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Abstract

In this paper, we consider a new class of hemivariational inequalities,
which is called the trifunction bihemivariational inequality. We suggest and
analyze some iterative methods for solving the trifunction bihemivariational
inequality using the auxiliary principle technique. The convergence analysis
of these iterative methods is also considered under some mild conditions.
Several special cases are also considered. Results proved in this paper can

be viewed as a refinement and improvement of the known results.

1 Introduction

Variational inequalities theory introduced in 1964 by Stampacchia [31] can be
viewed as a novel and significant generalization of the variational principles.
The origin of the variational principles can be traced back to Euler, Newton,
Lagrange and Bernoulli’s brothers. These variational principles have emerged
as a powerful tool to investigate and study a wide class of unrelated problems
arising in industrial, regional, physical, pure and applied sciences in a unified and
general framework. Variational inequalities have been extended and generalized in
several direction using novel and new techniques. Panagiotopoulos [28] introduced
the hemivariational inequalities by using the concept of the generalized directional

derivatives of nonconvex and nondifferentiable functions. This class has important
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applications in structural analysis and nonconvex optimization. It has been
shown [7] that, if a nonsmooth and nonconvex superpotential of a structure is
quasidifferentiable, then these problems can be studied in the general framework
of hemivariational inequalities. The solution of the hemivariational inequalities
gives the position of the state equilibrium of the structure. We would like to
point out that the hemivariational inequalities include the problem of finding the
difference of two monotone operators, which is itself an interesting problem, see
[, 28].

Noor and Oettli [I6] introduced triequilibrium problems and have shown
variational inequalities, fixed-point problems, Nash equilibrium problems and
saddle-point problems can be studied in the framework of triequilibrium problems.
Thus it is clear that hemivariational inequalities and equilibrium problems
are different generalizations of variational inequalities. Noor and Noor [I7]
investigated the trifunction hemivariational inequalities, which can be viewed a
significant extension of variational inequalities and hemivariational inequalities.
We would like to emphasize that hemivariational inequality theory provides us
with a simple, natural, unified, novel and general framework to study an extensive
range of unilateral, obstacle, free, moving and equilibrium problems arising
in fluid flow through porous media, elasticity, circuit analysis, transportation,

oceanography, operations research, finance, economics, and optimization.

Convexity theory is a branch of mathematical sciences with a wide range
of applications in industry, physics, social, regional and engineering sciences.
The general theory of the convexity started soon after the introduction of
differential and integral calculus by Newton and Leibnitz, although some
individual optimization problems had been investigated before that. It is worth
mentioning that variational inequalities represent the optimality conditions for
the differentiable convex functions on the convex sets. The convex sets and
convex functions have been extended and generalized in several directions using
innovative ideas to consider completed problems. See an excellent book by
Cristescu and Lupsa [3]. Inspired by the research work going on in this field,

Noor and Noor [21, 22] 23| 24] introduced and and considered a new class of
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nonconvex sets and nonconvex functions with respect to an arbitrary bifunction.
This class of nonconvex set is called the biconvex set and the noncovex function
is called biconvex function. functions is called the biconvex functions. Noor et
al [19] 211, 22], 23| 24], 26| 27] have studied some basic properties of the biconvex
functions. It have been shown that the biconvex functions have characterizations
as the convex functions enjoy. In particular, it have been shown that the
optimization conditions of the differentiable biconvex functions are characterized
by a class of variational inequalities, called the bivariational inequalities, see
[19, 21, 22|, 23], 24, 26l 27] and references therein.

Variational inequalities and hemivariational inequalities have witnessed
an explosive growth in theoretical advances, algorithmic developments and
applications across almost all disciplines of engineering, pure and applied
sciences. There are several methods for solving variational inequalities and
bivariational inequalities. Due to the nature of the hemivariational inequalities,
projection and resolvent methods can not be applied for solving hemivariational
inequalities. In recent years, the auxiliary principle technique is being used to
suggest and analyze some iterative methods for solving variational inequalities
and equilibrium problems. Glowinski, Lions and Tremolieres [5] used this
technique to study the existence problem for mixed variational inequalities,
whereas Noor [8, 11, 12, 13, 14] and Zhu et al.[32] have used this approach
to suggest and analyze some iterative methods for solving various classes of
variational inequalities and equilibrium problems. In this paper, we again use
the auxiliary principle technique to suggest several new iterative schemes for
trifunction bihemivariational inequalities. We also prove that the convergence
of these methods require either pseudomonotonicity or partially relaxed strongly
monotonicity. These are weaker conditions than monotonicity. As a special
case, we obtain new iterative schemes for solving bihemivariational inequalities,
variational inequalities and optimization problem. The comparison of these

methods with other methods is a subject of future research.
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2 Preliminaries and Basic Results

Let H be a real Hilbert space, whose inner product and norm are denoted by (., .)

and ||.|| respectively. Let K be a nonempty set in H.

We now recall some concepts of biconvex sets and biconvex functions, which
are mainly due to Noor et al. [21], 22] 23| 24].

Definition 2.1. The set Kz in H is said to be biconver set with respect to an
arbitrary bifunction (- — -), if

u+ AB(v—u) € Kg, Vu,v € Kg, A € [0,1].

The biconvex set Kpg is also called S-connected set. If B(v —u) = v — u, then
the biconvex set Kz is a convex set, but the converse is not true. For example,
the set Kg = R — (—%, %) is an biconvex set with respect to 3, where

v—u, for v>0,u>0 or v<O0,u<O0
Blv—u) =
u—v, for v<0,u>0 or v<0,u<D0.

It is clear that Kz is not a convex set.

Remark 2.1. We would like to emphasize that, if u+B(v—u) =v, VYu,v € Kg,
then B(v —u) = v —u. Consequently, the S-biconvex set reduces to the convex set
K. Thus, Kg C K. This implies that every convex set is a biconvex set, but the

converse is not true.

Definition 2.2. The function F' on the biconvex set Kz is said to be strongly
biconver, if
Flut+ABw—u) < (1-\F(u)+AF (@)
—A(1 = N)||Bv —u)||?, Yu,v € Kg, X €[0,1].
Note that every convex function is a biconvex, but the converse is not true.
IfA= %, then the function F satisfies

2u+ B(v —u)

R ) < S P+ F0)) v lB — ), Yu,ve Kp,
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which is called Jensen biconvex function.

If v = 0, then Definition(2.2) reduces to

Definition 2.3. The function F' on the biconvex set Kjp is said to be biconvez, if
Fu+X3(v—u)) <(1—=XN)F(u)+ AF(v) Yu,ve Kg,Xel0,1].
We now consider the biconvex function on the interval Iz = [a,a + B(b— a)].

Definition 2.4. Let Ig = [a,a + 5(b— a)]. Then F is a biconvex function, if and
only if,

1 1 1
a T a+B0b—a) |>0; a<z<a+pb-—a).
F(a) F(z) F(b)

One can easily show that the following are equivalent:
1. F'is a biconvex function.

2. F(x < F(a) + ZO=E@ ),

B(b—a)
F(z)—F(a) F(b)—F(a)
3. z—a < B(b—a)
F(a) F(z) £(b)
4 G0y T Ta-st-oes T it-aes =0

where z = a + A\3(b—a) € [a,a + B(b— a)].

To derive the main results, we need the following assumption regarding the
bifunction B(- — ).

Condition M. The bifunction 8(, —, ) is said to satisfy the following assumptions:

(1). B(yBv—w)) = ~B(v—u), Vu,ve K, ~vyeR"
(i7). Bv—u—vyBv—u) = (1-7)Bwv—-u), Vu,ve Kpg.

Remark 2.2. Let 5(- — ) : K3 x Kg — H satisfy the assumption

B —u)=Pw—2)+p(z—u), YuuvzeKg.
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One can easily show that (v —u) =0 < wu=wv, Vu,ve Kg. Consequently
(v —u) =0, forv=ue Kg. Also B(v—u)+p(u—v) =0, Vu,v,z€ Kg. This

implies that the bifunction §(. — .) is skew symmetric.

Let f : H — R be a locally Lipschitz continuous function. Let 2 be an open
bounded subset of R™. First of all, we recall the following concepts and results

from nonsmooth analysis [2].

Definition 2.5. Let f be locally Lipschitz continuous at a given point z € H

and v be any other vector in H. The Clarke’s generalized bidirectional derivative

of f at x in the direction 3(v — u), denoted by f°(z, 8(v — u)), is defined as
flx+h+ts(v—u))— f(x+h)

0 _ T
(@, B(v —wu)) tli%l+,fi% . :

If (v — u) = v, then Definition (2.5) reduces to the following concepts which

are mainly due to Clarke [2].

Definition 2.6. [2] Let f be locally Lipschitz continuous at a given point x € H
and v be any other vector in H. The Clarke’s generalized bidirectional derivative
of f at x in the direction v, denoted by f°(z,v), is defined as

flx+h+tv)— f(x+h)

0 .
r,v) = lim su .
[z, ) t0+h% 7

The generalized gradient of f at x, denoted Jf(x), is defined to be
subdifferential of the function f°(x;v) at 0. That is

of(x) = {w € H : (w,v) < fO(x;v), Yoec H).

If f is convex on K and locally Lipschitz continuous at € K, then 0f(z) coincides
with the subdifferential f/(x) of f at z in the sense of convex analysis , and
fO(x;v) coincides with the directional derivative f’(x;v) for each v € H, that is,
Polasv) = (f(2),0), Yo H.

For a given nonlinear trifunction F'(., .,.) : KgxKgxKg — H and a nonlinear
continuous operator 1" : Kg — H, consider the problem of finding u € Kg such

http://www. earthlinepublishers.com
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that
F(u,Tu, (v —u)) +/ FOlu; B(v —u))dQ >0, Yo e Kg, (2.1)
Q

which is called the trifunction bihemivariational inequality.

Here £0(u; (v —uw)) == £z, u; B(v—u)) := £z, u(x); B(o(z) ~u(x))) denotes
the generalized bidirectional derivative of the function f(z,.) at u(x) in the
direction v(x) — u(zx).

We now discuss some special cases of the trifunction bihemivariational

inequalities (2.1]).

(X). If F(u, Tu, B(v—u)) = W (u, B(v—u)), where B(., .) is a continuous bifunction,
then problem ({2.1)) is equivalent to finding u € Kz such that

W(u, B(v—u)) + /Q FOlu; Bv —u))dQ >0, Vv e Kg, (2.2)

which is called the bifunction bihemivariational inequality and appears to be a

new one.

(II). If F(u,Tu, B(v—u)) = (Au, f(v—u)), where A is a nonlinear operator, then
problem ({2.1)) is equivalent to finding u € K such that

(Au, B(v — u)) +/ FOu; Blv —u))dQ >0, Yo e Kg, (2.3)
Q
which is known as the bihemivariational inequality.

(III). If F(u,Tu,B(v —u)) = (Au,v — u), where A is a nonlinear operator, then
problem (2.1) is equivalent to finding v € K such that

(Au,v — u) +/ folusv —u)d >0, YocK, (2.4)
Q

which is known as the hemivariational inequality introduced and studied by
Panagiotopoulos [28], 29] in order to formulate variational principles connected
to energy functions which are neither convex nor smooth. It is has been shown
that the technique of hemivariational inequalities is very efficient to describe the

behaviour of complex structure arising in engineering and industrial sciences.
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(IV). If f is a differentiable convex function, then problem ({2.1]) is equivalent to
finding v € Kg such that

F(u,Tu, (v —u)) + {(f (v), B(v —u)) >0, Yve Kg, (2.5)

which is known as the mildly nonlinear trifunction bihemivariational inequality

and appear to be a new one.

(V). If f =0, then problem ({2.1) is equivalent to finding u € Kg such that
F(u,Tu,f(v—u)) >0, YveKg, (2.6)
which is called the trifunction bivariational inequality.

In brief, for suitable and appropriate choice of the trifunction, one can obtain
several classes of bihemivariational and bivariational inequalities. This clear shows
that the problem ([2.1)) is more general and flexible and includes the previous ones

as special cases.

Definition 2.7. The trifunction F(.,.,.) and the operator T is said to be:

(a) jointly bimonotone, if
F(u,Tu,B(v—u)) + F(v,Tv,B(u—v)) <0, Vu,ve Kg.
(b) jointly pseudo-bimonotone with respect to [, fO(u; B(v — u))dQ, if

F(u,Tu, (v —u)) + /Q FO>u; B(v — u))dQ >0

R
—F(v,Tv, f(u —v)) — / Oo>u; B(v —u))dQ >0, Yu,ve Kp.
Q

(c) partially relaxed strongly jointly bimonotone, if there exists a constant v > 0
such that

F(u,Tu, B(v —u)) + F(v,Tv, B(z —v)) < y||B(u— 2)|?, Vu,v,z € K.

Note that for z = u partially relaxed strongly jointly bimonotonicity reduces
to jointly bimonotonicity. This shows that partially relaxed strongly jointly

bimonotonicity implies jointly bimonotonicity, but the converse is not true.
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Definition 2.8. The function [ f%(u; 8(v — u))dS2 is said to be partially relazed

strongly bimonotone, if there exists a constant o > 0 such that

/fo (v—u dQ+/f0 Blu —v))dQ < a||B(z —v)||>, Vu,v,z € H.

Note that for z = wv, partially relaxed strongly bimonotonicity reduces to

relaxed strongly bimonotonicity.

3 Main Results

In this section, we suggest and analyze some iterative methods for solving
trifunction bihemivariational inequality using the auxiliary principle
technique of Glowinski, Lions and Tremolieres [5] involving Bregman distance
function as developed by Noor [11], 12} 13}, 14}, 15], Noor et al. [I7, 18, 19, 20] and
Zhu et al. [32].

For the readers convenience, we recall some basic properties of the Bregman
convex functions [2]. For strongly convex functions f, we define the Bregman

distance function as
B(v,u) = f(v) = f(u) = (f'(u),v —u) > allv—ul]’, Vu,veK. (3.1)

It is important to emphasize that various types of function f give different
Bregman distance function. We give the following important examples of some
practical important types of function f and their corresponding Bregman distance

functions.
Examples

1. If f(v) = ||v||?, then B(v,u) = ||v — ul|, which is the squared Euclidean
distance (SE).

2. If f(v) = >, ailogv;, which is known as Shannon entropy, then its

corresponding Bregman distance is given as

B(v,u):zn:<vllog( )+ i — >

=1

Earthline J. Math. Sci. Vol. 7 No. 2 (2021), 287-313
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This distance is called Kullback-Leibler distance (K L) and has become a
very important tool in several areas of applied mathematics such as machine

learning.

3. If f(v) = = >, logv;, which is called Burg entropy, then its corresponding

Bregman distance is given as

This is called Itakura-Saito distance (I.S), which is very important in the

information theory, data analysis and machine learning.

Remark 3.1. It is a challenging problem to explore the applications of Bregman
distance function for other types of nonconvex functions such as biconvex,

k-convex functions, preinvex functions and harmonic functions.

For a given u € K3 satisfying (2.1), consider the auxiliary problem of finding
w € Kg such that

pF(w,Tw, B(v —w)) + (E'(w) = E'(u), B(v - w))
b [ Pwise-w)dzo, Voe Ky (3:2)
Q
where p > 0 is a constant and E’(u) is the differential biconvex function E(u) at
S Kg.

We note that, if w = u, then clearly w is solution of the problem ([2.1). This

observation enables us to suggest and analyze the following iterative method for
solving ([2.1)).

Algorithm 3.1. For a given ug € H, compute the approximate solution u,4+1 by

the iterative scheme

pF(unJrlaTunJrla B('U - un+1)) + <E,(un+1) - El(un)’v - un+1>
+,0/ FOuns1; B — ups1))dQ >0, Yo € Kp. (3.3)
Q

http://www. earthlinepublishers.com
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Algorithm is called the proximal method for solving problem (2.1). In
passing, we remark that the proximal point method was suggested by Martinet
[6] in the context of convex programming problems as regularization technique.

For the recent developments and applications of the proximal point algorithms,
see [11, [12), 13} 14, [15] 19, B2] and the references therein.

If F(u,Tu,B(v—u)) = W(u,B(v —u)), then Algorithm collapses to the
following method for solving the bifunction bihemivariational inequality (2.2]).

Algorithm 3.2. For a given ug € H, compute the approximate solution u,4+1 by

the iterative scheme

PW (tny1, BV — tUny1)) + (B (tny1) — E'(un), B0 — tni1))
4 [ 113 B0~ u))dR 2 0. Vo € K

If F(u,Tu,B(v—u)) = (Au, f(v — u)), then Algorithm [3.1| reduces to:

Algorithm 3.3. For a given ug € H, calculate the approrimate solution uni1 by

the iterative schemes

(pAupt1 + E'(unt1) — E'(un), B(v — tnt1))
40 [ Fun1s B = uns))dR 2 0, Vo€ K,
Q
is called the proximal point method for solving bihemivariational inequalities ([2.3)
and appears to be a new one.

If f(z,u) =0, then Algorithm collapses to:

Algorithm 3.4. For a given ug € H, compute the approximate solution u,41 by

the iterative scheme

PpF (unt1, Tunt1, B(v — unt1)) + (B (ups1) — E' (up), B(v — unt1)) >0, VYo € Kp.

In brief, for suitable and appropriate choice of the operators and the
spaces, one can obtain a number of known and new algorithms for solving

variational-hemivariational inequalities and related problems.
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We now study the convergence analysis of Algorithm which is the main

motivation of our next result.

Theorem 3.1. Let F(.,.,.) and the operator T be jointly pseudomonotone with
respect to |, O(u; B(v —u))dQ). Let E be differentiable strongly biconvex function
with module p > 0. Then the approximate solution u,11 obtained from Algorithm
3.1 converges to a solution u € Kg satisfying .

Proof. Let u € Kg be a solution of (2.1)). Then

F(u,Tu, (v —u)) + /Q FOu; B(v —u))dQ >0, Vv e Kg,
implies that
—F(v,Tv, f(u—v)) — /Q Oz, u; Blv —u))dQ >0, Vo€ Kg, (3.4)
since F(.,.,.) is jointly pseudomonotone with respect to [i, fO(u; B(v — u))d.
Taking v = u in and v = up41 in , we have

PF(uny1, Tuny1, B(u— uny1)) +  (E'(uny1) — E'(un), Bu — tni1))
> = [ Plniflu = w0 (35)

and
—F(up+1, Tunt1, B(u — Uupy1)) — / FO(u; Bty 1 — u))d2 > 0. (3.6)
Q
We now consider the function Bregman distance function

B(u,w) = E(u) - E(w)— (E'(w),8(u—w))
> pl|B(u—w)||?, (using strongly biconvexity of E).  (3.7)

where p > 0 is a constant.

http://www. earthlinepublishers.com
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Now combining (3.7) and (3.4)), we have

B(u,un) = B(u,ups1) = E(unt1) = E(un) = (E' (un+1), Bunt1 — un))
H(E (unt1) = B (un), B(u = uni1))
pllB(uns1 = wn)|* + (B (uns1) = B (un), Blu — unt1))

>

> | B(unsr —Un)H — pF(uny1, Tuns1, B(u — Uni1))
- / £ (ttns Bt — tn41))d2

> pl|B(ung1 —un)|)?,

where we have used (3.6)).

If upt1 = up, then clearly u, is a solution of the trifunction bihemivariational
inequality (2.1)). Otherwise, it follows that B(u,u,) — B(u, un+1) is nonnegative

and we must have

nh_}nolo 18(tup+1 — upn)|| = 0= nll_}ngo Upt1 = U.

Now using the technique of Zhu and Marcotte [20], it can be shown that the
entire sequence {uy,} converges to the cluster point u satisfying the trifunction
bihemivariational inequality (2.1]). O

It is well-known that to implement the proximal point methods, one has to
find the approximate solution implicitly, which is itself a difficult problem. To
overcome this drawback, we now consider another method for solving (2.1)) using

the auxiliary principle technique.

For a given u € Kjg satisfying (2.1)), find w € Kz such that

pF(u,Tu,ﬁ(v - ’U))) + <El(w) - El(”)vﬂ(” - w)>
+ p/QfO(u;B(v —w))dQ, Vv e Kg, (3.8)

where E'(u) is the differential of a strongly biconvex function E(u) at v € Kg.

Earthline J. Math. Sci. Vol. 7 No. 2 (2021), 287-313
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Note that problems (3.2)) and (3.8)) are quite different problems.It is clear that
for w = u, w is a solution of (2.1). This fact allows us to suggest and analyze
another iterative method for solving trifunction bihemivariational inequality (2.1]).

Algorithm 3.5. For a given ug € H, compute the approzimate solution u,11 by
the iterative scheme

PP (0, T, B0 — tuns1)) + (B () — E' (1), B — tnt))
~p [ (w0 B0 = wsr))af Vo € K, (39)
W (s Tt B0 —w0)) 4 (B (w2) — B (), B — )

> —M/Q(un;ﬂ(v—wn))dQ, Vo€ K5 (3.10)

v

Note that for F(u,Tu,B(v —u)) = W(u, B(v —u)), Algorithm reduces to:

Algorithm 3.6. For a given ug € H, compute the approximate solution u,4+1 by
the iterative scheme

pW (W, B0 = tnt1)) +  (E'(uny1) — E'(wn), Bv — up+1))

> _p/Q('LUMB(U — Upt1))dQ, Vv € Kp,
MW(una B(U - wn)) + <El(wn) - E,(un)a B(U - wn)>
> _,U/Q(un; Bv —wp))d, Vv e Kp,

which is called the predictor-corrector method for solving the bifunction
bihemivariational inequality ([2.3]).

For F(u,Tu,B(v—u)) = (Au, f(v—u)) Algorithm 3.5 collapses to the method
for solving the bivariational inequalities (2.2)).

Algorithm 3.7. For a given ug € H, compute the approximate solution u,4+1 by
the iterative scheme

(pAwy + El(un+1) - El(“’ﬂ%ﬂ(” — Upy1)) > _P/Q(wm B(v — Uny1))dQ, Vv € Kg,

(AU, + E'(wy) — E'(uy), B(v — wy)) > —,u/ﬂ(un;ﬁ(v —wy))dY, Vv e Kg,
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which is called the predictor-corrector method for solving the bihemivariational
inequalities (2.2)).

If f(.;.) =0, then Algorithm 3.5 reduces to the following iterative method for
solving trifunction bivaraiational inequalities (2.5]).

Algorithm 3.8. For a given ug € H, compute the approximate solution u,4+1 by

the iterative scheme

PE (W, Tty B0 — tns1)) + (B (tns1) — E'(wn), Bv — tns1)) > 0, Yo € K,
PE (tn, Tup, B(v — wy)) + (B (wy) — E'(uy), B(v —wy)) >0, Vv € K.

Similarly for suitable and appropriate choice of the operators and the spaces,
one can obtain various known and new algorithms for solving hemivariational and

variational inequalities.

We now consider the convergence analysis of Algorithm using essentially
the technique of Theorem For the sake of completeness and to convey an idea

of the technique, we sketch the main points.

Theorem 3.2. Let F(.,.,.) and the operator T be partially relaxed strongly jointly
bimonotone with a constant v > 0 and let fQ fOu;v — u)dQ be partially relazed
strongly bimonotone with a constant o > 0. If E is strongly biconvex function
with modulus B > 0 and 0 < p < B/(a+7), 0 < p < B/(a+7), then the

approzimate solution un41 obtained from Algorithm [3.5 converges to a solution

u € Kg of.

Proof. Let u € Kg be solution of (2.1). Then
p{F(u, Tu, B(v —u)) —I—/ Ou; Bl —u))dQ} >0, VYve Kz (3.11)
Q
u{F(u, Tu, f(v — u)) +/ Ou; v —u))dQ} >0, Yve Kg, (3.12)
Q

where p > 0 and p > 0 are constants.

Setting v = up41 in (3.11)) and v = w in (3.9), we have

pUF (T Bl =) + [ B —w)d@} 20, (313

Earthline J. Math. Sci. Vol. 7 No. 2 (2021), 287-313



302 M. A. Noor and K. I. Noor

and

pE (Wn, Twn, B(u — unt1)) + <E’(un+1)—El(wn),ﬁ(u—un_,_l»
> —p/QfO(x,wn;B(u—unH))dQ. (3.14)

As in Theorem and from (3.13)) and (3.13), we have

B(u,w,) — B(u, tupy1)
= E(unt1) — E(wn) = (E'(up+1), B(unt1 — wy))
H(E (un+1) = E'(wn), B(u — un+1))
pllBunsir = wa)[” + (B (uns1) = E'(wn), B(u — 1))
pll Buns1 — wn)|| — pF(wy, Twy, B(u — upt1))
—P/ £ (wn; Bu = unt1))dQ
pllBunsr — wn)l?
—p{F (wy, Twn, B(u — un+1)) + F(u, Tu, B(unt1 —u))}
=l [ £ Bluner =)0+ [ i Bl = 1))
pll B(uns1 — wn)||* = pla + )| B(unt1 — wn)||?
= {n—pla+M}HB(unt1 —wn)|?,

AV

v

Y

Y

where we have used the fact that F(.,.,.) and [, fO(;;.)dSY are partially relaxed

strongly bimonotone with constants o > 0 and v > 0 respectively.

In a similar way, we can obtain

B(u,un) — B(u,wp) > {8 — p(a+7)}HIB(wn —un)|.

If up41 = wy = Uy, then clearly u, is a solution of the trifunction hemivariational
inequality 1} Otherwise, for 0 < p < and 0<p< W’ it follows that the
sequences B(u,wy) — B(u, up+1) and B(u, un) — B(u,w,) are nonnegative and we

must have

lim ||B(unt1 —wy)||=0 and  lim ||B(wy, — uy,)|| = 0.
n—00 n—0o0
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Thus
T |8 (un e — )| = Hm |8y — wn)| + lim |8y — )] = 0

Now using the technique of Zhu and Marcotte [20], it can be shown that the
entire sequence {u,} converges to the cluster point u satisfying the trifunction
bihemivariational inequality ([2.1). O

We now suggest and analyze some new iterative methods for solving
the trifunction bihemivariational inequality (2.1) using the auxiliary principle
technique of Glowinski, Lions and Tremolieres [10] without the Bregman distance

function as developed by Noor [16-24].
For a given u € Kpg satisfying , find w € Kg such that
pF(u,Tu, (v —w)) + (w—u,v—w)
- p/Q FOu; Blv —w))dQ >0, Vo€ Kg, (3.15)
where p > 0 is a constant. Problem is known as the auxiliary trifunction
bihemivariational inequality. We note that if w = u, then clearly w is a solution

of the (2.1). This observation enables us to suggest and analyze the following
iterative method for solving ([2.1)).

Algorithm 3.9. For a given ug € H, compute the approximate solution u,11 by

the iterative scheme
PE (Wi, Twn, B(v —wn)) +  (Unt1 — Wny ¥ — Upt1)
+ p/ FOu; B(v — upt1))dQ >0, Vv € Kg(3.16)
NF (U, T, v — up) + <w:— Up, ¥ — W)
+ ﬂ/{zfo(u;,@(v —wy))dQ >0, Yve Kg, (3.17)

where p > 0 and n > 0 are constants.  Algorithm is called the

predictor-corrector method for solving the trifunction bihemivariational inequality
(2.1).
We now study the convergence analysis of Algorithm
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Theorem 3.3. Let u € Kg be a solution of and upy1 be the approrimate
solution obtained from Algorithm . If F(.,.) is partially relaxed strongly
monotone with a constant o > 0 and the operator fQ fO(u; —,)dQY is partially

relaxed strongly monotone with a constant v > 0, then

tmss — all2 < o — a2 = (1 = 2p(+ 7)) ltnss —wal® (3.18)
Jeon — all? < llun —al2 = (1= 28(a + M) lwn —wal®. (3.19)

Proof. Let u € Kg be a solution of . Then
pF(u,Tu,f(v—1u) + p/Q fOa; B(v —1))dQ2 >0, YweKs (3.20)
nF(a,Ta,B(v—1a) + 77/9 fO>a; B(v —1))dQ >0, YveKg, (3.21)
where p > 0 and 1 > 0 are constants.
Now taking v = up41 in and v = @ in , we have

pF(u, Tu, upt+1 —u) + p/ FO(u; B(uns1 — u))dQ >0 (3.22)
Q
PF(’wm T'wna u— wn) + <Un+1 — Wp, U — Un+1>

—i—p/ﬂfo(u;ﬂ(u — Up4+1))d2 > 0. (3.23)

Adding (3.22) and (3.23]), we have

(un-‘rl — Wp, U — un—l—l)

> — p{F(wn, Ttwn, B(7 — wn)) + F(@ T, Bluns1 — @)}
o /Q FO(s Bunsr — 0))dS + /Q £0(; (@ — tny1))d)
> —(a+7)plluntr —wnl?, (3.24)

where we have used the fact that F(.,.,.) is relaxed strongly monotone with

constants v > 0.

Recall the following result,

2(u,v) = [Ju+ol* — [lul* = v|*, Va,be H, (3.25)
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Setting u = @ — upy1 and v = Upa1 — Wy, in , (3.24]) can be written as
i1 —@l* < @ —wal* = (1 = 2(+7)p) unt1 — wal?,

the required (3.18]).
Taking v = @ in (3.21) and v = w,, in (3.17)), we obtain

nF (@, T, Bwn — ) +1 /Q PO(u Blwn —0)A2 >0 (3.26)
NE (Un, T, B(0 — up,)) + (Wp — Up, & — wy,)
T /Q 7O (s Bl — w,))d2 > 0. (3.27)

Adding (3.26)), (3.27) and rearranging the terms, we have
(Wy, — Up, & — wy) > —B(a+ ) |un — wnl|?, (3.28)

since F(.,.,.) and [ fO(u;—))dQ are partially relaxed strongly monotone with

constants a > 0 and v > 0 respectively.

Now taking v = w, — uy, and u = @ — w, in (3.25)), (3.28) can be written as
lwn = all® < | = un||* = (1 = 2(a + 7))l wn — unll?,

the required (3.19)). O

Theorem 3.4. Let H be a finite dimensional space and let 0 < p < 1/2(av + 7),
0<pB<1/2(a+7). If u € Kg is a solution of (1) and un41 s an approximate
solution obtained from Algorithm [3.10, then

nh—r>noo(un) -

Proof. Let u € Kg be a solution of (2.1). Since 0 < p < 1/2(a + ) and 0 <
B < 1/2(a + 7), it follows from (3.18)and (3.19) that the sequences {||w, — @/}

and {||z — uy||} are nonincreasing and consequently {u,} and {w,} are bounded.
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Furthermore, we have

o0
> (1= 2+ 7)p) ltngs — wal® < Jlwo — al?
n=0
o0
> (1 —2(a+7)B)lwn — wnl < lup — al?,
n=0
which implies that
lim ||up41 —wy|| =0 and lim |Jw, — uy| = 0.
—00 n— 00
Thus
Jlim e = wll < W Jluner = wal + lim flwg — = 0. (3.29)

Let @ be a cluster point of {u,} and the subsequence {uy,} of the sequence {u,}
converge to 4 € H. Replacing wy by uy; in (3.15)), (3.16) and taking the limit
n; — oo and using (3.29)), we have

F(a,Tu,v — ) —I—/ o> B —0))d >0, YoveK,
Q
which implies that 4 solves the trifunction bihemivariational inequality (2.1)) and
[tns1 —al* < J|un —al|.

Thus, it follows from the above inequality that the sequence {u,} has exactly one
cluster point 4 and

wi lum) =%

the required result. O

In recent years, inertial proximal methods [I] have been suggested and
analyzed for maximal monotone operators associated with the discretizations
of the differential equations in times, whereas Noor [I2] has used the auxiliary
principle technique to suggest an inertial method for variational inequalities,

the converges of which requires only pseudomonotonicity, which is a weaker
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condition than monotonicity. This clearly improves the convergence criteria of
the inertial proximal method. We again use the auxiliary principle to suggest and

analyze an inertial proximal method for solving the trifunction bihemivariational
inequality (2.1]).
For a given u € Kp satisfying (2.1)), consider the problem of finding w € Kz
such that
pF(vaw7ﬁ(U _w)) + <w —u- CM(U—U),U _w>
-l—p/ FOu; Blv —w))dQ2 >0, Vve Kg, (3.30)
Q

where p > 0 and a > 0 are constants.

It is clear that, if w = wu, then w is a solution of (2.1). This fact
allows us to suggest and analyze an iterative method for solving the trifunction
bihemivariational inequality (2.1]).

Algorithm 3.10. For a given ug € H, compute the approximate solution un41

by the iterative scheme

pF(un-‘rlv Tup+1, ﬁ(v - un—i—l))

F(unt1 — un — an(Un — Un-1),v — Uni1)
+p/ FOu; B(v — upy1))dQ >0, Yo € Kp. (3.31)
Q
For o, = 0, Algorithm reduces to :

Algorithm 3.11. For a given ug € H, compute the approximate solution un41

by the iterative scheme

PF (Uny1, Tng 1,0 — Uny1) + (Unp1 — Un, U — Ung1)

+P/ FO(u; B(v = upg1))d2 > 0, Vo € Kg,
Q

which is known as the proximal method for solving trifunction bihemivariational

inequality ([2.1)).
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In a similar way for F(u,Tu,v — u) = (Au,v — u), one can obtain a
number of new and known proximal methods from Algorithm for solving
bihemivariational inequalities and its special cases. This shows that the
new methods suggested in this paper are unifying one and more general than the

previous ones.

For the convergence analysis of Algorithm we need the following result.
Theorem 3.5. Let u € Kpg be a solution of and let un41 be the
approximate solution obtained from Algorithm |3.10, If the trifunction F(.,.,.)
is pseudomonotone with respect to [ fO(.;—))dQ and the operator [, fO(;.))dS2

18 monotone, then

[unsr = al® < lun = @ = Junt1 — un — an(un = up—1)|®

e un = all? = un1 = @l + 2ljun — w1} (332)
Proof. Let u € Kg be a solution of (2.1). Then
—F(v,Tv, B(u —v)) +/ fO%a; B(v —w)dQ >0, Vo€ Kg, (3.33)
Q

since F(.,.,.) is pseudomonotone with respect to [, f0(.;.))d2.

Taking v = up4+1 in (3.33]), we have

F(ttnt, Ttns1, (3 = tni)) + /Q PO B — unsn))d2 > 0. (334)

Now taking v = @ in (3.31]), we obtain

PF(Un+1, Tun+1, U — unJrl) + <Un+1 — Up — an(un - Unfl)a u— Un+1>

T /Q SOt B — 1n31))dQ > 0. (3.35)
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From (23), (24) and using the monotonicity of [, f°(.;.))dQ2 we have

<un+1 — Unp — an(un - un—1)7 u— un+1>

Vv

_pF<un+17 Tupt1,0 — un-l—l) - PJO(Un+1§ U — un—i—l)

_P/ £ (tng1; B — Uny1))dQ
Q

Vv

+ [ 19053~ )d2) >0 (3.36)
0
which implies that
(Ung1 = Uy U — Upg1) = Qp(Up — Up—1, U — Up + Up, — Upt1)- (3.37)

Using ([3.25) and rearranging the terms in (3.37)), one can easily obtain (3.32)), the

required result. O

Theorem 3.6. Let H be a finite dimensional space. Let un,41 be the approximate
solution obtained from Algom'thm and u € Kg be a solution of . If there
exists a € (0,1) such that 0 < o, <, Vn € N and Yo% apllun — up—1|> <

00, then lim,, o up = .

Proof. Let & € K3 be a solution of ({2.1). First we consider the case c,, = 0. Using
the technique of Theorem we can prove that lim, .o u, = .

Now we consider the case «;, > 0. From (3.32]), we have

0
Z Hun—‘rl — Up — an(”n - Un—1)||2
n+1

e
< uo —all* + D _{ellun — all* + 2fup — up—1]*} < oo,
n=1

which implies that

: 2
nh_r)noo [tunt1 — un — an(un — up—1)||* = 0.
Repeating the arguments as in Theorem one can easily show that

lim,, o0 U, = 1, the required result. ]
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Conclusion

In this paper, we have introduced and studied the trifunction bihemivariational
inequalities. Several special cases are discussed as applications of the trifunction
bihemivariational inequalities. The auxiliary principle technique is used to
suggest several implicit and explicit iterative methods for solving the trifunction
bihemivariational inequalities, Convergence criteria of the proposed methods is
discussed under suitable mild conditions. Results obtained in this paper continue
to hold for the special cases. Comparison of the proposed methods with other
methods need further efforts. The ideas and techniques of this paper stimulate

further research in these dynamic fields
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