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Abstract

In this paper, we introduce a new numerical scheme for approximation of highly
oscillatory integrals having Bessel kernel. We transform the given integral to a special
form having improper nonoscillatory Laguerre type and proper oscillatory integrals with

Fourier kernels. Integrals with Laguerre weights over [0, 00) will be solved by Gauss-

Laguerre quadrature and oscillatory integrals with Fourier kernel can be evaluated by
meshless-Levin method. Some numerical examples are also discussed to check the

efficiency of proposed method.

1. Introduction

In this paper, we are concern with highly oscillatory integrals of the form [1]
b
1g] = [ g(x) 1 (cr)a, ()
a

where g(x) is a smooth function, J H(K)c) is Bessel function of first kind of order p and

K is parameter of frequency. For large value of K the integral become highly oscillatory
and cannot be approximate by usual quadrature rules. To handle this type of problems,

we formulate special numerical schemes.

Highly oscillatory integrals are applicable in many areas of science and engineering
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technology like optics, astronomy, seismology image processing, electromagnetics,
plasma transport and computerized tomography [3, 4, 7, 8, 11].

In [5], the author presented an efficient method for numerical approximation of
oscillatory integrals with trigonometric and Bessel kernels and then extended this
procedure in [6]. In [9], different approaches are presented for different types of
oscillatory integrals, the method designed for Bessel type oscillatory integrals is based
on Lagrange’s identity. Highly oscillatory integrals are evaluated by convolution
quadrature in [13]. To check effectiveness of proposed method some test problems are

included. In [10], the oscillatory integrals over infinite positive domain [0, ) are

evaluated by “integration then summation with extrapolation” (ISE) method. [14],
proposed Filon-type method and Clenshaw-Curtis-Filon-type method based on Fast
Fourier transform and fast computation of modified moments for evaluation of highly
oscillatory integrals containing Bessel functions. The proposed methods are high
accurate for large frequencies, which is clear from numerical examples. In [15] the
authors proposed meshless procedure for approximation of oscillatory integrals with
Bessel kernel, the case of singularity is handled with multi-resolution quadrature based
on Haar wavelet quadrature and hybrid function. [2], has transformed Bessel oscillatory
integrals to special type integrals with Fourier kernel and integrals with Laguerre weights

and then used Levin type method with Gauss-Laguerre quadrature for approximation.

In current work we extend [2], method with some modification. For transformation
purpose the same approach can be used while for approximation we use meshless-Levin

method based on Gauss-Laguerre quadrature.

Symbols Chart
Symbols | Description
K Frequency parameter
M Order of Bessel function

QGL [¢] Gauss-Laguerre quadrature

QGL[ ] Meshless-Levin method based on Gauss-Laguerre quadrature
mL18

M Nodal points of meshless-Levin method

N Nodal points of Gauss-Laguerre quadrature
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2. Transformation of Integrals

Bessel function of first kind can be determine as following [12]

L) = (/2" = 212 i
W)= g [ e @

Substituting (2) into (1), we get

fle] = | b ¢ (X)J#Yu—zi/z)ﬁ (L= y? P2 gy d. 3)

1 _ .
The analytic integral I » (1-y?)H V2 jixy dy, can be transformed to the following form

with variable u [2],

—iKx

e T
Kx
iKY o
- (le T .[0 (u? - 2inu)”_l/ze_“du 4)
Kx
. —iKx . IKx
where,
W (x) = jow (u? + 2inu)“_1/ze_”du (5.1
and,
W, (x) = J: (u? - 2inu)“_1/Ze_”du. (5.2)

W (x) and W,(x) are nonoscillatory integrals having Laguerre weights and can be

evaluated by Gauss-Laguerre quadrature.

Using (5) in (3) we get,

i 8(s) sy e [PE0) g (1
161 = Sy e e [ D a ] ©
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(6) is a special type integral containing nonoscillatory improper Laguerre type integrals
and proper oscillatory integrals with Fourier kernels. (6) can be written in more

simplified as,

I[g] = i Ii(g, K)—I5(g, K)], 7)
] 2“K“J?&(U-FU2)[1(g )= I(g. k)] (
where,
b .
1(s. K)ZJ &;C)e"”wl(x)dx (7.1)
a x
and,
b .
I,(g, K) =J. i;C)e’KxLIJZ(x)dx. (7.2)
a x

From (7.1) and (7.2) we see that the proposed method fails at x = 0, so we choose the

domain 0 < a < b.
3. Meshless-Levin Method based on Gauss-Laguerre Quadrature

Integrals (5.1) and (5.2) contains Gauss-Laguerre weights, can be evaluated by

Gauss-Laguerre quadrature as

0 N !
[ s(e)evds = 30 )y + L BN @) 0 < 2 <
j=1 ‘

= QGL[g] +E,.
The weights functions Q(x;) is given by [16]

X

Qx;) = / , j=123.,N
T (a+ 1)2[LN+1(xj)2]

The quadrature points of Gauss-Laguerre quadrature are the zeros of the following

polynomial

i )/ x/N!

N - )Y
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After computing W, (x) and W, (x) by Gauss-Laguerre quadrature Q“[g], (6) can be

written as
I[g] = i U bGl(x)e_indx - J.bGz(x)eindX}, 3)
HMYT (e + 1/2) [ a a
where,
G1(x) = £ ) 8.1)
X
and,
6a() = EW w (), (82)
X

Finally we got the highly oscillatory integral with Fourier kernels, which can be
evaluated by Leven type method based on multiquadric radial basis functions (MQ RBF)

as following.

Let the approximate solution y(x) = 1]‘./1:0 o j¢(x) satisfies the following ODE [17]

D[6(x)] = G(x), xO[a, b] and x # 0. 9)
The differential operator D can be defined as
D[6(x)] = D'(x) + ikD(x).
For weights o ;, applying interpolation condition on (9) as under
D[y(x)] =G(x;), j=0,1,2,... M (10)
(10) gives a system of linear equations, which can be written in matrix form as following
Aa =G an
where A is square matrix while o and G are column vectors.

@(x) can be defined as

ox) = r;(x? + 2 () =[x x5,

where, € is shape parameter of multiquadric radial basis function (MQ RBF).
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Solution of linear equations system (11) for a gives the approximate solution y(x),

and hence the value of integral (1) can be determined as
GL — Kb _ — j
Onrlel = 3(0)e™” = y(a)e™ .
4. Error Analysis

Theorem. Let the integral (6) has no stationary point in [a, b]. Then the error bound

of proposed method is given by

)M -1

b—x
|E,, | =] 1[g] - 05F[g]| Spl(K3—l+p

s

where, p; is real constant free of K and x.

Proof. The integrals (5.1) and (5.2) can be computed by QGL [g] as following,

Y(x) = jow g(x, u)e ™ du

N
= ZQ(xj)g(x’ uj)+

2®M(x,2),0 < <o, (12)
j=1 ‘

1 1
where, g(x, u) = (u? + 2ikxu)* 5 or g(x, u) = (u? - 2ikxu)* .

So (6) can be written as following,

_ i b8(%) 6Ly 1,k gy — [P81) (6L 1 ik,
I[g]_zuxwﬁr(uﬂ/z)H o © lele™dx Ia o © e d}

N (N1)? {J‘b@g(zzv)(x, 0)e gy - b@g(zzv)(x’ Z)eixxdxH

leu ax”

- i (N [be(x) M) (. 7)e=K5 gy
'2“K“Jﬁr(p+1/2)(2N)![ g7 Qe d

leu

_ b@g(w)(x’ Z)eimdx}

axu
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= p{j:F(x)e_indx - J‘jF(x)eindx}, (13)
where. F(x) = £ CN) (. 7Y and o = i (N1)?
here. £(x) o8 (v.2) and p oM (u + 1/2) (2N)

Since the oscillatory function of (13) is linear, therefore the error bound of proposed
method which is used for approximation of (13) with M collocation points

x] <xp <---<xp =b isgivenby [18],

b_ M -1
1,y | = | 1[e] - 0CH[e] | < p%
b_ M -1
:Pl—( ;CL)H ,
K
i (N1)?

where, p; = , independent of K and x.

MV (p + 1/2) (2N)!

This completes the proof.
5. Numerical Examples

In this section some numerical examples are discussed. For exact solution Maple 16
has been used while numerical computation is done by Matlab 2015a by hp core-i5
laptop with 2.5 GHz processor and 4 GB of RAM.

Example 1.

1
x2+1

nlel = [

Jo(Kkx)dx.

I[g] is a highly oscillatory integral which is clear from Figure 1. The oscillation

increases as value of K increases. The proposed method is implemented for evaluation of
integral and results are compared with exact solution. Comparison of exact and
approximate solution is shown in Figure 2 from which it is clear that the approximate
solution is very close to exact solution. The results for higher frequencies are given in

term of absolute error in Table 1, which shows that the proposed method gives high
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accuracy for higher frequencies. Figure 3 shows the asymptotic order of convergence of

proposed method for I;[g].

0.08 T T T T T T T T T 0.

—
[—==100 |

T
—r— Exact
= # Approximate

integral value

L 1 1 L
100 200 300 400 500 600 700 800 900 1000

Figure 2. Comparison of exact and approximate solutions of I;[g] for different values

of K.

Table 1. Absolute error of I;[g] for higher frequencies.

K 10° 10! 102 103 10* 10°

Absolute | 133x1073| 265x107* | 2.16x107° | 721x1078 | 1.56 x1078 | 9.24 x 10710

€rror
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absoluteerror = x>+

10

K
Figure 3. Absolute error scaled by K3+“, for I[g].

Example 2.

ILg] = Lz T(f(;;) Jo(kx)dx.

The oscillatory integral I5[g] is approximated by the proposed method. Comparison

of exact and approximate solutions is shown in Figure 5 for different values of K. Results
for higher frequencies are calculated in term of absolute error at different values of N and
M. Table 2 shows that at fixed N =40 the absolute error for higher frequencies
decreases as M increases. Similarly Table 3 shows that at fixed M =15 the absolute
error for higher frequencies decreases as N increases. From Figure 5, we see that plot of
exact and approximate solution overlap each other, which proves the efficiency of
method. Figure 4 shows that the oscillations increase with increasing K. The asymptotic

order of convergence is shown in Figure 6 for this example.
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ooz

—_—n= n[l‘

Figure 4. Oscillatory behavior of I,[g] for, K = 50 (left) and K =100 (right).

Table 2. Absolute error of I,[g], for higher frequencies at different values of M and

fixed N = 40.
K M=5 M =10 M =15
10° 437x107 3.55x107* 271x10714
10! 5.15%107° 2.87x107° 4.14x1077
10 2.00x107’ 1.28x107° 5.10x107°
10° 3.14x107° 432x1071° 552x107!!
10* 1.06 x107"! 227x107'2 8.18x10713
10° 5.15x10714 3.14x1071* 2.79x1071%

Table 3. Absolute error of I,[g], for higher frequencies at different values of N and

fixed M = 15.
K N =20 N =30 N =40
10° 2.82x107° 2.73%x107° 2.71x107'
10! 297 %107’ 3.88 %107/ 4.14x1077
10 1.89 x 1077 3.54x107° 510x107°
10° 438x10712 4.18x1071 552x107"!
10* 3.62x10712 1.44x10712 8.18x10713
10° 157 x10713 5.69x1071% 2.79x 10714
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Figure 5. Comparison of exact and approximate solutions of I,[g], for different values

of K.

6. Conclusion

Numerical method QanL

absoluteerror = 3+

100

Figure 6. Absolute error scaled by K3, for 1 »[g]

[¢] proposed for integrals with Bessel oscillatory kernels.

With the help of numerical examples it is proved that the main advantage of the proposed

method is high accuracy for higher frequencies. The accuracy also improves with

Earthline J. Math. Sci. Vol. 3 No. 1 (2020), 51-63
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increase in values of M as well as N. The asymptotic order of convergence of proposed

method is O(K ~(+n) )-

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

Z. Xu and G. V. Milovanovi¢, Efficient method for the computation of oscillatory Bessel
transform and Bessel Hilbert transform, Journal of Computational and Applied
Mathematics 308 (2016), 117-137. https://doi.org/10.1016/j.cam.2016.05.031

R. Chen, Numerical approximations to integrals with a highly oscillatory Bessel kernel,
Applied Numerical Mathematics 62(5) (2012), 636-648.
https://doi.org/10.1016/j.apnum.2012.01.009

G. Bao and W. Sun, A fast algorithm for the electromagnetic scattering from a large
cavity, SIAM Journal on Scientific Computing 27(2) (2005), 553-574.
https://doi.org/10.1137/S1064827503428539

A. Iserles, On the numerical quadrature of highly-oscillating integrals II: Irregular
oscillators, IMA Journal of Numerical Analysis 25(1) (2005), 25-44.
https://doi.org/10.1093/imanum/drh022

D. Levin, Fast integration of rapidly oscillatory functions, Journal of Computational and
Applied Mathematics 67(1) (1996), 95-101.
https://doi.org/10.1016/0377-0427(94)00118-9

D. Levin, Analysis of a collocation method for integrating rapidly oscillatory functions,
Journal of Computational and Applied Mathematics 78(1) (1997), 131-138.
https://doi.org/10.1016/S0377-0427(96)00137-9

P. J. Davies and D. B. Duncan, Stability and convergence of collocation schemes for
retarded potential integral equations, SIAM Journal on Numerical Analysis 42(3) (2004),
1167-1188. http://dx.doi.org/10.1137/S0036142901395321

D. Huybrechs and S. Vandewalle, A sparse discretization for integral equation
formulations of high frequency scattering problems, SIAM Journal on Scientific
Computing 29(6) (2007), 2305-2328. https://doi.org/10.1137/060651525

J. R. Webster, Methods of numerical integration for rapidly oscillatory integrals, Doctoral
dissertation, Jonathan Robert Webster, 1999

S. K. Lucas and H. A. Stone, Evaluating infinite integrals involving Bessel functions of
arbitrary order, Journal of Computational and Applied Mathematics 64(3) (1995), 217-
231. https://doi.org/10.1016/0377-0427(95)00142-5

http://www.earthlinepublishers.com



On Computation of Highly Oscillatory Integrals with Bessel Kernel 63

[11]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

W. Sun and N. G. Zamani, Adaptive mesh redistribution for the boundary element in
elastostatics, Computers & Structures 36(6) (1990), 1081-1088.
https://doi.org/10.1016/0045-7949(90)90215-N

G. N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge University Press,
1995.

J. Ma and H. Liu, On the convolution quadrature rule for integral transforms with
oscillatory Bessel kernels, Symmetry 10(7) (2018), 239.
https://doi.org/10.3390/sym10070239

H. Kang and J. Ma, Quadrature rules and asymptotic expansions for two classes of
oscillatory Bessel integrals with singularities of algebraic or logarithmic type, Applied
Numerical Mathematics 118 (2017), 277-291.
https://doi.org/10.1016/j.apnum.2017.03.011

S. Zaman and Siraj-ul-Islam, Efficient numerical methods for Bessel type of oscillatory
integrals, Journal of Computational and Applied Mathematics 315 (2017), 161-174.
https://doi.org/10.1016/j.cam.2016.10.032

P. K. Kythe and M. R. Schiferkotter, Handbook of Computational Methods for
Integration, Chapman and Hall/CRC, 2004. https://doi.org/10.1201/9780203490303

S. Zaman and Siraj-ul-Islam, On numerical evaluation of integrals involving oscillatory
Bessel and Hankel functions, Numerical Algorithms (2019).
https://doi.org/10.1007/s11075-019-00657-2

S. Zaman and Siraj-ul-Islam, New quadrature rules for highly oscillatory integrals with
stationary points, Journal of Computational and Applied Mathematics 278 (2015), 75-89.
https://doi.org/10.1016/j.cam.2014.09.019

Earthline J. Math. Sci. Vol. 3 No. 1 (2020), 51-63



