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Abstract 

In this paper, fixed point theorems of the Kannan type are obtained in the setting of metric 

space and metric space endowed with partial order, respectively, for self-mappings that 

are composition operators. 

1. Preliminaries 

Definition 1.1 [1]. The composition operator ψC  with symbol ψ  is a linear operator 

defined by the rule 

( ) ,ψ=ψ �ffC  

where ψ�f  denotes function composition. 

Remark 1.2. Although every real number is a complex number, but not conversely. 

We assume the domain of the composition operators studied in this paper is .R  

Definition 1.3. Let ( )d,R  be a metric space, and ( )fCψ  be a self map of ( )., dR  

We say ( )fCψ  is a f−ψ -Kannan contraction if there exists 





∈
2

1
,0k  such that the 

following inequality holds for all ,, R∈yx  
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( ( ) ( ) ( ) ( )) [ ( ( ) ( ) ( ))] [ ( ( ) ( ) ( ))].,,, yfCydxfCxdkyfCxfCd ψψψψ ψ+ψ≤  

Remark 1.4. Obviously if ψ  is the identity, then f is a Kannan contraction [2], as it 

satisfies 

( ) ( ) ( )[ ]fyydfxxdkfyfxd ,,, +≤  

for some 





∈
2

1
,0k  and all ., R∈yx  

Definition 1.5. Let ( )fCψ  be a self-map of ,R  we say ( ) ( )Rψ∈ψ b  is a fixed point 

of ( )fCψ  if ( ) ( ) ( ).bbfC ψ=ψ  

Definition 1.6. Let ( )d,R  be a metric space. A sequence ( ){ }nxψ  in ( )Rψ  is called 

convergent, and in particular, converges to ( ) ( ),Rψ∈ψ x  if ( ) ( )( )xxd nn ψψ∞→ ,lim  

.0=  

Definition 1.7. Let ( )d,R  be a metric space. A sequence ( ){ }nxψ  in ( )Rψ  is called 

Cauchy, if ( ) ( )( ) .0,lim , =ψψ∞→ mnmn xxd  

Definition 1.8. We say ( )( )d,Rψ  is complete, if every Cauchy sequence in 

( )( )d,Rψ  is convergent in ( )( )., dRψ  

Using ideas from [3], we introduce the following 

Definition 1.9. Let ( )≺,X  be a partially ordered set, and the composition operator 

( )fCψ  be a self-map of X. We say ( )fCψ  is non-decreasing if for all ( ) ( )21 , xx ψψ  

( ),Xψ∈  

( ) ( )21 xx ψψ ≺  

⇒  

( ) ( ) ( ) ( ).21 xfCxfC ψψ ≺  

Notation 1.10 [4]. S will denote the class of all functions [ )1,0: ֏
+β R  with  

(a) { },0>|∈=+
tt RR  

(b) ( ) 0→β nt  implies .0→nt  
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2. Kannan Type Fixed Point Theorem 

Theorem 2.1. Let ( )d,R  be a metric space. Suppose the composition operator 

( )fCψ  is a self map of ( )d,R  which is a  f−ψ -Kannan contraction. The fixed point 

of ψC  is unique, provided ( )( )d,Rψ  is complete. 

Proof. Define the sequence ( ){ }nyψ  in ( )Rψ  by ( ) ( ) ( ).1 nn yfCy ψ+ =ψ  Now 

observe we have the following 

( ) ( )( ) ( ( ) ( ) ( ) ( ))121 ,, +ψψ++ =ψψ nnnn yfCyfCdyyd  

[ ( ( ) ( ) ( )) ( ( ) ( ) ( ))]11 ,, +ψ+ψ ψ+ψ≤ nnnn yfCydyfCydk  

[ ( ) ( )( ) ( ( ) ( ))].,, 211 +++ ψψ+ψψ= nnnn yydyydk  

From the above, we deduce that 

( ) ( )( ) ( ) ( )( ).,
1

, 121 +++ ψψ
−

≤ψψ nnnn yyd
k

k
yyd  

Set ,
1

:
k

k
h

−
=  and observe in general for all { },0∪N∈n  we have 

( ) ( )( ) ( ) ( )( ).,, 101 yydhyyd
n

nn ψψ≤ψψ +  

Now consider { }0, ∪N∈mn  with ,mn <  and observe we have the following 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )mmnnmn yydyydyyd ψψ++ψψ≤ψψ −+ ,,, 11 ⋯  

( ) ( )( )10 , yydh
n ψψ≤ ( ) ( )( )10

1
, yydh

m ψψ++ −
⋯  

( ) ( )( ) ( ) ( )( ) ⋯+ψψ+ψψ≤ +
10

1
10 ,, yydhyydh

nn
 

( ) ( )( ) ( )⋯++ψψ= hyydh
n

1, 10  

( ) ( )( ).,
1

10 yyd
h

h
n

ψψ
−

≤  

Since ,1<h  if we take limits in the above, we deduce that 

( ) ( )( ) ,0,lim , =ψψ∞→ mnmn yyd  and hence ( ){ }nyψ  is a Cauchy sequence. By the 
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completeness of ( )( ),, dRψ  there is ( )∗ψ a  such that ( ) ( ).lim
∗

∞→ ψ=ψ aynn  Now we 

show the fixed point exists. Suppose ( ) ( ) ( ),∗∗
ψ ψ≠ aafC  and observe we have the 

following 

( ( ) ( ) ( ))∗
ψ

∗ψ< afCad ,0  

( ( ) ( ) ( )) ( ( ( ) ( ) ( ) ( ))∗
ψψψ

∗ ψ+ψ≤ afCyfCdyfCad nn ,,  

( ( ) ( )) [ ( ( ) ( ) ( )) ( ( ) ( ) ( ))]∗
ψ

∗
ψ+

∗ ψ+ψ+ψψ≤ afCadyfCydkyad nnn ,,, 1  

( ( ) ( )) [ ( ( ) ( )) ( ( ) ( ) ( ))].,,, 11
∗

ψ
∗

++
∗ ψ+ψψ+ψψ= afCadyydkyad nnn  

Now taking limits in the above as ,∞→n  we deduce that 

( ( ) ( ) ( )) ( ( ) ( ) ( )).,, ∗
ψ

∗∗
ψ

∗ ψ≤ψ afCakdafCad  

Since 01 ≠− k  for any ,
2

1
,0 






∈k  the above inequality gives 

( ( ) ( ) ( )) .0, =ψ ∗
ψ

∗
afCad  

It now follows that ( ) ( ) ( )∗
ψ

∗ =ψ afCa  and so ( )∗ψ a  is a fixed point of ( ).fCψ  

Finally, we show uniqueness of the fixed point. Suppose ( )∗ψ b  is any other fixed point 

of ( )fCψ  for which ( ) ( ),
∗∗ ψ≠ψ ba  then we deduce the following 

( ( ) ( )) ( ( ) ( ) ( ) ( ))∗
ψ

∗
ψ

∗∗ =ψψ bfCafCdbad ,,  

[ ( ( ) ( ) ( )) ( ( ) ( ) ( ))]∗
ψ

∗∗
ψ

∗ ψ+ψ≤ bfCbdafCadk ,,  

[ ( ( ) ( )) ( ( ) ( ))]∗∗∗∗ ψψ+ψψ= bbdaadk ,,  

.0=  

Since the metric is nonnegative, the above inequality implies that ( ( ) ( )) ,0, =ψψ ∗∗
bad  

and hence ( ) ( ).∗∗ ψ=ψ ba  It now follows that the fixed point is unique and the proof is 

complete. □ 
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3. Application to Partially Ordered Sets 

Theorem 3.1. Let ( )≺,R  be a partially ordered set, and the composition operator 

( )fCψ  be a non-decreasing self-map of R  satisfying 

( ( ) ( ) ( ) ( ))
( ( ) ( ) ( )) ( ( ) ( ) ( ))








 ψ+ψ
β≤ ψψ

ψψ
2

,,
,

yfCydxfCxd
yfCxfCd  

( ( ) ( ) ( )) ( ( ) ( ) ( ))







 ψ+ψ ψψ
2

,, yfCydxfCxd
 

for all ( ) ( ) ( )Rψ∈ψψ∈β yxS ,,  such that ( ) ( ).yx ψψ ≺  Assume ( )( )d,Rψ  is 

complete, and suppose further that either 

(a) ( )fCψ  is continuous 

(b) ( )Rψ  has the property, if a non-decreasing sequence ( ){ } ( ),xxn ψ→ψ  then 

( ) ( )xxn ψψ ≺  

for all .0≥n  

If there exists ( ) ( )Rψ∈ψ 0x  such that ( ) ( ) ( ),00 xfCx ψψ ≺  then ( )fCψ  has a 

fixed point in ( ).Rψ  

Proof. Let ( )0xψ  be given as in the theorem. Then ( ) ( ) ( ).00 xfCx ψψ ≺  If 

( ) ( ) ( ),00 xfCx ψ=ψ  then ( )0xψ  is a fixed point. Suppose ( ) ( ) ( ).00 xfCx ψψ ≺  

Define  ( ) ( ) ( ) ( ) ( ) ( ),, 1201 xfCxxfCx ψψ =ψ=ψ  and in general, 

( ) ( ) ( )1−ψ=ψ nn xfCx  

for all .1≥n  Since ( )fCψ  is non-decreasing, we have 

( ) ( ) ( )00 xfCx ψψ ≺  

( )1xψ=  

( ) ( )0
2

xfCψ≺  
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( ) ( )1xfCψ=  

( )2xψ=  

( ) ( )0
3

xfCψ≺  

≺  

⋮  

( ) ( )0xfC
n

ψ≺  

( )nxψ=  

( ) ( )0
1

xfC
n+

ψ≺  

( )1+ψ= nx  

≺  

⋮  

If for some m, ( ) ( ),1+ψ=ψ mm xx  then ( )mxψ  is a fixed point of ( ).fCψ  Hence we 

assume that ( ) ( )1+ψ≠ψ nn xx  for all .0≥n  Since 

( ) ( ) ( ) ( ) ( ) ( ).10
1

0 +
+

ψψ ψ==ψ= n
n

n
n

xxfCxxfC  

It follows that for all ( )nxn ψ≥ ,1  and ( )1+ψ nx  are comparable elements. From the 

inequality of the theorem, we deduce the following 

( ) ( )( ) ( ( ) ( ) ( ) ( ))11 ,, −ψψ+ =ψψ nnnn xfCxfCdxxd  

( ( ) ( ) ( )) ( ( ) ( ) ( ))







 ψ+ψ
β≤ ψ−ψ−

2

,, 11 nnnn xfCxdxfCxd
 

( ( ) ( ) ( )) ( ( ) ( ) ( ))
.

2

,, 11







 ψ+ψ ψ−ψ− nnnn xfCxdxfCxd
 

By Notation 1.10, we deduce the following 

( ) ( )( ) ( ( ) ( ) ( ) ( ))11 ,, −ψψ+ =ψψ nnnn xfCxfCdxxd  
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( ( ) ( ) ( )) ( ( ) ( ) ( ))







 ψ+ψ
≤ ψ−ψ−

2

,, 11 nnnn xfCxdxfCxd
 

( ( ) ( )) ( ( ) ( ))
.

2

,, 11







 ψψ+ψψ= +− nnnn xxdxxd
 

From the above, we deduce the following 

( ) ( )( ) ( ( ) ( )).,, 11 −+ ψψ≤ψψ nnnn xxdxxd  

From the above, we deduce that the sequence ( ) ( )( ){ }nn xxd ψψ + ,1  is a monotone 

decreasing sequence of non-negative real numbers, and consequently, there exists ,0≥r  

such that 

( ) ( )( ) .,lim 1 rxxd nn
n

=ψψ +
∞→

 

We claim that .0=r  If not, observe we have the following 

( ) ( )( )
( ) ( )( )nn

nn

xxd

xxd

ψψ
ψψ

−

+
,

,

1

1  

( ( ) ( ) ( )) ( ( ) ( ) ( ))







 ψ+ψ
β≤ ψ−ψ−

2

,, 11 nnnn xfCxdxfCxd
 

.1<  

Taking limits in the above as ,∞→n  we deduce the following 

r

r=1  

( ) ( )( )
( ) ( )( )nn

nn

n xxd

xxd

ψψ
ψψ=

−

+
∞→ ,

,
lim

1

1  

( ( ) ( ) ( )) ( ( ) ( ) ( ))







 ψ+ψ
β≤ ψ−ψ−

∞→ 2

,,
lim

11 nnnn

n

xfCxdxfCxd
 

.1<  

It is now clear that 

( ( ) ( ) ( )) ( ( ) ( ) ( ))
,1

2

,,
lim

11 =






 ψ+ψ
β ψ−ψ−

∞→

nnnn

n

xfCxdxfCxd
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that is, 

( ( ) ( )) ( ( ) ( ))
.1

2

,,
lim 11 =







 ψψ+ψψβ +−
∞→

nnnn

n

xxdxxd
 

By Notation 1.10, we deduce the following 

( ( ) ( )) ( ( ) ( ))
0

2

,,
lim 11 =ψψ+ψψ +−

∞→
nnnn

n

xxdxxd
 

which is a contradiction, since we assumed .0>r  However, the above equation says 

otherwise, it now follows that the claim is true, that is, 

( ( ) ( )) .0,lim 1 =ψψ +
∞→

nn
n

xxd  

Now we show that the sequence ( ){ }nxψ  is Cauchy. Suppose not, then given ,0>ε  we 

can find sequences ( ){ }km  and ( ){ }kn  such that for every natural number ,k  

( ) ( ) ,kkmkn >>  and  

( ( ( ) ) ( ( ) )) ., ε≥ψψ knkm xxd  

For each ,0>k  corresponding to ( ),km  we can choose ( )kn  to be the smallest integer 

such that the above inequality holds. It follows for all ,1≥k we have 

( ( ( ) ) ( ( ) )) ., 1 ε<ψψ −knkm xxd  

Consequently, for ,1≥k  we deduce the following 

( ( ( ) ) ( ( ) ))knkm xxd ψψ≤ε ,  

( ( ( ) ) ( ( ) )) ( ( ( ) ) ( ( ) ))knknknkm xxdxxd ψψ+ψψ≤ −− ,, 11  

( ( ( ) ) ( ( ) )).,1 knkn xxd ψψ+ε≤ −  

Since ( ( ) ( )) ,0,lim 1 =ψψ +∞→ nnn xxd  if we take limits in the above inequality as 

,∞→k  we deduce the following 

( ( ( ) ) ( ( ) )) .,lim ε=ψψ
∞→

knkm
k

xxd  
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Since 

( ) ( ) ( )00 xfCx ψψ ≺  

( )1xψ=  

( ) ( )0
2

xfCψ≺  

( ) ( )1xfCψ=  

( )2xψ=  

( ) ( )0
3

xfCψ≺  

≺  

⋮  

( ) ( )0xfC
n

ψ≺  

( )nxψ=  

( ) ( )0
1

xfC
n+

ψ≺  

( )1+ψ= nx  

≺  

⋮  

it follows that ( ( ) )1−ψ kmx  and ( ( ) )1−ψ knx  are comparable. Since ( ) =ψ nx  

( ) ( )1−ψ nxfC  and ( ( ( ) ) ( ( ) )) ,, ε≥ψψ knkm xxd  we deduce the following from the 

inequality of the theorem, for all ,1≥k  

( ( ( ) ) ( ( ) ))knkm xxd ψψ≤ε ,  

( ( ) ( ( ) ) ( ) ( ( ) ))11 , −ψ−ψ= kmkn xfCxfCd  

( ( ( ) ) ( ) ( ( ) )) ( ( ( ) ) ( ) ( ( ) ))







 ψ+ψ
β≤ −ψ−−ψ−

2

,, 1111 kmkmknkn xfCxdxfCxd
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( ( ( ) ) ( ) ( ( ) )) ( ( ( ) ) ( ) ( ( ) ))
2

,, 1111 −ψ−−ψ− ψ+ψ kmkmknkn xfCxdxfCxd
 

( ( ( ) ) ( ( ) )) ( ( ( ) ) ( ( ) ))
.

2

,, 11 kmkmknkn xxdxxd ψψ+ψψ
< −−

 

By the above and Notation 1.10, we deduce the following from the inequality of the 

theorem 

 ( ( ) ( ) ( )) ( ( ) ( ) ( ) ( ))nn xfCzfCdxzfCd ψψ+ψ =ψ ,, 1  

( ( ) ( ) ( )) ( ( ) ( ) ( ))







 ψ+ψ
β≤ ψψ

2

,, nn xfCxdzfCzd
 

( ( ) ( ) ( )) ( ( ) ( ) ( ))







 ψ+ψ ψψ
2

,, nn xfCxdzfCzd
 

( ( ) ( ) ( )) ( ( ) ( ))







 ψψ+ψ
β= +ψ

2

,, 1nn xxdzfCzd
 

( ( ) ( ) ( )) ( ( ) ( ))







 ψψ+ψ +ψ
2

,, 1nn xxdzfCzd
 

( ( ) ( ) ( )) ( ( ) ( ))
.

2

,, 1+ψ ψψ+ψ
< nn xxdzfCzd

 

Since ( ) ( )zxnn ψ=ψ∞→lim  and ( ( ) ( )) ,0,lim 1 =ψψ +∞→ nnn xxd  if we take limits in 

the above inequality as ,∞→n  we deduce the following 

( ( ) ( ) ( ))
( ( ) ( ) ( ))

.
2

,
,

zfCzd
zzfCd

ψ
ψ

ψ
≤ψ  

The above implies that 

( ) ( ) ( ).zzfC ψ=ψ  

It now follows that ( )fCψ  has a fixed point in ( )( )., dRψ  □ 

Now we show uniqueness of the fixed point via the following 
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Theorem 3.2. If in the previous theorem, it is additionally assumed that for every 

( ) ( ) ( ),, Rψ∈ψψ zy  there exists ( ) ( )Rψ∈ψ w  which is comparable to ( )yψ  and ( )zψ  

and is such that ( ) ( ) ( ),wfCw ψψ ≺  then the fixed point in the previous theorem is 

unique. 

Proof. Assume there exists ( ) ( ) ( )Rψ∈ψψ yz ,  which are fixed points of ( ),fCψ  

and consider two cases as follows. 

Case 1. ( )zψ  and ( )yψ  are comparable. 

Since ( ( ) ( )) ,0,lim 1 =ψψ +∞→ nnn xxd  if we take limits in the above inequality as 

,∞→k  we deduce the following 

( ( ( ) ) ( ( ) )) ( ( ( ) ) ( ( ) ))
0

2

,,
lim

11 =






 ψψ+ψψ
≤ε −−

∞→
kmkmknkn

k

xxdxxd
 

which contradicts our assumption that .0>ε  It follows that the sequence ( ){ }nxψ  is 

Cauchy. Since ( )( )d,Rψ  is complete, there is ( ) ( )Rψ∈ψ z  such that 

( ) ( ).lim zxn
n

ψ=ψ
∞→

 

Now we show the fixed point exists. For this, suppose ( )a  of the theorem holds, that is, 

( )fCψ  is continuous, then since ( ) ( ) ( ),1−ψ=ψ nn xfCx  and ( ) ( ),lim zxnn ψ=ψ∞→  

we deduce the following 

( ) ( )n
n

xz ψ=ψ
∞→

lim  

( ) ( )1lim −ψ
∞→

= n
n

xfC  

( ) ( )1lim −
∞→

ψ= n
n

xfC  

( ) ( ).zfCψ=  

Now we assume that ( )b  of the Theorem holds. Since 

( ) ( ) ( )00 xfCx ψψ ≺  

( )1xψ=  
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( ) ( )0
2

xfCψ≺  

( ) ( )1xfCψ=  

( )2xψ=  

( ) ( )0
3

xfCψ≺  

≺  

⋮  

( ) ( )0xfC
n

ψ≺  

( )nxψ=  

( ) ( )0
1

xfC
n+

ψ≺  

( )1+ψ= nx  

≺  

⋮  

and ( ) ( ),lim zxnn ψ=ψ∞→  it follows that ( ){ }nxψ  is a nondecreasing sequence in 

( )Rψ  with ( ) ( ),zxn ψ→ψ  thus ( )b  of the theorem implies that 

( ) ( ),zxn ψψ ≺  

then since  

( ) ( ) ( )00 xfCx ψψ ≺  

( )1xψ=  

( ) ( )0
2

xfCψ≺  

( ) ( )1xfCψ=  

( )2xψ=  

( ) ( )0
3

xfCψ≺  
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≺  

⋮  

( ) ( )0xfC
n

ψ≺  

( )nxψ=  

( ) ( )0
1

xfC
n+

ψ≺  

( )1+ψ= nx  

≺  

⋮  

we deduce that ( ) ( ) ( )yyfC
n ψ=ψ  is comparable to ( ) ( ) ( ),zzfC

n ψ=ψ  for all .1≥n  

It follows from the inequality of the theorem, that we have the following 

 ( ) ( )( ) ( ( ) ( ) ( ) ( ))yfCzfCdyzd
nn

ψψ=ψψ ,,  

( ( ) ( ) ( )) ( ( ) ( ) ( ))












 ψ+ψ
β≤ ψψ

2

,, yfCydzfCzd
nn

 

( ( ) ( ) ( )) ( ( ) ( ) ( ))












 ψ+ψ ψψ
2

,, yfCydzfCzd
nn

 

0=  

hence ( ) ( ).yz ψ=ψ  

Case 2. ( )zψ  and ( )yψ  are not comparable, then there exists ( ) ( )Rψ∈ψ w  which is 

comparable to ( )zψ  and ( ).yψ  Since ( )fCψ  is non-decreasing, it follows that 

( ) ( )wfC
n

ψ  is comparable to ( ) ( ) ( )yyfC
n ψ=ψ  and ( ) ( ) ( ),zzfC

n ψ=ψ  for all 

.1≥n  From the inequality of the theorem, we deduce the following 

( ( ) ( )) ( ( ) ( ) ( )) ( ( ) ( ) ( ))zwfCdwfCydzyd
nn ψ+ψ≤ψψ ψψ ,,,  

( ( ) ( ) ( ) ( )) (( ( ) ( ) ( ) ( ))zfCwfCdwfCyfCd
nnnn

ψψψψ += ,,  
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( ( ) ( ) ( ) ( )) ( ( ) ( ) ( ) ( ))












 +
β≤

−
ψψ

−
ψψ

2

,, 11
yfCyfCdwfCwfCd

nnnn

 

( ( ) ( ) ( ) ( )) ( ( ) ( ) ( ) ( ))












 + ψ
−

ψ
−

ψψ
2

,, 11
yfCyfCdwfCwfCd

nnnn

 

( ( ) ( ) ( ) ( )) ( ( ) ( ) ( ) ( ))












 +
β+ ψ

−
ψψ

−
ψ

2

,, 11
zfCzfCdwfCwfCd

nnnn

 

( ( ) ( ) ( ) ( )) ( ( ) ( ) ( ) ( ))












 + ψ
−

ψψ
−

ψ
2

,, 11
zfCzfCdwfCwfCd

nnnn

 

( ( ) ( ) ( ) ( )) ( ( ) ( ) ( ) ( ))
2

,, 11
yfCyfCdwfCwfCd

nnnn
ψ

−
ψ

−
ψψ +

≤  

( ( ) ( ) ( ) ( )) ( ( ) ( ) ( ) ( ))
.

2

,, 11
zfCzfCdwfCwfCd

nnnn
ψ

−
ψψ

−
ψ +

+  

Since ( ) ( ) ( ),wfCw ψψ ≺  then the previous theorem implies ( ) ( ) ( ),pwfC
n ψ→ψ  

where ( )pψ  is a fixed point of ( ).fCψ  Thus, ( ( ) ( ) ( ) ( )) 0,1 →ψ
−

ψ wfCwfCd
nn  as 

.∞→n  Thus, taking limits in the above inequality, we get ( ) ( )( ) ,0, ≤ψψ zyd  that is, 

( ) ( )zy ψ=ψ  and the proof is finished. □ 

4. Concluding Remarks and Further Recommendation 

In the present paper we have obtained some Kannan type fixed point theorems for 

composition operators in metric and partially ordered metric spaces. An interesting 

direction to consider is the fixed point theory for bivariate composition operators, 

perhaps inspired by [5] and related works. In this context, we say the bivariate 

composition operator is a function ( ) RRR ֏×ψ :FC  defined by the rule 

( ) ( ) ( ) ( )( ).,:, yxFyxFC ψψ=ψ  
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