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Abstract 

In this paper, we define two new classes of analytic functions involving strong differential 

subordinations and superordination associated with Frasin operator. Further, we study 

some important properties of these classes. 

1. Introduction  

Let U denote the open unit disk of the complex plane { },1: <∈= zzU C  

{ }1: ≤∈= zzU C  be the closed unit disk of the complex plane and let ( )UU ×H  

be the class of analytic functions in .UU ×  For a positive integer n and ,C∈a  let 

[ ] { ( ) ( ) ( ) ( ) ...,,:,,
1

1 +ζ+ζ+=ζ×∈=ζ +
+

n
n

n
n zazaazfUUfna HH  

},, UUz ∈ζ∈  

where ( )ζja  are holomorphic functions in U  for .nj ≥  

Let ζA  indicate the class of functions of the form: 
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 ( ) ( ) ( ),,,,

2

UUzzazzf

k

k
k ∈ζ∈ζ+=ζ ∑

∞

=
 (1.1) 

which are analytic in UU ×  and ( )ζka  are holomorphic functions in U  for .2≥k  

Definition 1.1 [4]. Denote by ζQ  the set of functions that are analytic and injective 

on ( ),,\ ζ× fEUU  where 

( ) { ( ) },,lim:, ∞=ζ∂∈=ζ
→

zfUrfE
rz

 

and are such that ( ) 0, ≠ζ′ rf z  for ( ).,\ ζ×∂∈ fEUUr  The subclass of ζQ  for which 

( ) af =ζ,0  is denoted by ( ).aQζ    

Definition 1.2 [5]. Let ( ) ( )ζζ ,,, zFzf  analytic in .UU ×  The function ( )ζ,zf  is 

said to be strongly subordinate to ( )ζ,zF  if there exists a function w analytic in U with 

( ) 00 =w  and ( ) ( )Uzzw ∈< 1  such that ( ) ( )( )ζ=ζ ,, zwFzf  for all .U∈ζ  In 

such a case we write ( ) ( ) .,,,, UUzzFzf ∈ζ∈ζζ ≺≺  

Remark 1.1 [5]. 

(1) Since ( )ζ,zf  is analytic in ,UU ×  for all U∈ζ  and univalent in U, for all 

,U∈ζ  Definition 1.2 is equivalent to ( ) ( )ζ=ζ ,0,0 Ff  for all U∈ζ  and 

( ) ( ).UUFUUf ×⊂×  

(2) If ( ) ( )zfzf =ζ,  and ( ) ( ),, zFzF =ζ  the strong subordination becomes the 

usual notion of subordination. 

If ( )ζ,zf  strongly subordinate to ( ),, ζzF  then ( )ζ,zF  strongly superordinate to 

( )., ζzf  

Lemma 1.1 [3]. Let ( )ζ,zh  be a univalent with ( ) ah =ζ,0  for every U∈ζ  and 

let { }0\C∈µ  with ( ) .0Re ≥µ  If [ ]ζ∈ ,1,ap H  and  

 ( ) ( ) ( ) ( ),,,,,
1

, UUzzhzpzzp z ∈ζ∈ζζ′
µ

+ζ ≺≺  (1.2)  
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then  

( ) ( ) ( ) ( ),,,,,, UUzzhzqzp ∈ζ∈ζζζ ≺≺≺≺  

where ( ) ( )∫
−µµ− ζµ=ζ

z
dttthzzq

0

1,,  is convex and it is the best dominant of (1.2). 

Lemma 1.2 [4]. Let ( )ζ,zh  be a convex with ( ) ah =ζ,0  for every U∈ζ  and let 

{ }0\C∈µ  with ( ) .0Re ≥µ  If [ ] ,,1, ζζ∈ Qap ∩H  ( ) ( )ζ′
µ

+ζ ,
1

, zpzzp z  is univalent 

in UU ×  and 

 ( ) ( ) ( ) ( ),,,,
1

,, UUzzpzzpzh z ∈ζ∈ζ′
µ

+ζζ ≺≺  (1.3)  

then  

( ) ( ) ( ),,,,, UUzzpzq ∈ζ∈ζζ ≺≺  

where ( ) ( )∫
−µµ− ζµ=ζ

z
dttthzzq

0

1,,  is convex and it is the best subordinant of (1.3). 

For { } .10,0,,, 0 ≤τ≤=∈δ∈∈ ζ ∪NNN jmf A  Frasin operator [2] :,
δ

τmD    

ζζ → AA  (see [7]) is defined by 

( ) ( ) ( ) ( ) ( )∑ ∑
∞

=

δ

=

+δ
τ ∈ζ∈ζ













τ−







−++=ζ
2 1

1
, .,,111,

k

k
k

m

j

jj
m UUzza

j

m
kzzfD (1.4)  

It is readily verified from (1.4) that 

 ( ) ( ( )) ( ) ( ( )) ( ),,1,, ,
1

,, ζτ−−ζ=′ζτ δ
τ

+δ
τ

δ
τ zfDCzfDzfDzC m

m
jmzm

m
j  (1.5)  

where ( ) ( )∑ =
+ τ−







=τ m

j
jjm

j
j

m
C

1
1

.1    

Special cases of this operator include the generalized Sălăgean operator [1] and the 

Sălăgean differential operator [6]. 
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2. Main Results 

Definition 2.1. Let ( )ζψ ,z  be an analytic function in UU ×  with ( ) 1,0 =ζψ  for 

every U∈ζ  and .10,,,,0 0 ≤τ≤∈δ∈>λ NN jm  A function ζ∈ Af  is said to be 

in the class ( )ψτδλ ;,,,, jmM  if it satisfies the strong differential subordination 

( )
( )

( )
( ) ( ) ( ).,,,,,1

1 1
,, UUzzzfD

C
zfD

Cz
mm

j

mm
j

∈ζ∈ζψ













ζ

τ
λ+ζ















τ
λ− +δ

τ
δ

τ ≺≺  

A function ζ∈Af  is said to be in the class ( )ψτδλ ;,,,, jmN  if it satisfies the 

strong differential superordination 

( )
( )

( )
( )

( ) ( ).,,,,1
1

, 1
,, UUzzfD

C
zfD

Cz
z mm

j

mm
j

∈ζ∈













ζ

τ
λ+ζ















τ
λ−ζψ +δ

τ
δ

τ≺≺  

Theorem 2.1. Let ( )ζψ ,z  be a convex function in UU ×  with ( ) 1,0 =ζψ  for 

every U∈ζ  and .0>λ  If ( ),;,,,, ψτδλ jmM  then there exists a convex function 

( )ζ,zq  such that ( ) ( )ζψζ ,, zzq ≺≺  and ( ).;,,,,0 qjmf τδ∈M  

Proof. Suppose that 

 ( )
( )

z

zfD
zp

m ζ
=ζ

δ
τ ,

,
,

 

( ) ( ) ( ) ( )∑ ∑
∞

=

−
δ

=

+ ∈ζ∈ζ












τ−







−++=
2

1

1

1
.,,1111

k

k
k

m

j

jj
UUzza

j

m
k  (2.1) 

Then, [ ].,1,1 ζ∈ Hp  

Since ( ),;,,,, ψτδλ∈ jmf M  then we have 

 
( )

( )
( )

( ) ( ).,,,1
1 1

,, ζψ













ζ

τ
λ+ζ















τ
λ− +δ

τ
δ

τ zzfD
C

zfD
Cz

mm
j

mm
j

≺≺  (2.2)  
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From (2.1) and (2.2), we get 

( )
( )

( )
( ) ( ) ( ) ( ).,,,,,1

1 1
,, ζψζ′λ+ζ=














ζ

τ
λ+ζ















τ
λ− +δ

τ
δ

τ zzpzzpzfD
C

zfD
Cz

zmm
j

mm
j

≺≺  

An application of Lemma 1.1 with ,
1

λ
=µ  yields 

( ) ( ) ( ).,,, ζψζζ zzqzp ≺≺≺≺  

By using (2.1), we obtain 

( )
( ) ( ),,,

,, ζψζ
ζδ

τ
zzq

z

zfDm
≺≺≺≺  

where 

( ) ( )∫
−

λλ
−

ζψ
λ

=ζ
z

dtttzzq
0

1
11

,
1

,  

is convex and it is the best dominant. 

Theorem 2.2. Let ( )ζψ ,z  be a convex function in UU ×  with ( ) 1,0 =ζψ  for 

every U∈ζ  and .0>λ  If ( ),;,,,, ψτδλ∈ jmf N  
( )

[ ] ζ

δ
τ ζ∈

ζ
Q

z

zfDm
∩,1,1

,,
H  

and 

( )
( )

( )
( )














ζ

τ
λ+ζ















τ
λ− +δ

τ
δ

τ ,,1
1 1

,, zfD
C

zfD
Cz

mm
j

mm
j

 

is univalent in ,UU ×  then there exists a convex function ( )ζ,zq  such that 

( ).;,,,,0 qjmf τδ∈ N  

Proof. Suppose that the function ( )ζ,zp  be defined by (2.1). It is evident that 

[ ] .,1,1 ζζ∈ Qp ∩H  After a short calculation and considering ( ),;,,,, ψτδλ∈ jmf N  

we can conclude that 

( ) ( ) ( ).,,, ζ′λ+ζζψ zpzzpz z≺≺  
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An application of Lemma 1.2 with ,
1

λ
=µ  yields 

( ) ( ).,, ζζ zpzq ≺≺  

In view of (2.1), we obtain 

( )
( )

,
,

,
,

z

zfD
zq

m ζ
ζ

δ
τ

≺≺  

where 

( ) ( )∫
−

λλ
−

ζψ
λ

=ζ
z

dtttzzq
0

1
11

,
1

,  

is convex and it is the best subordinant. 

If we combine the results of Theorem 2.1 and Theorem 2.2, we obtain the following 

strong differential “sandwich theorem”. 

Theorem 2.3. Let ( )ζψ ,1 z  and ( )ζψ ,2 z  be convex functions in UU ×  with 

( ) ( ) 1,0,0 21 =ζψ=ζψ  for every U∈ζ  and .0>λ  If ( ) ∩1;,,,, ψτδλ∈ jmf M  

( ),;,,,, 2ψτδλ jmN  
( )

[ ] ζ

δ
τ ζ∈

ζ
Q

z

zfDm
∩,1,1

,,
H  and 

( )
( )

( )
( )














ζ

τ
λ+ζ















τ
λ− +δ

τ
δ

τ ,,1
1 1

,, zfD
C

zfD
Cz

mm
j

mm
j

 

is univalent in ,UU ×  then 

( ) ( ),;,,,,0;,,,,0 21 qjmqjmf τδτδ∈ NM ∩  

where 

( ) ( )∫
−

λλ
−

ζψ
λ

=ζ
z

dtttzzq
0

1
1

1

1

1 ,
1

,  

and 

( ) ( )∫
−

λλ
−

ζψ
λ

=ζ
z

dtttzzq
0

1
1

2

1

2 .,
1

,  

The functions 1q  and 2q  are convex. 
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Theorem 2.4. Let ( )ζψ ,z  be a convex function in UU ×  with ( ) 1,0 =ζψ  for 

every U∈ζ  and 

 ( ) ( ) ( ( ) ).2Re,,,,
2

,
01

−>ε∈ζ∈ζ+ε=ζ ∫ ε
+ε UUzdttft

z
zG

z
 (2.3) 

If ( ),;,,,,1 ψτδ∈ jmf M  then there exists a convex function ( )ζ,zq  such that 

( ) ( )ζψζ ,, zzq ≺≺  and ( ).;,,,,1 qjmG τδ∈M  

Proof. Suppose that 

 ( ) ( ( )) ( ).,,,, , UUzzGDzp zm ∈ζ∈′ζ=ζ δ
τ  (2.4) 

Then, [ ].,1,1 ζ∈ Hp  

From (2.3), we have 

 ( ) ( ) ( )∫ ζ+ε=ζ ε+ε z
dttftzGz

0

1 .,2,  (2.5) 

Differentiating both sides of (2.5) with respect to z, we get 

( ) ( ) ( ) ( ) ( )ζ′+ζ+ε=ζ+ε ,,1,2 zGzzGzf z  

and 

( ) ( ) ( ) ( ) ( ( )) .,,1,2 ,,, zmmm zGDzzGDzfD
′ζ+ζ+ε=ζ+ε δ

τ
δ

τ
δ

τ  

Differentiating the last relation with respect to z, we have 

 ( ( )) ( ( )) ( ( )) 2,
2

1
,, ,,, zmzmzm zGDzGDzfD

″ζ
+ε

+′ζ=′ζ δ
τ

δ
τ

δ
τ  (2.6) 

Since ( ),;,,,,1 ψτδ∈ jmf M  then we have 

 
( )

[ ( ) ( ( )) ( )] ( ).,,1,
1

,
1

, ζψζτ−−ζ
τ

δ
τ

+δ
τ zzfDCzfD

zC
m

m
jmm

j

≺≺  (2.7)  

Now, from (1.5), (2.7) is equivalent to 

 ( ( )) ( ).,,, ζψ′ζδ
τ zzfD zm ≺≺  (2.8)  
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From (2.6) and (2.8), we get 

 ( ( )) ( ( )) ( ).,,
2

1
, 2

,, ζψ″ζ
+ε

+′ζ δ
τ

δ
τ zzGDzGD zmzm ≺≺  (2.9)  

Replacing (2.4) in (2.9), we obtain 

( ) ( ) ( ).,,
2

1
, ζψζ′

+ε
+ζ zzpzzp z ≺≺  

An application of Lemma 1.1 with ,2+ε=µ  yields 

( ) ( ) ( ).,,, ζψζζ zzqzp ≺≺≺≺  

By using (2.4), we obtain 

( ( )) ( ) ( ),,,,, ζψζ′ζδ
τ zzqzGD zm ≺≺≺≺  

where 

( ) ( ) ( ) ( )∫ +ε+ε− ζψ+ε=ζ
z

dtttzzq
0

12 ,2,  

is convex and it is the best dominant. 

Theorem 2.5. Let ( )ζψ ,z  be a convex function in UU ×  with ( ) 1,0 =ζψ  for 

every U∈ζ  and ( )ζ,zG  is given by (2.3). If ( ),;,,,,1 ψτδ∈ jmf N  

( ( )) [ ] ζ
δ

τ ζ∈′ζ QzGD zm ∩,1,1,, H  and 

( )
[ ( ) ( ( )) ( )]ζτ−−ζ

τ
δ

τ
+δ

τ ,1,
1

,
1

, zfDCzfD
zC

m
m
jmm

j

 

is univalent in ,UU ×  then there exists a convex function ( )ζ,zq  such that 

( ).;,,,,1 qjmG τδ∈ N  

Proof. Suppose that the function ( )ζ,zp  be defined by (2.4). It is evident that 

[ ] .,1,1 ζζ∈ Qp ∩H  After a short calculation and considering ( ),;,,,,1 ψτδ∈ jmf N  

we can conclude that 

( ) ( ) ( ).,
2

1
,, ζ′

+ε
+ζζψ zpzzpz z≺≺  
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An application of Lemma 1.2 with ,2+ε=µ  yields 

( ) ( ).,, ζζ zpzq ≺≺  

By using (2.4), we obtain 

( ) ( ( )) ,,, , zm zGDzq
′ζζ δ

τ≺≺  

where 

( ) ( ) ( ) ( )∫ +ε+ε− ζψ+ε=ζ
z

dtttzzq
0

12 ,2,  

is convex and it is the best subordinant. 

If we combine the results of Theorem 2.4 and Theorem 2.5, we obtain the following 

strong differential “sandwich theorem”. 

Theorem 2.6. Let ( )ζψ ,1 z  and ( )ζψ ,2 z  be convex functions in UU ×  with 

( ) ( ) 1,, 21 =ζψ=ζψ zz  for every U∈ζ  and ( )ζ,zG  is given by (2.3). If ∈f  

( ) ( ),;,,,,1;,,,,1 21 ψτδψτδ jmjm NM ∩  ( ( )) [ ] ζ
δ

τ ζ∈′ζ QzGD zm ∩,1,1,, H  and 

( )
[ ( ) ( ( )) ( )]ζτ−−ζ

τ
δ

τ
+δ

τ ,1,
1

,
1

, zfDCzfD
zC

m
m
jmm

j

 

is univalent in ,UU ×  then 

( ) ( ),;,,,,1;,,,,1 21 qjmqjmf τδτδ∈ NM ∩  

where 

( ) ( ) ( ) ( )∫ +ε+ε− ζψ+ε=ζ
z

dtttzzq
0

1
1

2
1 ,2,  

and 

( ) ( ) ( ) ( )∫ +ε+ε− ζψ+ε=ζ
z

dtttzzq
0

1
2

2
2 .,2,  

The functions 1q  and 2q  are convex. 
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