p=10 or p =2 (so that (p—l)2 =1 andp*> —2p+2=2), then
(n+1) ((n+2)a™ — 2na™ 1) Wap g1 + n(n+ 1)z " Wap_y

n

k
> d W = 5
k=0
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(d) (m=—1,j=0)

If(w—l)(gi—lx—l)
p

#£0, e, x#1, x#p—1, then

Zn:ka p = (z —p)a™ Wy + 2" W1 + (p— 1) Wy — 2
27 —e-Dp-z-1)
and
EEDIUETES)
p—1

=0,de,x=10rxz=p—1, then if p # 2, then

i ka L= (-T(n + 2) - (n + 1)p)x”W7n -+ (n + 1)$nW7n+1 — W1
— B 2 —p

and if p = 2, then

. Sy mED ((n+2)2" — 2na™ V) W_p, + n(n + 1) ' W_p iy
E k= .
2
k=0

(e) (m:_27j20>
(r—1) (= +p*=2p+1)

If 5 £0,ie,x#1, x#p’>—2p+1, then
(p—1)
"W gppo + (x — (p* — 2p + 2)) 2" T W_y,
i B —pzWi+ (p—1)(x+p—1)Wy
Zx W_ap, = 2
2 “e— D) (—e+p—2p+1)
and

(=D (—z+p*—-2p+1)
if 5

(p—1)
p#0 and p # 2, then

=0, ie,x=1o0rxz=p>—2p+1, then if

(n+ 1)z"W_gnio + (z(n +2) — (n+ 1) (p? — 2p + 2))2"W_g,

~ _ —pWi+ (p—1)Wy
k:zox s 22— (p? = 2p+2)

and if p=0 orp=2 (so that(p—l)2:1 and p?> —2p +2 = 2), then

Zn: . n(n+1)z" "W_onyo + (n+ 1) ((n + 2)2™ — 2na™ 1) W_y,
-2k — .

2
k=0
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(f) (m=-2,j=1)
(x—1)(—z+p>—2p+1)

If 3 £0, de,x#1, x#p>—2p+1, then
(p—1)
"W _gpis + (. — (p* — 2p + 2)) 2" M W_gpq1 + (—p%2
n
Zka—%ﬂ _ +pr—x+p*—2p+ 1)W1 +pz(p— )W,
2 “e-1) (ot P2+ 1)
and

if (z—1)(—z+p*—2p+1)
(p—1)?

p#0 and p # 2, then

S0 W gk i1

(n+1)2"W_gnis + (z(n+2) — (n+ 1) (p? — 2p + 2)) 2" W_gp41
— (P —p+ W1 +p(p — )W
2z — (p> —2p+2)

and if p=0 or p =2 (so that (p—1)2:1 and p?> —2p +2 = 2), then

=0, ie,x=1o0rz=p>—2p+1, then if

zn: by Con(n+ D)z Wz + (n+ 1) ((n+2)2" — 2na™ 1) Wog, g
TV _ok+1 = 9 .
k=0

From the above proposition, we have the following corollary which gives sum
formulas of p-Mersenne numbers (take W,, = M,, with My =0, M; = 1).

Corollary 23. For n > 0, p-Mersenne numbers have the following properties:

(a) (m=1,7j=0)
If (p—1)a? —px +1#0, i.e.,x#l,x#p%l, then

Zn:f’ko _(p=VDa—pla™ My + (p— 2" My + 2
Pt ¥ (p— a2 —px+1

and

if(p—1a2? —pr+1=0,de,z=1 or:c:ﬁ, then if p # 2, then

“ e, @ +2)(p—1)— (n+ 1)p)a" My + (p—1) (n+ 1)a"My_1 + 1
kZOka_ 2(p—-1)z—p
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and if p = 2, then

zn: kg (n+1) ((n+2)a™ — 2na™ ) My, +n(n + 1)z" My

" My = .
2

k=0

(b) (m=2,j=0)
If(p—1)222 — (p? —2p+2)x+1#0,ie,x#1, v # m, then

ixk A = (=D — (7 = 2p + 2))a™ My + (p— 1)* 2™ My + pa
L™ (b —1)%2 — (P2 —2p+ 2z +1

and
if (p—1)222 -~ (p* —2p+2)2+1=0,4e,x2=10rx=
p#0 and p # 2, then

(#(n+2) (p = 1) = (0 + 1) (" = 2p +2))a" Moy
~ e +(p— 1 (n+1)a" Mz +p
kz_ox Moy, = 2(p—1)2:c—(p2—2p+2)

1 .
T then if

and if p=0 or p =2, then
Zn: * My, = (n+12)33"—1((2$ + nx — 2n) My, + nMay,_2).
k=0
(c) (m=2,j=1)
If (p—1)%222 — (p> —2p+2)x+1#0,ie, x #1, 0 # m, then
((p— 1)z — (p* = 2p +2))a™ ! Man i

n 2
ZwkMgkﬂ = +(p— 1) " Myy1 + (pr — 2+ 1)
— (p—1)222— (P> —2p+2)z+1

and

if (p—1)2%22 -~ (P> —2p+2)2+1=0,4e,x2=10rx=
p#0 and p # 2, then
(@(n+2) (p—1)* = (n+1)(p* — 2p+ 2))2" Moy 11

S kL +(p—1)° (n+ 1)a"Map_1 +p— 1
Zﬂf 2k+1 — 2( _1)2 _(2_2 +2)
k=0 p—b)e P

1 .
m, then 'lf
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and if p=0 or p =2, then

= . _(n+1) ((n+2)z" — 2nz" 1) Map41 + n(n+ 1)a™ " Map_y
ZCC Moy 1 = > .
k=0

(d) (m=—1,j=0)

-Dp—xz-1
[f(x )(plx )#O,i.e.,xﬁl,m7ép—1,then
p—

i:ka L = (v —p)xnﬂM—n + C1777’4_1]\4—71-5-1 -
— —(r-1)(p-z-1)

and
EEDIETES)

1 =0,4%e,x=10rz=p—1, then if p # 2, then
p_

z”: oy, = @2 = (4 Dp)a" Moy + (n+ Da" Moy — 1
e 2r —p

and if p = 2, then

L (n+1) ((n+2)2" — 2n2z™ ") M_,, + n(n+ 1)z" ' M_, 14
Zx M_k e 9 .

k=0

(e) (m=-2,j=0)
(x—1)(—z+p>—2p+1)

If ( 1)2 40, de,x#1, x#p>—2p+1, then
p—
En:ka 2" M oo+ (x— (pP = 2p+2))a" My, — p
£k —(@—1)(-z+p*-2p+1)
and
—1) (- 2 _2p+1
Zf(x )( T+p P+ ):0’ 7/67:1;:]_01";3:}32—2]?4—17 thenzf

(p—1)?
p#0 and p # 2, then

(n+1)2"M_gpt2 + (x(n+2) — (n+1) (p* —2p + 2))a"M_2, — p

n
k
M_o. =
k:zox * 2z — (p* —2p+2)
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and if p=0 or p =2, then

. n(n+1)z" "M_gp10 + (n+ 1) (n+ 2)z" — 2nz" 1) M_s,
E T M_Qk = 9 .
k=0

(£) (m=-2,j=1)
(x—1)(—z+p>—2p+1)

If ( 1)2 £0,ie,x#1, x#p>—2p+1, then
p_

. "M _gpig+ (x — (p* — 20+ 2))2" T M _gp 44

S Mgy = +(pPrtpr—z+p®—2p+1)

— ok —(x—=1)(—z+p*—2p+1)
and

-1)(— 2_2p+1
if(m ) (e +p Pt ):0, e, v =1 orx = p> —2p+ 1, then if

(p—1)*
p#0 and p # 2, then
(n+1)2"M_op43 + (z(n + 2)
LN —(n+1)(p* —2p+2))2"M_9p41 — (P> —p+1)
Zx M _9p41 = 2
~ 2z — (p? — 2p + 2)

and if p=0 or p=2, then

znz ks Con(n+1)z" M 934 (n+ 1) ((n+2)2" — 202" 1) M9, 11
M _2k+1 = 9 .
k=0

Taking W,, = H, with Hy = 2, H; = p in the last proposition, we have the
following corollary which presents sum formulas of p-Mersenne-Lucas numbers.

Corollary 24. For n > 0, p-Mersenne-Lucas numbers have the following

properties:

(a) (m=1,3j=0)
If (p—1)a® —px +1#0, i.e.,x#l,x#zﬁ, then

zn:ka _ (p—Vz—p)a"H,+(p—1)a" "1 Hy 1 +2—pz
o g (p— 12?2 —pxr+1
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and
if(p— 12 —pr+1=0,ie,x2=10rz= zﬁ’ then if p # 2, then
z":xkﬂk _ (@42 (-1 — (n+ p)a"Hn + (p—1) (n+ Da"Hyy —p
P 2(p—1z—p
and if p =2 then

(n+1) ((n+2)a™ — 2na" 1) Hy, + n(n + 1)z" 'Hy,—

n

k=0

(b) (m=2,j=0)
If(p—1)222 — (p? —2p+2)x+1#0,ie,x#1, v # ﬁ, then

((p—1)%z — (p* — 2p +2))a"  Hop + (p — 1)* 2" Hopp

ok =
— (p—1)22% = (p* —2p+2)v +1
and

if (p—1)2%22 -~ (> —2p+2)2+1=0,de,x2=10rx= m, then if
p#0 and p # 2, then
(2(n+2) (p— 1 = (n+ D(p? — 2+ 2))a" Ha
ika +(p— 1)2 (n+ 1)2"Hap o — p? + 2p — 2
2% =
P 20p— 1)z — (p> —2p+2)

and if p=0 or p =2, then

n
n+1)az"!
Z ¥ Hop = (2)((21‘ + nz — 2n)Hayp + nHap—2).
k=0

(c) (m=2,57=1)
If (p—1)222 — (p* —2p+2)x+1#0,ie, x # 1, # m, then

(p— 12— (p* = 2p +2)) 2" Hopy1 + (p — 1)? 2" Hopy
+p(x —px+1)

n
k
H. =
kzox 2k (p—1)222 — (p?> —2p+2)z +1
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and

if(P_1)2$2—(p2—2p+2)56+1 =0,%e,x=1o0rz=
p#0 and p # 2, then
(2(n+2) (p—1)* = (n+1)(p* — 2p + 2))2" Hap 11

zn:kasz 1= +(p—1)° (n+1)a"Hap 1 —p(p— 1)
k=0 ' 2(p—1)%z— (p? —2p+2)

1 .
ot then if

and if p=0 or p=2, then

i kg _(n+1) ((n +2)x™ — 2nx"_1) Hopy1 +n(n+ 1)z 1 Hyy g
T ll2k+1 = 5 .
k=0

(d) (m=—1,j=0)
(z—1)(p—x—1)

If 1 #£0, e, x#1, x#p—1, then
p—
ika e = (Ll? _p)xn_HH—n + xn—HH—n-i-l —pr+2p—2
2 —@-Dp-c-1)

and

(z-Dp-z-1)

if =0,4%e,x=10rz=p—1, then if p # 2, then

p—1
Zn: FH - (x(n+2)— (n+ p)a"H_p, + (n+ 1)z"H_, 41 — p
=0 2 —p
and if p = 2, then
Z": H - (n+1) ((n+2)2" — 2nac”12) H_p+n(n+ 12" 1H_, |

(¢) (m=-2,j=0)
It (x—1)(—z+p?>—2p+1)

5 £0,ie,x#1, x#p’>—2+1, then
(r—1)

2" H 9pi0+ (. — (p? — 2p+2))a" T H_y,
n oo 2
Zka—% _ x(p® —2p+2)+2p° —4p+2
k=0

—(z—=1)(—z+p>—2p+1)
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and
—1) (- 2 _2p+1
p—
p #0 and p # 2, then

(n+1)2"H_gpio + (x(n+2) — (n+1) (p* — 2p+2))
2"H_9, —p*> +2p—2

n
k
" H_9p =
kzo 2k 2z — (p% — 2p + 2)

and if p=0 or p=2, then

Zn: k ~n(n+ Da"  H gpyo + (n+ 1) (n+2)z™ — 2nz" ') H_yy,
x H_Qk = 9 )
k=0

(f) (m=-2,j=1)
2
— - — 1

If
(p—1)°

n e H i3+ (x — (p? = 2p +2))2"H H gy

Zﬂ?kH oet1l = —p(p2x—3px+3x—p2+2p—1)

prd —2k+ —(z—=1)(—z+p*—2p+1)
and

—1) (- 2 _2p+1

D—

p#0 and p # 2, then

(n+1)x"H 2,43 + (z(n + 2)
—(n+1) (p2 —2p+ 2))1:”H_2n+1 —p(p* —3p+3)

n
k
H opy1 =
kz_ox . 2z — (p> —2p+2)

and if p=0 or p=2, then

N n(n+1)z" *H_ony3+ (n+1) ((n+ 2)a™ — 2na" 1) H_op 41
Zl“ H o1 = 5 .
k=0

Taking = = 1 in the last two corollaries we get the following corollaries.
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Corollary 25. Let x = 1. For n > 0, p-Mersenne numbers have the following

properties:
(a) If p # 2, then
ZMk_ (p—n—2)M,+(p—1)(n+1)M,_; +1)
and if p = 2, then

> My = %(— (n—2) (n+1) My, +n(n+1)M,_1).

(b) If p# 0 and p # 2, then
Z My, = 2) ————((p* = 2p — 1) Mo + (p — 1)* (n + 1) Man_3 + p)

and if p=0 or p=2, then

3 My = (n ;r Y (2 = n) Man + nMon_s).

(c) If p# 0 and p # 2, then
1
Z Mapy1 = =2 ((p* = 2p = n)Mapy1 + (p — 1)° (n+ 1) Mop 1 +p—1)
and if p=0 or p=2, then

= 1
> Moy = 5(= (n+1) (n = 2) M1+ n(n+ 1) Map-1).

(d) Ifp # 2, then

- 1
ZM_k - (p _ 2) ((np —n+p- 2)M—n - (TL + 1)M—n+1 + 1)
and if p = 2, then

ZM_k_f (n+1)(n—2)M_p, +n(n+1)M_p,41).
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(e) If p# 0 and p # 2, then
= 1
Y M g = ———(—(n+ )M gpya+ (n(p—1)* +p(p—2))M 2, +p)
— p(p—2)
and if p=0 or p =2, then

ZM—% = -(mn+1)M_2,12 — (n—2) (n+ 1) M_a,).

(f) If p#0 and p # 2, then
Y oheo M_2k11

= o (DM s+ (10— D9 (0 = 2) Mo + (0 1)

and if p=0 or p=2, then
- 1
D Mg = S+ 1)Moznis = (n = 2) (0 + 1) Mon1).

p-Mersenne-Lucas numbers have the following properties.

Corollary 26. Let x = 1. For n > 0, p-Mersenne-Lucas numbers have the

following properties:

(a) If p # 2, then
> Hy= piz((p— n—=2)H,+(p—1)(n+1)H,1 —p)
k=0

and if p = 2, then

ZHk_f (n—2)(n+1)H, +n(n+1)H,_1).
(b) If p # 0 and p # 2, then

Z Hoyy, = 2) ((p* —2p—n)Hap + (p — 1)* (n 4+ 1) Hapo — p* +2p — 2)
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and if p=0 or p =2, then

- n+1
ZH% = ( 5 )((2 — TL)HQn + nHap—2).
k=0
(c) If p#0 and p # 2, then
= 1
> Hopyr = ———((0* = 2p—n)Hang1+(p = 1)° (n+1)Hop 1 —p(p— 1))
— p(p—2)
and if p=0 or p =2, then

n
1
E H2k+1 = 5(— (7’L — 2) (n =+ 1) H2n+1 + n(n + 1)H2n_1).
k=0

(d) Ifp # 2, then

S (pim((n (b= 1) +p—2Hon — (n+1)H py1 +p)

and if p = 2, then

SH = %(f (n—2)(n+ 1) Hop+n(n+1)H 1),
k=0

(e) If p#0 and p # 2, then
= 1
Y Hoop = ———=(=(n+1)Hospio+(n (p — 1)*+p (p — 2)) H-2n+p"—2p+2)
prt p(p—2)
and if p=0 or p=2, then

S H = %(n(n 1) H omps — (n—2) (n+1) Hosy).
k=0

(f) If p#0 and p # 2, then

Yo H-2k+1
= p(pl_2)(—(n—|— DH _gni3+n(p—1)24p(p—2))H_a9ns1+p(p* —3p+3))

and if p=0 or p=2, then

n
1
> Ho g1 = g+ 1) H n43 = (n=2) (n+1) Hoon1).
k=0
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7 DMatrices Related with Generalized p-Mersenne

Numbers

We define the square matrix A of order 2 as:

a— (P —(p—1)
S\l 0

such that det A = p — 1. Then, we have

Wn+1 _ p _(p - 1)
W, 1 0
Wi \ [ —(p—1)

w, | \1 0

If we take W, = M,, in (7.1)) we have
M, 1 0 M, |~ '

A%:<A%H —@—DMn>
Mn _(p - I)Mn—l

( VTZ: > (7.1)

and

We also define

and

C — ( Wn+1 _(p_ 1)Wn )
" W, —(p—1)W,y |

Theorem 27. For all integers m,n, we have
(a) M, =A"

(b) C1A™ = A"C,

(c) Chom = CrMy, = M, C.

Proof. Take r =p,s = —(p — 1) in Soykan Theorem 5.1]. O
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Corollary 28. For all integers n, we have the following formulas for the

p-Mersenne and p-Mersenne-Lucas numbers.

(a) p-Mersenne Numbers.
n
o (P =D} Mu —(p—-1)My
(b) p-Mersenne-Lucas Numbers. If p # 2, then

~(p— 1)(2Hn41 — pHy) )

gr— (p —@-D n:; 2Hni2 — pHns1
Lo (p—2)2 \ 2Hosi —pHo  —(p—1)(2Hy — pHoo1)

and if p =2 (so that M, =n, H, = 2), then

2 -1\ [ mH —nH
H, -%'H,, n  —(n—1)

Proof. (a) It is given in Theorem [27| (a).

N3

(b) Note that if p = 2, then M,, = n, H, = 2 and so

n n
Mn:n:§X2:§Hn

Note also that, from Lemma we have

(p—2)* M, = 2H, .1 — pH,,.
Using ([7.3), (7.4) and (a), we get required result.
O

Theorem 29. For all integers m,n, we have
Wn+m = Wan+1 - (p - 1)Wn—1Mm (75)

Proof. Take r =p,s = —(p — 1) in Soykan Theorem 5.2.].
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By Lemma [9] we know that
(Wo —Wh) (=Wh + (p — Y)Wo) My, = =W Wii1 + Wi,

so ([7.5)) can be written in the following form

Wi (Wing1 (W1 — pWo) + Wy, Wo (p — 1))
+Who1(p— 1) WoWng1 — WilWVy,)
(Wo — W1) (=W1 + (p— 1)Wo)

Wn+m =
Corollary 30. For all integers m,n, we have

Mner = ManJrl - (p - 1)Mn71Mm7
Hn+m = Han—H - (p - 1)Hn—1Mma

and (if p # 2, then)

Hn (_pHerl + 2 (p - 1) Hm) + anl (p - 1) (2Hm+1 - pHm)
(p—2)°

Note that if p = 2 (so that for all integers n, H, = 2), then for all integers

Hner =

m,n, Hptm = 2.
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