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Abstract

In the present investigation, we introduce the subclasses Agm (0,¢,v) and
Agm (0,7,v) of m-fold symmetric bi-univalent function class ¥,,, which are
associated with the Sakaguchi type of functions and defined in the open unit
disk. Further, we obtain estimates on the initial coefficients b,,41 and bay, 41
for the functions of these subclasses and find out connections with some of

the familiar classes.

1 Introduction

Let N and C represent the sets of natural numbers and complex numbers
respectively and A be the family of analytic functions that are defined in

U ={z€C:|z| <1} and have the series expansion

f(z):z—kio:akzk (zeU,keN). (1.1)
k=2

Received: September 10, 2021; Accepted: October 13, 2021
2010 Mathematics Subject Classification: 30C55, 30C45.

Keywords and phrases: univalent function, bi-univalent function, m-fold symmetric bi-univalent
function, Sakaguchi type function.

*Corresponding author Copyright © 2022 Authors



2 Ismaila O. Ibrahim, Timilehin G. Shaba and Amol B. Patil

A function f € A be a member of the family S if it is univalent in ¢. Applying
Koebe 1-quarter theorem (see [5]) we can ensure an inverse to each f € S defined
as

fYUf(z) =2 for z€U

and
F(FHw) =w for |w| <ro(f) and ro(f) >1/4,

with series expansion
Y w) = w+ (—ag)w? + (243 — a3)w? + (5azaz — 5a3 — agy)w* +--- . (1.2)

Let ¥ = {f : U — C such that f, f~! € S} be the family of bi-univalent
functions. This family ¥ was introduced in the year 1967 by Lewin [10] along
with the result |ag|fex; < 1.51. Afterverse, Brannan and Clunie [3] stated that
las| fes < V2. Further, Goodman [7] thought that |a,|fes < 1 may be true for
every n € N. However, Netanyahu [12] ensured that maz sex|az| = 4/3. But, then
Styer and Wright [29] guaranteed the existence of f € ¥ for which |ag| > 4/3.

Indeed, the study of the class ¥ has been accelerated greatly due to the
fundamental work of Srivastava et al. [27]. After that many researchers ([I], [4],
6], [, [13], [17], [19], [24], [20], [21], [23], [14] etc.) found coefficient estimates
for functions in several subclasses of ¥. But still the coefficient bound problem of
lan|, (n =3,4,5,--+) for the functions in ¥ is open.

A function p(z) given by
p(z) =2+ Z By 1)z ™Y (zeU, meN) (1.3)
k=1

is known as the m-fold symmetric function (see [9], [16]). Moreover, a function

u(z) of the form
w(z) = (fZ"NY™  (feS zeUd, meN)

is univalent and maps U into a m-fold symmetric region. Let S,, be the class
of univalent and m-fold symmetric functions in U, which are of the form ({1.3).
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Observe that for m = 1, these functions become members of the class S and are
known as symmetric univalent functions.

For each m € N, every f € ¥ produces a m-fold symmetric bi-univalent
function. For a function p of the form , an univalent continuation of p~! to

U is given by (see Srivastava et al. [28]) the series expansion

q(w) =w— bm+1wm+1 + [(m +1) b72n+1 _ b2m+1:| w2mtl

1
5 (m+1) (3m+2) b3, 1 — (3m + 2) by 1bomt1 + bamrr | w3 (1.4)

See that for m = 1, it reduces to the equation . Hence, we can generalize the
class ¥ to the m-fold symmetric bi-univalent class ¥,,. See [28] for further details
regarding to this class X,,. Also, for coefficient problems of various subclasses of
Y see [2 25, 26], B0] 22] etc.

In order to prove our theorems, we need the following result.
Lemma 1.1. [15] Let the function v € P be given by the following series:
v(z) =1+vz+v 4+, (z€lU).
The following sharp estimate holds true:
lon] <2 (neN).
If this v(z) belongs to X, (see [16]), it takes the form
v(2) = 1+ 2™ + o 2™ + 03 2° " 4+, (2 € 1),

In the present work, with reference to the Sakaguchi type function classes
defined by Lokesh and Keerthi [I1], we obtain estimates on initial coefficients
|bt1| and |bay,+1| for functions belong to the new subclasses Agm(a, ¢,v) and
Agm (0,7, v) of the function class ¥,,. Also, we have pointed out connections with

certain familiar subclasses of the class X.
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2 Coefficient Bounds for the Function Class
A§ (0, ¢,v)

m

Definition 2.1. A function p(z) € ¥, given by (1.3)) is said to be in the class
Agm(a, ¢, v) if the following conditions are fulfilled:

=0 e )
ag[ (p(2) — p(oz))— }

0<op<1,0<v<]lo|<1,K>1buto#1,z€lU)

< (%ﬂ, (2.1)

and
om
2 )

(1 — o)) (' (w))*
arg[ (q(w) — glow)) = }
0<odp<1l,0<v<lo|<L,K>1buto #1,wel)

where the function ¢ = p~! is of the form (1.4)).

Theorem 2.2. Let p given by (1.3) be in the class Agm (0,0,v),0< ¢ <1. Then

. 2¢
|bm+1| S mln{ /<(m + 1) — (1 — ’U)Vm_i_l’
2¢ } (2.3)
(m+ Do L 2m+1) = L2(m+1)(¢—1) = (1 = 0)(Pramt1
+2 A V)] + (1= 0) (1 —v+ Q)p
and
2¢%(m + 1) 2¢
el S ) = = vt T @m DA = o] &Y
where Umy1 =140+ -4+ 0™, vopy1 = 1404 +02m.
Proof. Given p € Aém (0,¢,v). Thus,
(1= 2)2) WD) _ 0. (2.5)

(p(2) = p(oz))~"
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(L= 0)w) (¢ @) ] _ o
(q(w) —qlowni—v | — Wl (2.6)

where v(z) and y(w) in P with the series representation

0(2) = 1+ vp2™ + v 22+, y(2) = 1+ ym2™ + yam 2™ + - - -
Now, equating the coefficients in (2.5)) and (2.6)), we have

[Alm+1) = (1 = v)vmia]bmir = dvm, (2.7)

[A(2m +1) = (1 = v)vam41]bomtr + % (1 =) ((2 = v)Vpt1 —2 L (m+ 1))

b%n,—i-l = Quom, + Mﬁm (2.8)

Va1 4+ AKX =1)(m +1)? 5

= [Alm +1) = (1 = 0)Vms1]bmt1 = GYm, (2.9)

[K@m 1)~ (U= amal(m+ DBy~ bamar] + 5| (L= 0)((2 ~ V)oma

-1
— 2 A (m A+ 1))um1 + A(L = 1)(m+1)? |02, 11 = dyom + d’@)z)yfn (2.10)
From and we obtain
Um = —Ym, (2.11)
24 (m +1) = (1= 0)vimi1 by = 0% [v, + ym). (2.12)

Also from (2.8), (2.10) and (2.12)) we have

{m DKM A1) — (1= o] + (1= 0 (2~ st — 24 (m £ 1)
+ /<(/< - 1)(m + 1)2}b7271+1 = ¢(v2m + me)

L 96— DIK(m +q1§l — 0=l o
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Therefore, we have

B2, = ¢ (vam + yom) (2.14)
T m A1) A 2m+1) - m+1)(6—1) — (1—v)
(vomi1 + 2 Avmy)] + (1= v)(1 = v+ P)p 4
Thus, we obtain from relations and that
O*[[van] + yml]
b2l < m m 2.15
Vot | ST+ 1) — (1 - v P 219
and
2
|| < ¢ (Jvam| + Jyom ) (2.16)

(m+1DpA2m+1)— m+1)(¢p—1)—(1—v)
(Proamy1 +2 Avpy1)] + (1 —v)(1 —v+ ¢)V72n+1

respectively. Applying Lemma for the coefficients v, Vom, Ym, Yom We have
the desired estimates on |by,+1| as given in (2.3). Next, in order to find the bound
on |boy,11], by subtracting (2.10) from ({2.8]), we obtain

2[£(2m +1) = (1 = v)vami1lbamsr — [(2m + 1) £ =(1 = v)vamp](m + )b}, 44
(¢ —1
A TRl
Then, in view of (2.11)) and (2.12)), and applying Lemma for the coefficients

Um, V2ms Ym Y2m, W€ have

= ¢[U2m - me] +

A= K m 1) = (1= 0w [2m+1) K —(1 — 0)vamia]
This completes the proof of Theorem O

3 Coefficient Bounds for the Function Class
A§ (0,7,v)

Definition 3.1. A function p(z) € ¥,, given by (1.3) is said to be in the class
Agm(a, v,v) if the following conditions are fulfilled:

(1—0)2)' (' (2))
(p(z) = ploz))'~"

> 7, (3.1)

http://www. earthlinepublishers.com
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0<y<1,0<v<,|o|<L,A>1buto#1,2€U)

and

(1= o)w)' (¢ (w))*
(@(w) —qlow)i=v |~ (3.2)

0<~y<1l,0<v<,|o|<1,K>1buto # 1,weld)
where the function ¢ = p~! is of the form (T.4).

Theorem 3.2. Let p(z) given by ([L3) be in the class AS (o,7,v), 0 <y < 1.
Then

2(1 - )
Am+1) =1 —v)vmer’

2vl=7 } (3.3)

\/(m +D[A2m+1) — (1 —v)vems1] + (1 —v)((2 = V) Vm41
—2 A (m+ 1)1 + A(L=1)(m +1)?

|bmt1] < min{

and

2(1 —v)*(m +1) 2(1—7)

el S o D == P T @ D A—( - o Y
where Vpmy1 =140+ 40", Vopy1 =140+ -+ 2™,
Proof. Given p € Agm (0,7,v). Thus,
— o)z 1—v(,/ > A
T | =1 4 (3
— ow 1—v(,/ w A
RrTErer o BRG] >0
where v,y € P and ¢ = p~ L.
It follows from and that
[K(m +1) = (1= Omsalbmss = (1= 7)o, (3.7)

Earthline J. Math. Sci. Vol. 8 No. 1 (2022), 1-15
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[A2m +1) = (1 = v)vamia]bamrr + % (1 =0) (2 =v)rmp1 =2 L (m+1))

Vi1 + AL =1)(m +1)? by g = (1= 7)vam, (3.8)

= [Alm+1) = (1 = 0)vms1]bmsr = (1 = 7)Ym, (3.9)

[A(@m+ 1) = (1= 0] [(m+ DB 1 — bamsn] + 5 [ (1= 0)(2 = )V

2

— 2 K (m A+ D))t + AL = 1) (m+ 12|62 = (1= 7)yam.  (3.10)

From (3.7) and (3.9) we obtain
Um = —Ym, (3.11)
24 (m+1) = (1= Vv Pbrys = (1= ) (V5 + yim)- (3.12)

Also from (3.8)), (3.10) and (3.12)) we have

{(m +1)IA@m+1) = (1= 0)ansa] + (1= 0)ms1 (2 = 0)vimss — 2 £ (m+1))
+ A(KA=1)(m+ 1) }bmJrl (1 =) (vam + yom). (3.13)

Therefore, we have
_ (1 - '7) (v2m + me)

2
P = o DA+ 1) = (L= 0vamt] + (L= 012 = 0
—2 A (m+1))+ A(L=1)(m+1)?

(3.14)
Thus, we obtain from relations and (| - ) that
(1= )?[lvp] + lya]
b2 3.15
ot < S T 1) — (1 = v)ma (3.15)

http://www. earthlinepublishers.com
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and
(1 — ) (Jv2m| + [y2m|)
(m+1)[A2m+1) = (1 —v)vems1] + (1 = 0)Um+1((2 — V) Vi1
-2 A (m+1))+ A(L=1)(m+1)?
(3.16)
respectively. Applying Lemma for the coefficients vy, Vom, Ym, Y2m We have

the desired estimates on |b,,+1| as given in (3.3). Next, in order to find the bound
on |boy,+1], by subtracting (3.10)) from (3.8]), we obtain

b2, 1] <

2[/<(2m + 1) — (1 — U)V2m+1]172m+1 — [(Qm + 1) A _(1 _ U)V2m+1](m + 1)bzn+1
= (1= 7)(vam — y2m). (3.17)

Then, in view of (3.11) and (3.12)), and applying Lemma 1 for the coefficients

Ums V2my Yms Y2m, WE have

2(1 —9)*(m +1) 2(1—9)
bom < . 3.18
bzm1| < Km+1) = (1= 0)vmerl® | @m+1) £ —(1 — 0)vami (3.18)
This completes the proof of Theorem O

4 Corollaries and Consequences
By setting v = 0 in Theorems and we have the following corollary.

Corollary 4.1. Let p given by (1.3]) be in the class Agm (0,0), 0< ¢ <1. Then

2¢
bmt1] < mi )
b1 < mln{ Am+1) = vmt1

2 }
(m+ D)o £ (2m+1) = 2(m+1)(¢ — 1) — (¢ramn
+2 K vmp)] + (1= @)ty

and
2¢%(m + 1) 2¢
m+1) —vmi1]2 Cm+1) LA —vopir’

where Vjpy1 =1+0+---+ 0™, u2m+1:1—|—a+---+02m.

|b2m+1| S [/<(

Earthline J. Math. Sci. Vol. 8 No. 1 (2022), 1-15
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Corollary 4.2. Let p given by (1.3]) be in the class Aém (0,7), 0 <~y < 1. Then

. 2(1 =)
P

21—~
\/(m + D[A2m + 1) — vamyi1] + 2ums1 — 2 A (m+ 1)) vy }
+ AL =1)(m +1)?

and
2(1 =7)*(m+1) 2(1—7)
/<(m + 1) — I/m+1]2 (2m + 1) A —I/2m+1’

where vmy1 =140 +---4+ 0™, ng+1:1+a+-~+02m.

|b2m+1| S [

By setting m = 1 (1-fold) in Corollaries and we have the Corollaries
(4.3 and 4.4l as follows:

Corollary 4.3. Let f given by (L) be in the class AS(0,¢), 0 < ¢ < 1. Then

jag) < mind — 22
2A—-(1+0)

2¢
V@A—a+a»%+mxﬁmx+ﬂ1+@2—4Au+a)
—2(1+0+0%) - (2K —(1+0))%}¢

and
42 20
RA—(1+0 3A—(1+o+02)

Corollary 4.4. Let f given by (L.1) be in the class AS(a,7), 0 <~ < 1. Then

las| <

. 2(1-17)
< -~ @7
laz] < mm{z A—(1+0)

2T =~
VEAR2+2L-4A(1+0)+2(1+0)2-2(1+0+0?))
and
4(1 =) 2(1-)
2A-140)]2 3LA-(1+0c+02%)

las| <

http://www. earthlinepublishers.com
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Remark 4.5. The above estimates |az| and |as| show that Corollaries and
is an improvement of the estimate obtain by Lokesh and Keerthi ([11], Corollaries
3.1 and 3.2).

Corollary 4.6. [T1] Let f given by (L.1) be in the class A{(o,¢), 0 < ¢ < 1.
Then
2¢

\/(2/<—(1—|—0))2—|-{4/<2+2/<—|—2(1+0')2—4/<(1+0)
—2(1+0+0%) - (2L—(1+0))%}¢

las] <

and
4¢° n 2¢
2A-1+0)2 3A—-(1+40+02%)
Corollary 4.7. [T1] Let f given by (L.1)) be in the class AS(o,7), 0 < v < 1.
Then

las| < [

‘a2’§ 2¢/1 —~
VA2 L4 A1 +0)+2(1+0)2-2(1+ 0+ 0?))

and
4(1 =) 2(1—9)
2AL-1+0)? 3A—-(140c+0?)

By setting £ = 0 in Theorems [2.2] and we have the following corollary.

las| < i

Corollary 4.8. Let p given by (1.3) be in the class Ay, (0,0,v), 0 < ¢ < 1.

Then
Pl = mm{ T (o
2¢
(m+1){1+m(l —¢) — (1 —v)[orams1 — 2vmi1]}
\/ +(1-v)l—v+ i, 1
and

2¢*(m +1) N 2
m+1)— (1 —v)vme1]?  [2m+1)— (1 —v)vame1]’

|bam+1] <
- [(

where Vjpy1 =1+0+---+ 0™, u2m+1:1—|—0+---+02m.

Earthline J. Math. Sci. Vol. 8 No. 1 (2022), 1-15
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Corollary 4.9. Let p given by (1.3|) be in the class Agm(a,’y, v), 0 <~ < 1. Then

: 2(1-7)
|bm+1‘ S mln{ (m + 1) — (1 — 'U)Vm—l,-l,
2yT—7 }
\/(m+1)[(2m+1) — (1 = v)vam] + (1 = v)((2 - )Vm+1
—2(m + 1))Vmt1
and
2(1 —7)*(m +1) 2(1—19)

e (e Ry A I 7Ty e s e

where vmy1 =140+ ---+ 0™, V2m+1:1+0+-~+02m.

Remark 4.10. The above estimates |by, 1| and |bgy, 11| show that Corollaries
and is an improvement of the estimate obtain by Senthil and Keerthi ([18],
Theorem 6 and 7).

Corollary 4.11. [18] Let p given by (1.3|) be in the class Ay, (o, ¢,v), 0 < ¢ < 1.
Then
2¢

b1 <
\/(m +IH{T+m(l - ¢) — (1 —v)[dram+1 — 2Vmi1]}
+1-v)l-v+ ¢]V22m+1

and
2¢%(m + 1) N 26
m+1)— (1 —v)vm]? [2m+1) — (1 —v)vomet]’

where vjmy1 =140 +---+ 0™, V2m+1:1—|—0+-~+02m.

|bam+1] <
* [(

Corollary 4.12. [18] Let p given by (1.3)) be in the class Agm(a, v,v), 0 <y <1.
Then

bant] < vl-7
\/(m +1)[2m+1) — (1 —v)vemyr] + (1 = v)((2 = V)Vt
20 + 1))
and
2(1 —y)*(m+1) 2(1—~)
bzmi1l < T T A o T @m ) = (= Doy

where Vjpy1 =1+0+---+ 0™, u2m+1:1—|—a+---+02m.

http://www. earthlinepublishers.com
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