Earthline Journal of Mathematical Sciences
ISSN (Online): 2581-8147

Volume 7, Number 2, 2021, Pages 333-367
https://doi.org/10.34198/ejms.7221.333367

Generalized Oresme Numbers

Yiiksel Soykan

Department of Mathematics, Art and Science Faculty,
Zonguldak Biilent Ecevit University, 67100, Zonguldak, Turkey

e-mail: yuksel_soykan@hotmail.com

Abstract

In this paper, we introduce the generalized Oresme sequence and we
deal with, in detail, three special cases which we call them modified
Oresme, Oresme-Lucas and Oresme sequences. We present Binet’s formulas,
generating functions, Simson formulas, and the summation formulas for these
sequences. Moreover, we give some identities and matrices related with these

sequences.

1 Introduction

The Oresme sequence, {Oy, }n>0, was introduced by Nicole Oresme (1320-1382)
in the 14-th century. Oresme found the sum of the rational numbers formed by
the terms 0, £,2,3 4 5 6 n These numbers form a second order sequence

and are defined by the recurence relation

1 1
On+2 = OnJrl - ZOna OO = 07 Ol = 5

In [4], Horadam presented a history and obtained an abundance of properties
of these numbers. Oresme numbers have many interesting properties and
applications in many fields of science (see, for example, )

The purpose of this article is to generalize and investigate these interesting
sequence of numbers (Oresme numbers). First, we recall some properties of

Fibonacci numbers and its generalizations, namely generalized Fibonacci numbers.
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334 Yiiksel Soykan

The Fibonacci numbers, Lucas numbers and their generalizations have many
interesting properties and applications to almost every field such as architecture,
nature, art, physics and engineering. The sequence of Fibonacci numbers {F}, },>0
is defined by

F,=F,1+F, 2 n>2 F=0 F=1,

and the sequence of Lucas numbers {Ly, },>0 is defined by
Ln:Lnfl—i_Lana TLZQ, L0:27 Ll =1

The generalization of Fibonacci sequence leads to several nice and interesting
sequences. The generalized Fibonacci sequence (or generalized (r,s)-sequence
or Horadam sequence or 2-step Fibonacci sequence) {W, (Wy, Wi;r,s)}n>0 (or
shortly {Wy}n>0) is defined (by Horadam [6]) as follows:

Wo =1rWh1+ sWy_o, Wo=a,Wi=0b, n>2 (1.1)

where Wy, W; are arbitrary complex (or real) numbers and r, s are real numbers,
see also Horadam and Soykan [12f.

For some specific values of a,b,r and s, it is worth presenting these special
Horadam numbers in a table as a specific name. In literature, for example, the
following names and notations (see Table 1) are used for the special cases of r, s

and initial values.

Table 1: A few special case of generalized Fibonacci sequences.

Name of sequence Wy(a,b;r, s) Binet Formula OEIS
<1+\/5)" _ (1—%5)"
. . 2 2
Fibonacci Wn(0,1;1,1) = F, = A000045
Lucas Wo(2,1:1,1) = Ly, (Hf)” n (%ﬁ)" A000032
1+v2)" = (1-v2)"
Pell Wa0.1:2,1) = P, LEY2) (V) g
2v/2
Pell-Lucas Wn(2,2,21)=Q, (1+v2)"+(1-v2)" A002203
Jacobsthal W, (0,1;1,2) = J, AR A001045
Jacobsthal-Lucas W, (2,1;1,2) = j, 2" 4+ (=)™ A014551
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Generalized Oresme Numbers 335

Here, OEIS stands for On-line Encyclopedia of Integer Sequences.
The sequence {W,, }»>0 can be extended to negative subscripts by defining

r 1
Wop=—W_(p)+ W (o
3 V=tn-1) T TW-(n-2)

for n =1,2,3,... when s # 0. Therefore, recurrence (|1.1)) holds for all integer n.
Now we define two special cases of the sequence {W,}. (r,s) sequence
{Gn(0,1;7,5)}n>0 and Lucas (r,s) sequence {H,(2,r;r,s)}n>0 are defined,

respectively, by the second-order recurrence relations

Gn+2 = TGn+1 + sGp, Gy=0,G1 =1, (1.2)
Hypio = rHyp1+ sHy, Hy=2Hy =, (13)

The sequences {Gp}n>0, {Hn}tn>0 and {E,}n>0 can be extended to negative
subscripts by defining

r 1

G = —;G_(n_1)+gG_(n_2),
r 1

H_, = _;H—(n—1)+;H—(n—2)7

forn = 1,2, 3, ... respectively. Therefore, recurrences (|1.2))-(1.3)) hold for all integer
n.
Some special cases of (r,s) sequence {Gy(0,1;r,s)},>0 and Lucas (r,s)

sequence {Hy(2,7;7,s)}n>0 are as follows:
1. G»(0,1;1,1) = F,, Fibonacci sequence,
2. H,(2,1;1,1) = L,, Lucas sequence,
3. G,(0,1;2,1) = P,, Pell sequence,
4. Hp(2,2;2,1) = @y, Pell-Lucas sequence,
5. Gn(0,1;1,2) = J,, Jacobsthal sequence,

6. H,(2,1;1,2) = j,, Jacobsthal-Lucas sequence.

Earthline J. Math. Sci. Vol. 7 No. 2 (2021), 333-367
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The following theorem shows that the generalized Fibonacci sequence W, at

negative indices can be expressed by the sequence itself at positive indices.

Theorem 1. For n € Z, for the generalized Fibonacci sequence (or generalized
(r, s)-sequence or Horadam sequence or 2-step Fibonacci sequence), we have the

following:

()

W, = (=1)"""ts™™(W, — H,Wp)
= (=1)""sT(W, — H,Wp).

(b)

(_1)n+18—n ) )
W_, = 2W1 — rWo)WoW,aq1 — (W W) Wh).
—W12+3W02+TW0W1(( 1= T Wo)WoWnst = (Wi 4 sWg) W)
Proof. For the proof, see Soykan , Theorem 3.2 and Theorem 3.3]. O

The following theorem presents sum formulas of generalized (r,s) numbers

(generalized Fibonacci numbers).

Theorem 2. Let x be a real (or complex) number. For all integers m and j, for
generalized (1, s) numbers (generalized Fibonacci numbers), we have the following

sum formulas:

(a) If (—s)™2% — xH,, +1#0, then

(=8)™ 2 — Hp) 2" " Wit
= + (=8)" 2" W jem + Wi — (—8)" 2 Wy,
E 1J€ka+j — ( ) +7 J ( ) J ) (14)
k=0

(—s)max? —xH,, + 1

(b) If (—s)™x? — xHy + 1 = u(z — a)(x — b) = 0 for some u,a,b € C with u # 0
and a # b, i.e., x =a or x = b, then
(51 +2) (=)™ = (1 + 1) H) "W

zn:SUkak:—&—‘ _ +(=8)" (n+ D" Winj—m — (=)™ Wi-m .
P J 2(—s)"x — Hp,

http://www. earthlinepublishers.com



Generalized Oresme Numbers 337

(c) If (—s)™2% — xH, + 1 = u(x — ¢)? = 0 for some u,c € C with u # 0, i.e.,
T = c, then

(n+1) ((=s)™ (n +2)2" — na™ "Hp,) Win+j
" +nn4+1) (=)™ 2" Wntiom
S F Wy = (n+1)(=s) +i-m
k=0

2(—s)
Proof. 1t is given in Soykan Theorem 4.1]. O

Note that (|1.4)) can be written in the following form

(=)™ @ = Hpn)a"  Winpgj + (=8)" 2" Wons jom
S W = a(Hp— (s)" )W — ()" Wy
Pt / (—s)ma? —xH, +1

oo
We give the ordinary generating function Y W,z"™ of the sequence {W,,}.

n=0

o0
Lemma 3. Suppose that fiy, (x) = >, Wya™ is the ordinary generating function
n=0

(o]
of the generalized Fibonacci sequence {Wy}n>0. Then, > Wya™ is given by
n=0

(o)
Wi Wy —rW,
S W = o+ (W = rWo)z. (1.5)
1—rz — sz?
n=0
Proof. For a proof, see Lemma 1.1]. O

Binet’s formula of generalized Fibonacci sequence can be calculated using its

characteristic equation (the quadratic equation) which is given as
22 —rzr—s=0. (1.6)

The roots of characteristic equation are

7’+2\/Z, 8= 7’_2‘/: (1.7)

where
A =1r?+4s

Earthline J. Math. Sci. Vol. 7 No. 2 (2021), 333-367
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and the followings hold

a+p =
afl = -—s,
(a—pB)?% = (a+p)?—4a8=r?+4s.

1.1 Binet’s Formula for the Distinct Roots Case

In this subsection, we assume that the roots o and (8 of characteristic equation
(1.6]) are distinct. Using these roots and the recurrence relation, Binet’s formula

can be given as follows:

Theorem 4 (Distinct Roots Case). Binet’s formula of generalized Fibonacci

numbers is
bla” bgﬁn bla" — bgﬂn
W, = = 1.8
a—BVtB-a  a-p (18)
where
by = Wy — BWy, ba = W1 — aW.
(1.8)) can be written in the following form:
W, = A1a™ + Ay 8" (1.9)
where
Wi — BW Wi — aWy
Al = — " — Ag= ——
1 o — B ) 2 ,8 N
Note that

AA, - (I/Vl2 — SW02 — rWiWo)
1 2 - —(T2+48) bl

A1+ A4y = Wy

We next find Binet’s formula of generalized Fibonacci numbers {W,,} by the

use of generating function for W,.

http://www. earthlinepublishers.com
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Theorem 5 (Binet’s formula of generalized Fibonacci numbers).

dla” dgﬁn

W, = + 1.10
-8 B-a) (110
where
di = Woa+ (W1 — TW()),
d2 = Woﬁ + (Wl - TW())B.
Proof. For a proof, see Theorem 1.2]. O
Note that from (1.8]) and (1.10)) we have
Wiy — Wy = Wyoa+ (Wl - TWO), (1.11)
Wi —aWy = WyB+ (Wl — TWo)ﬁ. (1.12)

For all integers n, (r,s) and Lucas (7, s) numbers (using initial conditions in
(1.8]) or (1.10)) can be expressed using Binet’s formulas as

O = omtBoay

H, = an+ﬁn7

respectively.

1.2 Binet’s Formula for the Single Root Case

In this subsection, we assume that the roots o and 8 of characteristic equation
(1.6) are equal, i.e., &« = 3. So (1.6]) can be written as

2 —rr—s=(x—-a)=2>-2ax+a*=0.

Note that in this case,

r
a = -,
2
r = 2aq,

2

_ 2=

5 = —« 1
r’+4s = 0.

Earthline J. Math. Sci. Vol. 7 No. 2 (2021), 333-367
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Using the root « and the recurrence relation, Binet’s formula can be given as

follows:

Theorem 6 (Single Root Case). Binet’s formula of generalized Fibonacci numbers

18

Wy, = (D1 + Dan)a™ (1.13)
where
Dy = Wy,
Dy = é(w1 — o).
Proof. For a proof, see Soykan [13]. O

Note that (1.13]) can be written as

1
Wn - (W() + (Wl - OéW()) n)a"

(67

We also see that

D1Dy = ;
W,
9 M1

r .

Dy + Dy

For all integers n, (r,s) and Lucas (7, s) numbers (using initial conditions in

(1.8]) or (1.10)) can be expressed using Binet’s formulas as

n—1
G, = na" ",

H, = 2a",

respectively.

http://www. earthlinepublishers.com
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2 Generalized Oresme Sequence

In this paper we consider the case r =1,s = —%. A generalized Oresme sequence
{Whln>0 = {Wn(Wo, W1)}n>0 is defined by the second-order recurrence relations

1
W =Wt = W (2.1)

with the initial values Wy = cg, W1 = ¢1 not all being zero.

The sequence {W,,},>0 can be extended to negative subscripts by defining
W_op =4AW_ (1) =AW _(;,_9)

for n =1,2,3,.... Therefore, recurrence ([2.1)) holds for all integers n.
Eq. (1.13]) can be used to obtain Binet formula of generalized Oresme numbers.

Binet formula of generalized Oresme numbers can be given as

W, = (D1 + Dan)a™ (2.2)
where
Dy = Wy,
Dy = é(W1 — o).
i.e.,

1
W, = (WO + E (Wl - OéWo) n)a”.

Here, a =3 = % are the roots of the quadratic equation

1
113‘2—1‘4—1:0. (2.3)

i.e. the roots of characteristic equation (2.3 are equal. Note that

atf = 1,
1

05/8 - Za
a—p = 0.

Earthline J. Math. Sci. Vol. 7 No. 2 (2021), 333-367
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and

1
W, = (Wo + 2 (Wl - 2W0> n)

X —.
2n

The first few generalized Oresme numbers with positive subscript and negative
subscript are given in the following Table 2.

Table 2: A few generalized Oresme numbers.

n Wy, W_,

0 Wo Wo

1 Wi 4Wo — 4W7

2 Wy — 3Wo 12W, — 16W;

3 3wy — W 32Wo — 48W1

O 80Wy — 128W
5 EWhi—iwg 192W, — 320W;
6 SWi-gWo 448Wy — T68W4
T EWi-EWe  1024W, — 1792
8  Wi—oWo o 2304Wo — 4096,
9 S Wi—G4Wo o 5120Wp — 9216W
10 2Wh— 155 Wo  11264W, — 20480W,;

Now we define three special cases of the sequence {W,}. Modified Oresme

sequence {Gp}n>0, Oresme-Lucas sequence {Hp}n,>o and Oresme sequence

{On}n>0 are defined, respectively, by the second-order recurrence relations

1
G2 Gni1 — 1

1
Hn+2 Hn+1 - ZHny

1
Onq2 Ont1 — 1

7Gn7

On,

Go=0,Gy =1, (2.4)

Hy=2,H, =1, (2.5)
1

00 == 0,01 == 5 (26)

The sequences {Gp}n>0, {Hn}tn>0 and {Op}n>0 can be extended to negative

http://www. earthlinepublishers.com
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subscripts by defining

Gon = AG_(n_1) — 4G _(-2),
Ho, = 4H (1) —4H (5 3),
O_, = 40—(n—1) - 40—(71—2)7

for n = 1,2,3,... respectively. Therefore, recurrences (2.4)-(2.6) hold for all

integers n.

Next, we present the first few values of the modified Oresme, Oresme-Lucas

and Oresme numbers with positive and negative subscripts:

Table 3: The first few values of the special second-order numbers with positive

and negative subscripts.

n 0 1 2 3 4 5 6 7 8 9 10 11
G 0O 1 1 % 3 % % & 1w ¥ 2  1om
G_p . —4 —16 —48 —128 —320 768 —1792 —4096 —9216 —20480 —45056
H, 2 1 1 1 1 1 1 1 B B B 1
2 4 8 16 32 64 128 256 512 1024
H_, 4 8 16 32 64 128 256 512 1024 2048 4096
o, o L 1 3 1 5 3 T 1 9 5 Ei
2 2 8 4 32 32 128 32 512 512 2048
O —2 -8 —24 —64 —160 —384 —896 —2048 —4608 —10240 —22528

For all integers n, modified Oresme, Oresme-Lucas and Oresme numbers (using

initial conditions in (2.2))) can be expressed using Binet’s formulas as

_ n—1 __ n
n — N - on—1°
1
— n o __
n = 20" = on 1’
n
n
OTZ = noa = 27,

respectively.

Earthline J. Math. Sci. Vol. 7 No. 2 (2021), 333-367
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Note that
G, = 20,,
n
n = on—1 nHpy,
n
oo
Next, we give the ordinary generating function > W,a" of the sequence
n=0

o0
Lemma 7. Suppose that fw, () = >, Wypa™ is the ordinary generating function
n=0

o
of the generalized Oresme sequence {Wy}n>0. Then, > Wya™ is given by

n=0

> Waa" =4 x Wo + (W1 _2W°)x. (2.7)
s (x —2)
Proof. In Lemma take r = 1,5 = —%. O

The previous Lemma gives the following results as particular examples.

Corollary 8. Generated functions of modified Oresme, Oresme-Lucas and

Oresme numbers are

Z Gna" = 47:62»
(z—2)

n=0

4
S -t
o T — 2

2
E:Onxn _ 73527
(r—2)

n=0
respectively.

Proof. In Lemma [7}, take W,, = G,, with Gop = 0,G; = 1, W,, = H,, with Hy =
2,H; =1and W, = O, with Oy =0,01 = %, respectively. O

http://www. earthlinepublishers.com
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3 Simson Formulas

There is a well-known Simson Identity (formula) for Fibonacci sequence {F},},

namely,

FusiFooy — F2 = (—1)"

which was derived first by R. Simson in 1753 and it is now called as Cassini

Identity (formula) as well. This can be written in the form

FnJrl Fn

= (-1)"
Fn Fn—l

The following theorem gives generalization of this result to the generalized Oresme

sequence {Wp, }n>0.

Theorem 9 (Simson Formula of Generalized Oresme Numbers). For all integers

n, we have

Wopr Wa | (1>n Wi Wy (3.1)
Wn Wy 4) | wo woy | '
Proof. For a proof of Eq. 1} see Soykan , just take s = —i. O

The previous theorem gives the following results as particular examples.

Corollary 10. For all integers n, modified Oresme, Oresme-Lucas and Oresme

numbers are given as

Gn-‘rl Gn _ -1
Gn Gn—l 4n= L
Hn+1 Hn Y
Hn Hn—l ’
On+1 On _ -1
On On—l 4n ’

respectively.

Earthline J. Math. Sci. Vol. 7 No. 2 (2021), 333-367
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4 Some Identities

In this section, we obtain some identities of generalized Oresme, modified Oresme,
Oresme-Lucas and Oresme numbers. First, we can give a few basic relations

between {W,,} and {G,}.

Lemma 11. The following equalities are true:

Wo = 16(2Wo — 3W1) Gpys — 4 (5Wo — 8W1) Gy, (4.1)
W, = 4(3Wo—A4W1) Grys — 4 (2Wo — 3W1) Gpa,
W, = 4(Wy—W1)Gnyo— (3Wo — 4W1) Gry1,
W, = WoGnii — (Wo— W) G,
W, = WiG, - %WOGn_l,
and
(Wo —2W1)2 G = 64(Wo — 3W1)Wisa — 16(3Wo — 8W) Wiy s,
(Wo —2W1)2Gp = 16(Wo — AW Wiys — 16(Wo — 3W1) Wio,
(Wo —2W1)2Gn = —16W 1 Wypo — 4(Wy — AW Wyi1,
(Wo —2W1)2Gn = —AWoWiy1 + AW Wy,
(Wo —2W1)2 Gn = —4(Wo — W)Wy, + WoW,_1.

Proof. Note that all the identities hold for all integers n. We prove (4.1)). To show

(1), writing
Wn:axGn+4—|—bxGn+3

and solving the system of equations

Wo = axGys+bxGs
Wi = axGs5+bx Gy

we find that a = 16 (2Wy — 3W1), b= —4 (5Wy — 8W7) . The other equalities can
be proved similarly. O

http://www. earthlinepublishers.com
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Note that all the identities in the above Lemma can be proved by induction
as well.

Next, we present a few basic relations between {H,,} and {W,,}.

Lemma 12. The following equalities are true:

(Wo — 2W) Hy = —32Wpia + 16Wiis,
(Wo — 2W) Hy = —16Wnss + 8Wnsa,
(Wo —2W1)H, = —8Wpio +4Wpy,
(Wo — 2W)Hy = —4Wpyt +2W,,
(Wo — 2W) Hy = —2Wp+ Wi 1.

Now, we give a few basic relations between {W,,} and {O,}.

Lemma 13. The following equalities are true:

W, = 32(2Wo—3W1)Onra — 8 (5Wp — 8W1) Opys,
W, = 8(3Wp —4W1) Opys — 8 (2Wo — 3W1) Onya,
W, = 8(Wo—W1)Opni2 —2BWy —4W1) Opya,
W, = 2WyOp41 —2(Wy — W1) Oy,

W, = 2W,0, — %WoOn_l,

and
(Wo —2W1)20, = 32(Wy — 3W1)Wypg — 8(3Wo — 8W1) W3,
(Wo —2W1)%0, = 8(Wo—4AW1)Wyys — 8(Wo — 3W1) Wiy,
(Wo —2W1)20n = —8W i Wyyo — 2(Wo — AW1)Wy1,
(Wo —2W1)* 0y = —2WoWyy1 + 2W W,
1
(Wo —2W1)20, = —2(Wy— W)W, + SWoWn 1.

Now, we give a few basic relations between {G,,}, {H,} and {O,}.

Earthline J. Math. Sci. Vol. 7 No. 2 (2021), 333-367
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Lemma 14. The following equalities are true:

and

and

and

and

BoEEEE

3
|

3
|

OO:QQ
|

QN N 6
|

3
|

BEREEE
I

16Gn+4 - 8Gn+3a
8Gn+3 - 4Gn+2>
4Gn+2 - 2Gn+17
2Gn+1 - Grm

1
Gn - §Gn—17

—24Gp44 +16G 43,
—SGn+3 + 6Gn+2a
_2Gn+2 + 2Gn+1a

1

§Gn7

960,44 + 640,43,
320,43 + 24004,
—80n+2 + 80p+1,
20,,,

320,14 — 160,43,
160p43 — 80p42,
80n+2 — 40541,
40,1 — 20,
20, — O,_1,

http://www. earthlinepublishers.com
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We now present a few special identities for the generalized Oresme sequence

Theorem 15 (Catalan’s identity of the generalized Oresme sequence). For all

integers n and m, the following identity holds:

m2

_ﬁ (WO - 2W1)2 .

Wn+mWn—m - Wﬁ =

Proof. We use the identity

1 1
W, = (W0—|—2 (Wl —2W0> n) X 27

As special cases of the above theorem, we have the following corollary.

Corollary 16. For all integers n and m, the following identities hold:

(a) Gn+mGn—m - G2 - _22@732-

n

(b) HyrmHy o — H2 =0.

n

(©) OnymOn_m— 0% = —12.

Note that for m = 1 in Catalan’s identity of the generalized Oresme sequence,

we get the Cassini identity for the generalized Oresme sequnce.

Theorem 17 (Cassini’s identity of the generalized Oresme sequence). For all

integers n, the following identity holds:

1

(Wo — 2W1)?.
As special cases of the above theorem, we have the following corollary.

Corollary 18. For all integers n, the following identities hold:

(a) Gni1Gn-1— G2 = —35=.

Earthline J. Math. Sci. Vol. 7 No. 2 (2021), 333-367
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(b) Hypi1H, 1 — H2 =0.

(€) Ong10n-1— O = — 5.

The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained

by using
1 1
The next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of

generalized Oresme sequence {W,, }.

Theorem 19. Let n and m be any integers. Then the following identities are

true:

(a) (d’Ocagne’s identity)

(m —n)

Wit 1Wy = Wi Wiy = T omintl

(Wo — 2W7)2.

(b) (Gelin-Cesaro’s identity)
Wi o Wit Wno i Wy — Wy

1
— _%(4(5n2—4)W12+(5n2—10n—|—1)W5—4(5n2—5n—4)W1W0) (Wo — 2W1)2.

(c) (Melham’s identity)

Wi 1 Wa2Wips— W3, 4 = (2(Tn+15)W1—(Tn+8)Wo) (Wo — 2W1)%.

~ 93n+9

Proof. Use the identity W,, = (Wp + 2 (W1 — 1Wo) n) x 5

L 0

As special cases of the above theorem, we have the following three corollaries.
First one presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of modified

Oresme sequence {G,,}.

Corollary 20. Let n and m be any integers. Then the following identities are

true:

http://www. earthlinepublishers.com
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(a) (d’Ocagne’s identity)

m-—n
Gmi1Gn — GGryr = _(2m+nl)'
(b) (Gelin-Cesaro’s identity)
5n? — 4
Gni2Gn11Gr-1Gn2 — Gfl = _(2411—4)
(c) (Melham’s identity)
™+ 15
Gn+1Gn+2Gnye — G?ws = _(23n+6)

Second one presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of

Oresme-Lucas sequence {Hp}.

Corollary 21. Let n and m be any integers. Then the following identities are

true:

(a) (d’Ocagne’s identity)
Hm+1Hn - HmHn+l == O

(b) (Gelin-Cesaro’s identity)

HyioHpi1Hy 1Hy o — Hy, = 0.

(c) (Melham’s identity)

Hpi1HpioHn6 — Hy 3 =0.

n

Third one presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of

Oresme sequence {Oy,}.

Corollary 22. Let n and m be any integers. Then the following identities are

true:
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(a) (d’Ocagne’s identity)

m-—n
010 — OOt = ~2=1)
(b) (Gelin-Cesaro’s identity)
5n% —4
On+20n+10n—10n—2 - O;ll = _(24")'
(c) (Melham’s identity)
™+ 15
On+10n120n46 — 02+3 = (23n+9)

5 On the Recurrence Properties of Generalized

Oresme Sequence

Taking r = 1,s = —; in Theorem [l (a) and (b), we obtain the following

Proposition.

Proposition 23. For n € Z, generalized Oresme numbers (the case r = 1,s =

—i} have the following identity:

1 —n
W_, = (-1 (-4) (W, — H, W)
(_Dnﬂ (_%)_n 2 1 2
= QW — Wo)WoWit1 — (W2 — —W2AW,,).
—Wf—iW3+WoW1(( 1= Wo)WoWaiy — (Wi = Wo)Wa)

From the above Proposition, we have the following corollary which gives
the connection between the special cases of generalized Oresme sequence at the
positive index and the negative index: for modified Oresme, Oresme-Lucas and
Oresme numbers: take W, = G, with Gy = 0,G; = 1, take W,, = H,, with
Hy=2,H =1 and W, = O, with Og = 0,07 = %, respectively. Note that in
this case H, = H,,.

Corollary 24. For n € Z, we have the following recurrence relations:
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(a) modified Oresme sequence:
G_, = —4"G,, = —n x 2"+,

(b) Oresme-Lucas sequence:
H_, =4"H, = 2",

(c) Oresme sequence:

O_, = —4"0,, = —n x 2™

6 The Sum Formula >, _,2*W,.; of Generalized

Oresme Numbers

In this section, we present sum formulas of generalized Oresme numbers.

Theorem 25. Let x be a real (or complex) number. For all integers m and j, for

generalized Oresme numbers, we have the following sum formulas:

(a) If272m2% — xH,, +1#0#0, then

(272my — Hp )2 Wiy
4 2—2mxn+1Wmn+j_m 4 Wj _ 2_2m$Wj—m

k _
S W - o o

(b) If272m2? — 2H,, + 1 = u(z — a)(x — b) = 0 for some u,a,b € C with u # 0
and a # b, i.e., x =a or x = b, then
(z(n+2)272™ — (n + 1)Hp) 2" Witmn

Z”: ot 272" (n + D)2 Wt j—m — 272" Wj_m
mk+j — 9—2m+1, _ Hm .

(c) If 272m2? — 2H,, + 1 = u(x — ¢)2 = 0 for some u,c € C with u # 0, i.e.,
T = c, then

(n+1) (2~ 2m(n + 2)2" — na" " Hp) Winnj
+n(

n —2 1
E kW o= n(n+ 127" Winngj—m
L Wmk+j = o—2m+1 .
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Proof. Taker =1,s = —% and H,, = H,, in Theorem O

Note that (6.1) can be written in the following form

(272mx _ Hm)$n+1Wmn+j + 272m$n+1Wmn+j—m
i:z:kW = + 2(Hp — 272" 2)W; — 272 Wy,
— it 272mg? — xH,, + 1 '

As special cases of m and j in the last Theorem, we obtain the following

proposition.

Proposition 26. For generalized Oresme numbers, we have the following sum

formulas:

(a) (m=1,j=0)
Ifi (x — 2)2 #0, i.e., x # 2, then

)

St = LT Wt Wy 4 AW+ 4(Wh = Wo)a
k=0 (z —2)°
and

if%(azf 2)2 =0, i.e., x = 2, then

=\ (n+ 1) ((z — 4H)n + 22)2" W, + n(n + 1)z W, _4
Zx Wy = .

2
k=0

(b) (m=2,j=0)
If% (x — 4)2 #£0, i.e., x £ 4, then

)

Zn: e = @ =82 Wy 4 2 Wap g + 16Wo + 4 (4W)1 — 3Wo) 2
2k =
k=0 (z— 4)2

and

if %6 (x — 4)2 =0, i.e., x = 4, then

zn: W = (n+1)((x — 8)n + 2z)a™ *Way, + n(n + 1)z 1 Way,_o

2
k=0
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(c) (m=2,j=1)
If% (x — 4)2 #£0, i.e., x # 4, then

i ka & — (33 — S)anerQn—‘,—l + xn+1W2n—1 + 16W1 + 4(W1 — Wo)aj
2k+1 (1’ _ 4)2 ,

and

if %6 (x — 4)2 =0, i.e., x =4, then

=\ (n+1)((x — 8)n +22)x" Wayi1 + n(n + )" 1Wa, 4
Zx Wak+1 = 5 .

(d) (m=-1,j=0)
If 2z — 1)2 #0, i.e, x # %, then

Z A 4" W 4 (- D) 2" TW, + Wy — 4o
"W_y =

= (20 —1)? ’
and
if 2z — 1)2 =0, ie,r= % then
k n(n+Dz" W_pp1 + (n+ D) ((z — V)n + 22)2" tW_,
5= : |

(e) (m=—2,j=0)
If (4 —1)* #0, ice., x # 1, then

z’"‘:ka _ 162" T Wogyn +8 (22 — 1) &M Wogn + Wo — 4 (4W1 — W) @
rart —2k (4{E _ 1)2 )

and

if (4 —1)> =0, ie., z = 1. then

= . _2n(n+ 12" Woonyo 4+ (n+ 1)((2z — 1)n + 4a)z" ' W_o,
ZQZ W_Qk = 4 .
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(F) (m=—2,j=1)
If (4 — 1) #0, ie., x # 1, then

il’kw sl = 161’n+1W_2n+3 + 8 (2.%’ — 1) iL‘nJer_Qn_H + W, -4 (3W1 — W()) x
e (4z — 1)? ’

and

if (4o — 1)2 =0, ie,r= %, then

=\ L 2n(n + D)z *W_g,13 + (n+ 1)((22 — Dn + 4z) 2" W_9, 11
ZIE W_ogi1 = 1 .
k=0

From the above proposition, we have the following corollary which gives sum
formulas of modified Oresme numbers (take W,, = G,, with Go = 0,G; = 1).

Corollary 27. Forn > 0, modified Oresme numbers have the following properties:

(a) (m=1,j=0)
Ifi (x — 2)2 %0, i.e., x # 2, then

zn:ka (x —4) 2" G, + 2" TGy + 4
k= )
o (x — 2)2

and

if Lz — 2)2 =0, i.e., x =2, then

- ke (n+ 1) ((x —4)n + 22)2" G, + n(n+ 1)2" G,
E k= .
2
k=0

(b) (m=2,j=0)
If% (x — 4)2 %0, i.e., x # 4, then

zn:kaQk — (ZL‘ B 8)xn+1G2n + $n+1G2n72 + 162
o (x— 4)2
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and

z'fl%, (z —4)2 =0, i.e., x = 4, then

Zn: Gy = (n+1)((x — 8)n +22)2" LGy + n(n + 1)z G2
5 .
k=0

() (m=2j=1)
If & (z — )2 #£0, i.e., x # 4, then

i ie (2 =)z Gopqr + 2" Gopy + 42+ 16
T Gok41 = 3 ,
k=0 (v —4)

and

if% (z 74)2 =0, i.e., x =4, then

L (n+1)((x = 8)n +22)2" 1Gaopy1 + n(n + 1) 1Gayy
Zx Gopy1 = 9 .
k=0

(d) (m=-1,j=0)
If 22 —1)> #0, ie., x # %, then

Zn: Fa, - 4" MG+ 4 (z — 12 "G, — 4%7
Py (2 —1)

and

_ 1

if 2z — 1)2 =0, i.e., z =3, then

Z o n(n+1)z" 'G_pp1 + (n+1)((x — )n + 22)2" LG,

k= .
2

k=0

(e) (m=—2,j=0)

If (4 — 1) #£0, ice., x # 1, then

z”: Gy — 162" G _opyo +8 (20 — 1) 2" TGy, — 162
per S (4z — 1)? ’
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and

if (4x — 1)2 =0, de,x= %, then

= 2n(n + 1)2" G _gpi0 + (n+ 1)((22 — 1)n + 42)2" 1G9,

Zl’kG_Qk = 4

(F) (m=—2,j=1)
If (4z — 1)2 #0, i.e, x # i, then

z":ka et — 162" G _9py3 +8 (20 — 1) 2™ G _gpyy +1 — 122
i (dz —1)? ’

and

if (4x — 1)2 =0, ie., x = %, then

i kG ~2n(n+ 1)z G onys + (n+ 1)((2z — D)n + 4z) 2" TG _ont1
r G _ok+1 = 1 .
k=0

Taking W,, = H,, with Hy = 2, H; = 1 in the last proposition, we have the

following corollary which presents sum formulas of Oresme-Lucas numbers.
Corollary 28. For n > 0, Oresme-Lucas numbers have the following properties:
(a) (m=1,j=0)

If L (z— 2240, i.e., x # 2, then

i SFH, — (r —4)2" M H, + 2" H, | +8—4x
— (z —2)?

and

Zf%(ﬂ? — 2)2 =0, i.e., x = 2, then

zn: S H, = (n+ D ((z —4)n + 2x)2" ' H, +n(n+ 2" H,
5 :
k=0
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(b) (m=2,;=0)
If% (x — 4)2 #£0, i.e., x # 4, then

En: a¥ Hop = (x — &)z Hyy, + 2" Hyy, o + 32 — 8z
= . 7

k=0 (x —4)

and

if %6 (x — 4)2 =0, i.e., x =4, then

n

Z o Hay, — (n+1)((x —8)n+2z)z" ' Hay + n(n + 1)a" 1 Hyy, o
= 5 .

(c) (m=2,j=1)
If% (x — 4)2 #0, i.e., x # 4, then

)

Zn b (@ = 8)a"  Hanpy 4 2" Hpp 1 + 16 — 4z
T d1gk4+1 = 3
k=0 (x —4)

and

if % (x — 4)2 =0, i.e., x = 4, then

- k’H _ (n + 1)(($ — 8)?’L + 2$)xn71H2n+1 + n(n + 1)1’”71[{2”_1
g T Hog+1 = 5 .
k=0

(d) (m=—1,j=0)
If 22 —1)> #0, ie., x # %, then

i

zn:ka 4a"™MH 44— 1) 2" H_, +2— 4a
k=0 -’ (22 — 1)2
and

if 2z — 1)2 =0, i.e., x = %, then

n xk . n(n—l— 1)ZEn_1H7n+1 + (n—|— 1)(($_ 1)”‘*‘2‘1’)1’”_1[‘[,”
k=0
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(e) (m=-2,j=0)
If (4 — 1) #0, ie., z # 1, then

Z kH 162" H 5,0 +822 —1)2" M H 9, +2 — 8z
:L' _ =
e (dz — 1)2

I

k=0

Z H 2n(n+ 1)a" ' H o104+ (n +1)((22 — 1)n + 4a)z" ' H_o,
_ n .

(f) (m =-2,j= 1)
If (4z — 12 #0, ice., v # %, then

)

ifﬂkH okl = 162" H 9043 +8 (22 — 1) "N H _5pq +1—4a
o (42 — 1)

and

if (4o — 1)2 =0, ie,r= % then

=\ 2n(n+ 12" P H _9p43 + (n+ 1)((22 — D)n + da)2" 1 H_9, 11
Zﬁf H 9541 = 1 :

From the above proposition, we have the following corollary which gives sum
formulas of Oresme numbers (take W,, = O,, with Oy = 0,0, = %)

Corollary 29. For n > 0, Oresme numbers have the following properties:

(a) (m=1,j=0)
If% (x — 2)2 #£0, i.e., x # 2, then

zn: O, = (x —4) 2" 0, + 2" 0,1 + 22
’ (x —2)?

)
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and
if % (x — 2)2 =0, i.e., x = 2, then

n

Z 0 (n+ 1D ((z —4Hn +22)2" 10, +n(n + 12" 10,1
k= .
2

(b) (m=2,j=0)
If & (z — )2 #£0, i.e., x # 4, then

i xkng _ (55 - 8)»’Cn—i_lo% + $n+102n_2 + 8z
— (x —4)

and

if% (z 74)2 =0, i.e., x =4, then

ixkng _ (n+ 1) ((z — 8)n + 22)2" 1O0sy, + n(n + 1)2" 109y, 2
5 .

k=0

(c) (m=2,5=1)
If% (x — 4)2 #£0, i.e., x # 4, then

Zn: O (2 —8)a" 1 Ogp 1 4+ 2" 09y 1 4 22 + 8
T Ugkt1 = 5 ,
k=0 (z—4)

and

if % (x — 4)2 =0, i.e., x = 4, then

Zn: kO, = Dz —8n+ 22)2" ! Ogny1 +n(n + 1)2" 'Oz s
T U2k+1 = 5 .
k=0

(d) (m=-1,j=0)
If 2z — 1)2 #£0, i.e,x # %, then

= . 42" O+ 4 (x— 1) 2" O, — 22
Z xT O_k; — 2 )
o 2z —1)
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and

if 2z —1)> =0, ice., z = 3. then

k n(n +1)a" '0_ps1 + (n+ 1)((z — Dn + 22)2" 10—y,
Zx O_ k= 5 .

(e) (m=-2,j=0)
If (4z — 1)2 #£0, e, x# %, then

., 162" 0 9,40 + 8 (20 — 1) 2" O_g, — 82
Z:c O-21, = 2
(4z — 1)

)

k=0
and

if (4x — 1)2 =0, ie., x = %, then

L ~2n(n+4+1)a" 1O_gpio + (n+ 1)((22 — 1)n + 4z)2" 10_g,
Z(I} @) 2k = 1 .

(f) (m=-2,7=1)
If (4 — 1) #0, ie., x # 1, then

)

Zn:ka s — 320" 10 9,43 + 16 (22 — 1) 2™ O 9,11 + 1 — 122
" 2 (dz — 1)

and

if (4x — 1)2 =0, ie,r= % then

zn: i ~2n(n+1)2" 1O _gnq3 + (n+ 1)((2z — Dn + 42) 2" 1O_gpt1
20 o1 = 1 :

Taking x = 1 in the last three corollaries we get the following corollary.

Corollary 30. Forn > 0, modified Oresme numbers, Oresme-Lucas numbers and

Oresme numbers have the following properties:

http://www. earthlinepublishers.com



Generalized Oresme Numbers 363

1.

(@) >0 Gr = —3Gn +Gp1 +4.

(b) S Gor = &(~7Gan + G2y + 16).

(€) ko Gart1 = 5(—7Gant1 + Gan1 + 20).

(d) Y0 Gk =4Gnt1—1).

(e) ZZ:O G_ g, = %(2G—2n+2 + G_9p — 2).

(f) ZZ:O G—2k+1 = %(16G—2n+3 + 8G72n+1 - 11)-
2.

(a) S°_, Hy = —3H, + H,_y +4.

(b) > o Hok = §(—THap + Hap—z + 24).

(¢) Yk—o Hary1 = §(=THany1 + Han 1+ 12).

(d) Do H-k =22H _pt1 - 1).

(e) Zzzo H o = %(8H—2n+2 +4H_ 9, — 3).

(f) ZZ:O H_op1 = %(16H72n+3 +8H opt1 — 3)~
3.

(@) Yr_oOk = =305 + Op_1 +2.

(b) > 3= O2x = %(—70211 + O2p—2 +38).

(€) Yk O2ks1 = §(=702n11 + Oy 1 + 10).
(d) > 5—0O-k =2(20—p11 — 1).

(€) >r_0O-—2k = 5(20_9p42+ O_op — 1).

(£) > k0 O-2k11 = %8(32072n+3 +160_2p,41 — 11).
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7 Matrices Related with Generalized Oresme

Numbers

We define the square matrix A of order 2 as:

Wn+1 _ Wn (7 1)
Wn anl ‘
Warr \ _ (1 =1\ ( M
w, J \1 o0 Wy )
If we take W,, = Gy, in (7.1)) we have

D)
G, 1 0 Gn-1

and

We also define

and
C, = ( Wit :iWn > .
Wi —3Wha
Theorem 31. For all integers m,n, we have
(a) B, =A"
(b) C1A™ = A"C,
(c¢) Cpim = CyBy, = BpCh.

Proof. Taker =1,s = —% in Soykan Theorem 5.1.]. O
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Corollary 32. For all integers n, we have the following formulas for the modified

Oresme, Oresme-Lucas and Oresme numbers.

(a) Modified Oresme Numbers.
1 -1\" (@ Te.
An — 1 _ n+1 —2Y9n '
1 0 Gy _iGn—l
(b) Oresme-Lucas Numbers.
n
A — 1 —i _ (n+1)H, 41 —%an .
1 0 nH, —(n—1)Hp1
(c) Oresme Numbers.
1 -1\" (20 10
An — 1 _ n+1 —35Un )
1 0 20, —30n1
Proof. (a) It is given in Theorem (31| (a).
(b) Note that, from Lemma [14] we have
G, =nH,,.
Using the last equation and (a), we get required result.
(c) Note that, from Lemma |14 we have
Gp, = 20,.

Using the last equation and (a), we get required result.

O
Theorem 33. For all integers m,n, we have
1
Wner = WnGm+1 - Zanle (73)
Proof. Taker =1,s = —% in Soykan Theorem 5.2.]. O
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By Lemma we know that

(Wo — 2W1)? G = =AW W1 + AW Wi,

so (|7.3]) can be written in the following form

(Wo — 2W1)2 Wi = Wi (AW1=Wo) Wins 1+ Wo Wi )+ Wi 1 (WoWon i1 — Wi W,,).

Corollary 34. For all integers m,n, we have

Gnim = GnGmt1 — %GnAGm,
Hpim = HpGmi — ianle,
Ontm = OnGmy1 — iOn—le,
and
Opsm = 200Omi1 — %on_lc)m.
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