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Abstract

In this paper, we give some characterizations for proper f—biharmonic
curves in the para-Bianchi-Cartan-Vranceanu space forms with 3-dimensional

para-Sasakian structures.
1 Introduction

As a natural generalization of biharmonic curves, the concept of f—biharmonic
curves was introduced by Lu in [4]. Since this paper, many authors studied
f-biharmonic curves in several spaces: Ou considered f—biharmonic curves
on a generic manifold and gave a characterization for them in n—dimensional
space forms [6]. Guvenc and Ozgur studied f—biharmonic Legendre curves
in Sasakian space forms [2]. Karaca and Ozgur investigated f—biharmonic
curves in Sol spaces, Cartan Vranceanu three-dimensional spaces and homogenous
contact three-manifolds [3]. Dua and Zhang examined f—biharmonic curves in
Lorentz—Minkowski spaces [I].

On the other hand, in a very recent paper [5], Lee constructed
the para-Bianchi-Cartan-Vranceanu model with 3-dimensional para-Sasakian
structure and found the necessary and sufficient conditions for biharmonic Frenet

curves.
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In this paper, we investigate f—biharmonic curves in this 3-dimensional
para-Sasakian manifolds. We obtain some characterizations with respect to the
special situations of curvature and torsion functions of these curves. Throughout
the paper, all geometric objects (curves, manifolds, vector fields, functions etc.)

are assumed to be smooth.

2 Preliminaries

2.1 Para-Sasakian manifolds

We recall fundamental ingredients of para-Sasakian manifolds from [5]. A (2n +
1)—dimensional differentiable manifold M is said to be an almost paracontact

manifold if it admits a (1,1)-tensor field ¢, a vector field £ and a 1-form 7 satisfying

P =I1-n®¢ nE) =1

For an almost paracontact manifold M, we have p& =0 and nop = 0.
If a (2n 4+ 1)—dimensional manifold M with almost paracontact structure

(¢,&,m) admits a compatible pseudo-Riemannian metric such that

9(pX,Y) = —g(X,Y) +n(X)n(Y), (2.1)

then we say M is an almost paracontact metric manifold with the paracontact

metric structure (p, £, n,g). Putting Y = £, we have
n(X) = g(X, ). (2.2)
If the compatible pseudo-Riemannian metric g satisfies
dn(X,Y) = g(X,9Y),

then 7 is a contact form on M, & the associated Reeb vector field, g an associated

metric and (M, ¢, &, n,g) is called a paracontact metric manifold.
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For a paracontact metric manifold M, an almost paracomplex structure J on
M x R is defined by

d d

J(X, f—) = (pX X)—
(X, f ) = (X + f&n(X) ),
where X is a vector field on M, t the coordinate of R and f a function of M x R.
If the almost paracomplex structure J is integrable, then the paracontact metric

manifold M is said to be normal or para-Sasakian.

Proposition 1. [§/ An almost paracontact metric manifold (M,p,&,m,g) is

para-Sasakian if and only if
(Vx@)Y = —g(X,Y){+n(Y)X, (2.3)

for any vector fields X, Y on M, where V is Levi-Civita connection of g.

2.2 Frenet-Serret equations

Let v: I — M be a unit speed curve in a three-dimensional Lorentzian manifold
M such that ' satisfies g(7/,7') = e1 = £1. The constant &1 is said to be the
causal character of 7. A unit speed curve is called spacelike or timelike if its causal
character is 1 or -1, respectively. A unit speed curve is called a Frenet curve if
g(7",~") # 0. A Frenet curve has an orthonormal frame field {T" = +', N, B} along

~. Then the Frenet-Serret equations are given by

VTT = EQHN,
VTN = —SllQT—&gTB,
VTB = EQTN,

where Kk = valq/’ H is the geodesic curvature and 7 is the geodesic torsion of ~.
The vector fields T, N and B are called tangent vector field, principal normal
vector field and binormal vector field of 7, respectively.

The constants €2 and e3 are defined by g(N,N) = 2 and g(B, B) = €3, and
called second causal character and third causal character of ~, respectively. The
equation €169 = —e3 holds.

A Frenet curve 7 is a geodesic if and only if £ = 0.
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Proposition 2. Let {T,N,B} are orthonormal frame field in a Lorentzian
3-manifold. Then,

TALN=e3B, NALB=eT, BALT = ésN.

2.3 f—Biharmonic maps

A map ¢ : (M, g9) = (Np, h) between two pseudo-Riemannian manifolds is called

harmonic if it is a critical point of the energy

1
B(0) = 5 [ lldo] v,
Q

where € is a compact domain of M,,. The tension field 7(¢) of ¢ is defined by

m

7(9) = tr(Vde) = Y _ei(VEdp(e:) — dp(Veier)),
i=1
where V? and {e;} denote the induced connection by ¢ on the bundle ¢*TN,,. A
map ¢ is called harmonic if its tension field vanishes. The bienergy Es(¢) of the
map ¢ is defined by

Ex(6) = ;5 [ Im(@)]* v,
Q

and ¢ is called biharmonic if it is a critical point of the bienergy, where
Q is a compact domain of M,,. Clearly, all harmonic maps are biharmonic.
Non-harmonic biharmonic maps are called proper biharmonic maps. The
bitension field 75(¢) of ¢ is defined by

n(0) = _al(VEVE = Ve, . )7(0) = ¥ (7(9), délen)da(er)),  (2:4)

where RY denotes the curvature tensor of N,,. A map ¢ is called biharmonic if its
bitension field vanishes.

A map ¢ is called f—harmonic with a function f : M — R, if it is a critical
point of the energy

1
By(6) = 5 [ £ 4ol do,
Q

http://www. earthlinepublishers.com



f-Biharmonic Curves 373

where  is a compact domain of M,y,. The f—tension field 7¢(¢$) of ¢ is given by

77(¢) = f7(¢) + do(gradf)
see [7]. The f—bitension field 5 r(¢) of ¢ is defined by

To,p(9) = f12(9) + AfT(9) + 2V, 107 (9). (2.5)

A map ¢ is called f—biharmonic if its f—bitension field vanishes (see [1],
[4]). Non-harmonic and non-biharmonic f—biharmonic curves are called proper
f—biharmonic curves, and if f is constant, then an f—biharmonic curve turns

into a biharmonic curve [4].

3 f—Biharmonic Curves in Para-Sasakian Space

Forms

Lee introduced the concept of para-Bianchi-Cartan-Vranceanu model with
3-dimensional para-Sasakian structure in [5] as follows:
Consider the set

C
5(.%2 + y2) > 0}7

D={(z.y,2) €R®: 1+
where ¢ is a real number. Remark that if ¢ > 0, then D is the whole R3(z, y, 2).
On the region D, the contact form 7 is taken as
ydx — xdy
=dz+ —F——F5—-.
! 1+ 522 +y?)
Then, the characteristic vector field of n is £ = %.

Next, the Lorentzian metric is equipped as

B —dz? + dy?
R ICETE

ydx — xdy

—)2_
L+ 522 +y?)

Je + (dz

The Lorentzian orthonormal frame field (e, ez, e3) on (D, g.) is given by

0+ 8@+ 2 e L p 0l 2 D
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Then the endomorphism field ¢ is given by

ple1) = ez, ple2) = e1, p(es) = 0.

The Levi-Civita connection V of (D, g.) is described as

Ve €1 = —cyes, Ve ea = —cyey +e3, Ve e3 = —ea,
Ve,€1 = —cxeg — €3, Ve,e9 = —cxe), Ve,e3 = —eq,
Vese1 = —€2,Veea = —€1, Vesez = 0.

The contact form n on D fulfills
dn(X,Y) = ge(X,¢Y), X,Y € x(D).

Furthermore the structure (g.,p,&,n) is para-Sasakian. The non-vanishing

components of the curvature tensor R of (D, g.) is given by

R(e1,e2)ea = —{3+ 02(x2 — yg)}el, R(e1,e3)es = eq,
R(ez,er)er = {3+ c*(2® —y*)}ez, R(ea,es)e3 = e,
R(es,e1)er = —e3, R(es, ex)es = e3.

For the sectional curvature K of (D, g.), we have
K(ez, 63) =—-1= —K(eg, 61),

and
K(ei,e2) = R(e1,ea,e1,e2) = —{3+ 02(302 — y2)}

So, (D, g.) is of holomorphic sectional curvature H = —{3 + c?(x? — y?)}.

For the case ¢ = 0, the holomorphic sectional curvature H equals —3, thus the
space D becomes para-Sasakian space form. In the next, we will deal with the
case ¢ = 0.

Now, suppose that v : I — (D,g.) is a curve parametrized by arc-length
and {T, N, B} is an orthonormal frame field tangent to D along -, where T' =
Tie; + Tves + Tze3, N = Nyey + Noes + N3ez and B = Biey + Boes + Bses.

The f—biharmonicity condition for curves on (D,g.) is obtained in the

following theorem.

http://www. earthlinepublishers.com
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Theorem 1. Let v : I — (D, g.) be a curve parametrized by arc-length. Then ~

1s f—biharmonic if and only if the following relations are satisfied:
3k f + 262 =0,
kf" + 26" f + fIK" + esrd + e1k7% + Kea(e3 — 4n(B)?)] = 0, (3.1)
=267 f" — f(2k'T + kT') — de1k fn(N)n(B) = 0.
Proof. Let v = v(s) be a curve parametrized by arc-length. We use formula ({2.5).
From [5], we have

7(y) = eVl = —e36N, (3.2)
R(T,N,T,N) = e3 — 4B3,
R(T,N,T,B) = —4e1N3Bs,
To(7) = 3e3kk'T + eo (K" — eari(e1k? + e372))N + £1(2'T 4+ k7') B + ok R(T, N)T.

(3.4)
Moreover, from [1], we have
Viraas ™) = IV(V1T) = of WN + w(—enl —esmB). -y o
Afr(y) = f'N9T = f"e3kN. '
Therefore, combining the equations (3.2)), (3.4) and (3.5)), we obtain
(3.6)

f(’)/) = 3€3I€I€/fT + 62f(l€// — €2K(€1I€2 + 537’2))N -+ 61f(2l€/7' + KT/)B
+eofkR(T,N)T + ok f' N + 2eaf'[k'N + k(—e1xT — e37B)).

T2

)

If we take inner product of equation (3.6)) with 7, N and B, respectively and use
the equations (3.3), we get (3.1)). O

Proposition 3. Let v : 1 — (D,g.) be an f—biharmonic curve parametrized by

arc-length. If k is a non-zero constant, then v is biharmonic.

Proof. Under the assumption s is a non-zero constant, from the first equation in
(3.1]), obviously we get f' = 0. So, v is a biharmonic curve. O

Proposition 4. Let v : I — (D, g.) be an f—biharmonic curve parametrized by

arc-length. If T is a non-zero constant and n(N)n(B) = 0, then v is biharmonic.
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Proof. Under the assumption 7 is a non-zero constant and n(N)n(B) = 0, using
the first and third equations in (3.1)), we get

K 2f

A 3.7

- 37 (3.7)
and o

K

—+ =) =0. 3.8

(=L (3.9

Putting equation (3.7)) in (3.8) shows that f is constant, therefore «y is a biharmonic
curve. O

Proposition 5. Let v : 1 — (D,g.) be an f—biharmonic curve parametrized by
. I_M
arc-length. If T is a non-zero constant, then f = e -

Proof. Under the assumption 7 is a non-zero constant, if we use the first and third
equations in (3.1]), we obtain

K 2f
r__z2 3.9
- 37 (3.9)
and
—2k7f" = 2fK'T — de1kfn(N)n(B) = 0. (3.10)
Setting equation (3.9)) in (3.10]), we get the result. O

Proposition 6. Let v : I — (D, g.) be a non-geodesic curve parametrized by
arc-length and suppose that T = 0. In this case, v is f—biharmonic if and only if

the following equations are valid:

=, (3.11)
(fr)" = —fr(e3r® + ea(e3 — 4n(B)?)), (3.12)
n(N)n(B) =0, (3.13)

where ¢; € R.

Proof. Under the assumption 7 = 0, if we use equations in (3.1) by integrating

first equation, we deduce the results. O
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Proposition 7. Let v : I — (D,g.) be a non-geodesic curve parametrized
by arc-length and suppose that T and k are non-constants. In this case, v is

f—biharmonic if and only if the following equations are valid:

f2s? = (3.14)
(fr)" = —fr(ezr® + 172 + eo(e3 — 4n(B)?)), (3.15)
f2/€27' _ ef_481n(1:7)n(3)’ (3.16)

where ¢; € R.

Proof. Under the assumption 7 and x are non-constants, if we use equations

in (3.1) by integrating first and third equations, we obtain (3.14)), (3.15) and
(3.16). 0

From the last two propositions, we can give the following theorem.

Theorem 2. An arc-length parametrized curve v : I — (D,g.) is proper
f—biharmonic if and only if one of the following situations is true:

(i) =0, f=ci1r%? and the curvature k solves the equation below:

3(K)? — 2rK" = —4K*[e3K® + e2(e3 — 4n(B)?))].

f_4€1n(N>n(B)
(ii) T #0, T = %, f = c157%2 and the curvature k solves the

equation below:

[- 81 n(N)n(B)

3(K)? = 2rK" = —4r*[e3k?(1 — 5266—4) + e2(e3 — 4n(B)?)].
1

Proof. (i) The first equation of (3.1]) gives
f=car 32 (3.17)

By replacing the above equation into (3.12), we obtain the result.
(ii) From the first equation of (3.1)), we have

f=cr?2 (3.18)
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Setting the above equation in (3.16[), we get

f_46171<N)71(B)
r_e T (3.19)
K C% ' ’

And finally putting equations (3.18)) and (3.19)) in (3.15]), we obtain the result. [

Consequently, we can express the following corollary.

Corollary 1. An arc-length parametrized f—biharmonic curve v : I — (D, g.)

with constant geodesic curvature is btharmonic.
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