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Abstract 

In this paper, we derive some applications of first order differential subordination and 

superordination results involving Frasin operator for analytic functions in the open unit 

disk. Also by these results, we obtain sandwich results. Our results extend corresponding 

previously known results. 

1. Introduction 

Let ( )UHH =  indicate the class of analytic functions in the open unit disk 

{ }1: <∈= zzU C  and let [ ]naH ,  be the subclass of H consisting of functions of 

the form: 

( ) { }( )....,2,1,1
1 =∈∈+++= +

+ NC nazazaazf
n

n
n

n ⋯  

Also, let A be the subclass of H containing of functions of the form:  

 ( ) ∑
∞

=
+=

2

.

k

k
k zazzf  (1.1)  
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Let ., Hgf ∈  The function f is said to be subordinate to g, or g is said to be 

superordinate to f, if there exists a Schwarz function w analytic in U with ( ) 00 =w  and 

( ) ( )Uzzw ∈< 1  such that ( ) ( )( ).zwgzf =  This subordination is denoted by gf ≺  

or ( ) ( ) ( ).Uzzgzf ∈≺  It is well known that, if the function g is univalent in U, then 

gf ≺  if and only if ( ) ( )00 gf =  and ( ) ( ).UgUf ⊂   

Let Hh ∈ξ,  and ( ) .:;,,
3

CC →×ψ Uztsr  If ξ  and ( ( ) ( ) ( ) )zzzzzz ;,,
2ξ ′′ξ′ξψ  

are univalent functions in U and if ξ  satisfies the second-order differential 

superordination 

 ( ) ( ( ) ( ) ( ) ),;,,
2

zzzzzzzh ξ ′′ξ′ξψ≺  (1.2)  

then ξ  is called a solution of the differential superordination (1.2). (If f  is subordinate to  

g, then g is superordinate to f ). An analytic function q is called a subordinant of (1.2), if 

ξ≺q  for all ξ  satisfying (1.2). A univalent subordinant q~  that satisfies qq ~≺  for all 

the subordinants q of (1.2) is called the best subordinant.  

For ,N∈m  { },0, 0 ∪NN =∈λ j  10 ≤τ≤  and ,Af ∈  the Frasin operator 

AADm →λ
τ :,  (see [4]) is defined by 

 ( ) ( ) ( )∑ ∑
∞

=

λ

=

+λ
τ 













τ−







−++=
2 1

1
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k
k
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j

jj
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j

m
kzzfD  (1.3)  

It is readily verified from (1.3) that 

 ( ) ( ( )) ( ) ( ( )) ( ),1 ,
1

,, zfDCzfDzfDzC m
m
jmzm

m
j

λ
τ

+λ
τ

′λ
τ τ−−=τ  (1.4)  

where ( ) ( )∑ =
+ τ−







=τ m

j
jjm

j
j

m
C

1
1

.1  

Special cases of this operator include the generalized Sălăgean operator [1], the 

Sălăgean differential operator [10].  

Very recently several authors, Shanmugam et al. [11], Goyal et al. [5], El-Ashwah et 

al. [3] and Wanas and Majeed [12] have obtained sandwich results for certain classes of 

analytic functions.  
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The main object of the present investigation is to find sufficient conditions for 

certain normalized analytic functions  f  to satisfy 

( )
( )

( )zq
z

zfD
zq

m
2

,
1 ≺≺

γλ
τ














 

and  

( )
( )
( )

( ),2

,

1
,

1 zq
zfD

zfD
zq

m

m
≺≺

γ

λ
τ

+λ
τ














 

where 1q  and 2q  are given univalent functions in U with ( ) ( ) .100 21 == qq   

In order to prove our results, we make use of the following known results.  

Definition 1.1 [6]. Denote by Q the set of all functions f that are analytic and 

injective on ( ),\ fEU  where 

( ) ( )






 ∞=∂∈ζ=

ζ→
zfUfE

z
lim:  

and are such that ( ) 0≠ζ′f  for ( ).\ fEU∂∈ζ   

Lemma 1.1 [6]. Let q be univalent in the unit disk U and let θ  and φ  be analytic in 

a domain D containing ( )Uq  with ( ) 0≠φ w  when ( ).Uqw ∈  Set ( ) ( ) ( )( )zqzqzzQ φ′=  

and ( ) ( )( ) ( ).zQzqzh +θ=  Suppose that   

(1) ( )zQ  is starlike univalent in U,  

(2) 
( )
( )

0Re >






 ′

zQ

zhz
 for .Uz ∈   

If ξ  is analytic in U, with ( ) ( ) ( ) DUq ⊂ξ=ξ ,00  and  

 ( )( ) ( ) ( )( ) ( )( ) ( ) ( )( ),zqzqzzqzzzz φ′+θξφξ′+ξθ ≺  (1.5) 

then q≺ξ  and q is the best dominant of (1.5).  

Lemma 1.2 [7]. Let q be a convex univalent function in U and let { }0\, CC ∈β∈α  

with 
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( )
( )

.Re,0max1Re

















β
α−>









′
′′

+
zq

zqz
 

If ξ  is analytic in U and 

 ( ) ( ) ( ) ( ),zqzzqzzz ′β+αξ′β+αξ ≺   (1.6)  

then q≺ξ  and q is the best dominant of (1.6).  

Lemma 1.3 [7]. Let q be convex univalent in U and let .C∈β  Further assume that   

( ) .0Re >β  If ( )[ ] QqH ∩1,0∈ξ  and ( ) ( )zzz ξ′β+ξ  is univalent in U, then 

 ( ) ( ) ( ) ( ),zzzzqzzq ξ′β+ξ′β+ ≺   (1.7)  

which implies that ξ≺q  and q is the best subordinant of (1.7).  

Lemma 1.4 [2]. Let q be convex univalent in the unit disk U and let θ  and φ  be 

analytic in a domain D containing ( ).Uq  Suppose that  

(1) 
( )( )
( )( )

0Re >








φ
θ′

zq

zq
 for ,Uz ∈   

(2) ( ) ( ) ( )( )zqzqzzQ φ′=  is starlike univalent in U.  

If ( )[ ] ,1,0 QqH ∩∈ξ  with ( ) ( )( ) ( ) ( )( )zzzzDU ξφξ′+ξθ⊂ξ ,  is univalent in U   

and  

 ( )( ) ( ) ( )( ) ( )( ) ( ) ( )( ),zzzzzqzqzzq ξφξ′+ξθφ′+θ ≺   (1.8)  

then ξ≺q  and q is the best subordinant of (1.8).  

2. Main Results  

Theorem 2.1. Let q be convex univalent in U with ( ) { } 0,0,10 >γ∈σ= Cq  and 

suppose that q satisfies 

 
( )

( )
.Re,0max1Re
















σ
γ−>









′
′′

+
zq

zqz
  (2.1)  
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If Af ∈  satisfies the subordination  

( )
( )

( )
( ) ( )

( ) 



























τ
σ+





























τ
σ− λ

τ

+λ
τ

γλ
τ

γλ
τ

zfD

zfD

z

zfD

Cz

zfD

C m

mm

m
j

m

m
j ,

1
,,,

1 ( ) ( ),zqzzq ′
γ
σ+≺  (2.2) 

then 

 
( )

( )zq
z

zfDm
≺

γλ
τ














,

  (2.3) 

and q is the best dominant of (2.2).  

Proof. Define the function ξ  by 

 ( )
( )

( ).,
,

Uz
z

zfD
z

m ∈













=ξ

γλ
τ

  (2.4) 

Differentiating (2.4) logarithmically with respect to z, we get 

( )
( )

( ( ))
( )

.1

,

,














−

′
γ=

ξ
ξ′

λ
τ

λ
τ

zfD

zfDz

z
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m

m
 

Now, in view of (1.4), we obtain the following subordination 

( )
( ) ( )

( )
( )

.1

,

1
,














−

τ
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λ
τ

+λ
τ
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Therefore,  

( )
( )

( ) ( )
( )

.1
1

,

1
,,
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τ
=
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λ
τ

+λ
τ

γλ
τ

zfD

zfD
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zfD

C

zz

m
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j

 

The subordination (2.2) from the hypothesis becomes   

( ) ( ) ( ) ( ).zqzzqzzz ′
γ
σ+ξ′

γ
σ+ξ ≺  

Hence, an application of Lemma 1.2 with 1=α  and ,
γ
σ=β  we obtain (2.3).  
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Theorem 2.2. Let ( ),4,3,2,1=∈η ii C  ,0>γ  { }0C∈δ  and q be convex 

univalent in U with ( ) ( ) ( )Uzzqq ∈≠= 0,10  and assume that q satisfies 

 ( ) ( ) ( ) ( )
( )

( )
( )

.0
32

1Re 34232 >






 ′

−
′
′′

+
δ
η+

δ
η

+
δ

η+
zq

zqz

zq

zqz
zqzqzq   (2.5)  

Suppose that 
( )

( )zq

zqz ′
 is starlike univalent in U. If Af ∈  satisfies 

( )zm ;,,,,,,,, 4321 τλδγηηηηΩ  

( ) ( ) ( ) ( )
( )

,3
4

2
321

zq

zqz
zqzqzq

′
δ+η+η+η+η≺                   (2.6)    

where  

( )zm ;,,,,,,,, 4321 τλδγηηηηΩ  

( )
( )

( )
( )

( )
( )

γ

λ
τ

+λ
τ

γ

λ
τ

+λ
τ

γ

λ
τ

+λ
τ
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η+η=

3
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1
,

4
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1
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1
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m

m
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( )

( )
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1
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1
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τ
γδ+ λ

τ
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τ

+λ
τ
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zfD
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C m

m

m

m
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  (2.7) 

then 

( )
( )

( )zq
zfD

zfD

m

m
≺

γ

λ
τ

+λ
τ















,

1
,

 

and q is the best dominant of (2.6).  

Proof. Define the function ξ  by 

 ( )
( )
( )

( ).,

,

1
,

Uz
zfD

zfD
z

m

m ∈













=ξ

γ

λ
τ

+λ
τ

  (2.8)  

By a straightforward computation and using (1.4), we have 
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( ) ( ) ( ) ( )
( )z

zz
zzz

ξ
ξ′

δ+ξη+ξη+ξη+η 3
4

2
321  

( ),;,,,,,,,, 4321 zm τλδγηηηηΩ=                                           (2.9) 

where ( )zm ;,,,,,,,, 4321 τλδγηηηηΩ  is given by (2.7).  

From (2.6) and (2.9), we obtain 

( ) ( ) ( ) ( )
( )z

zz
zzz

ξ
ξ′

δ+ξη+ξη+ξη+η 3
4

2
321  

( ) ( ) ( ) ( )
( )

.3
4

2
321

zq

zqz
zqzqzq

′
δ+η+η+η+η≺  

By setting 

( ) 3
4

2
321 wwww η+η+η+η=θ  and ( ) ,0, ≠δ=φ w

w
w  

we see that ( )wθ  is analytic in ,C  ( )wφ  is analytic in { }0\C  and that  ( ) ,0≠φ w  

{ }.0\C∈w  Also, we get   

( ) ( ) ( )( ) ( )
( )zq

zqz
zqzqzzQ

′
δ=φ′=  

 and   

( ) ( )( ) ( ) ( ) ( ) ( ) ( )
( )

.3
4

2
321

zq

zqz
zqzqzqzQzqzh

′
δ+η+η+η+η=+θ=  

It is clear that ( )zQ  is starlike univalent in U, 

( )
( )

( ) ( ) ( ) ( )
( )

( )
( )

.0
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1ReRe 34232 >






 ′

−
′
′′

+
δ
η+

δ
η+

δ
η+=
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zq

zqz

zq

zqz
zqzqzq

zQ

zhz
 

Thus, by Lemma 1.1, we get ( ) ( ).zqz ≺ξ  By using (2.8), we obtain the desired result.  

Theorem 2.3. Let q be convex univalent in U with ( ) 0,10 >γ=q  and { } .0Re >σ  

Let Af ∈  satisfy 
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( )
( )[ ] QqH
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be univalent in U. If   

( ) ( )zqzzq ′
γ
σ+  
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( ) ( )
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,

1
,,,
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τ
σ− λ
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+λ
τ
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τ

γλ
τ

zfD

zfD

z

zfD

Cz
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C m

mm

m
j

m

m
j

≺  (2.10)  

then   

 ( )
( )

γλ
τ















z

zfD
zq

m,
≺  (2.11)  

and q is the best subordinant of (2.10).  

Proof. Let the function ξ  be defined by (2.4). After some computations and using 

(1.4), it is evident that  

( )
( )

( )
( ) ( )

( ) 



























τ
σ+





























τ
σ− λ

τ

+λ
τ

γλ
τ

γλ
τ

zfD

zfD

z

zfD

Cz

zfD

C m

mm

m
j

m

m
j ,

1
,,,

1  

( ) ( ).zzz ξ′
γ
σ+ξ=  (2.12)  

From (2.10) and (2.12), we get   

( ) ( ) ( ) ( ).zzzzqzzq ξ′
γ
σ+ξ′

γ
σ+ ≺  

Hence, an application of Lemma 1.3 with 1=α  and ,
γ
σ=β  we obtain (2.11).  
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Theorem 2.4. Let ( ) { }0,0,4,3,2,1 CC ∈δ>γ=∈η ii  and q be convex 

univalent in U with ( ) ( ) ( )Uzzqq ∈≠= 0,10  and assume that q satisfies    

 ( ) ( ) ( ) .0
32

Re 34232 >








δ
η+

δ
η+

δ
η

zqzqzq  (2.13)  

Suppose that 
( )

( )zq

zqz ′
 is starlike univalent in U. Let Af ∈  satisfy  

( )
( )

( )[ ] QqH
zfD

zfD

m

m
∩1,0

,

1
, ∈














γ

λ
τ

+λ
τ

 

and ( )zm ;,,,,,,,, 4321 τλδγηηηηΩ  is univalent in U, where ( ,,,, 4321 ηηηηΩ  

)zm ;,,,, τλδγ  is given by (2.7). If 

( ) ( ) ( ) ( )
( )zq

zqz
zqzqzq

′
δ+η+η+η+η 3

4
2

321  

( ),;,,,,,,,, 4321 zm τλδγηηηηΩ≺  (2.14) 

then 

( )
( )
( )

γ

λ
τ

+λ
τ















zfD

zfD
zq

m

m

,

1
,

≺  

and q is the best subordinant of (2.14).  

Proof. Let the function ξ  be defined by (2.8). By a straightforward computation and 

using (1.4), we find that   

( )zm ;,,,,,,,, 4321 τλδγηηηηΩ  

 ( ) ( ) ( ) ( )
( )

,3
4

2
321

z

zz
zzz

ξ
ξ′

δ+ξη+ξη+ξη+η=  (2.15)  

where ( )zm ;,,,,,,,, 4321 τλδγηηηηΩ  is given by (2.7).  

From (2.14) and (2.15), we obtain        

( ) ( ) ( ) ( )
( )zq

zqz
zqzqzq

′
δ+η+η+η+η 3

4
2

321  
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( ) ( ) ( ) ( )
( )

.3
4

2
321

z

zz
zzz

ξ
ξ′

δ+ξη+ξη+ξη+η≺  

By setting ( ) 3
4

2
321 wwww η+η+η+η=θ  and ( ) ,0, ≠δ=φ w

w
w  we see that ( )wθ   

is analytic in ( )wφ,C  is analytic in { }0\C  and that ( ) { }.0\,0 C∈≠φ ww  Also, we get 

( ) ( ) ( )( ) ( )
( )

.
zq

zqz
zqzqzzQ

′
δ=φ′=  

It is clear that ( )zQ  is starlike univalent in U,   

( )( )
( )( )

( ) ( ) ( ) .0
32

ReRe 34232 >








δ
η+

δ
η+

δ
η=









φ
θ′

zqzqzq
zq

zq
 

Thus, by Lemma 1.4, we get ( ) ( ).zzq ξ≺  By using (2.8), we obtain the desired result.  

Concluding the results of differential subordination and superordination, we state the 

following “sandwich results”.  

Theorem 2.5. Let 1q  and 2q  be convex univalent in U with ( ) ( ) .100 21 == qq  

Suppose 2q  satisfies (2.1), 0>γ  and { } .0Re >σ  Let Af ∈  satisfy  
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z

zfDm
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, ∈
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m
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( ) ( ),22 zqzzq ′
γ
σ+≺    

then     

( )
( )

( )zq
z

zfD
zq

m
2

,
1 ≺≺

γλ
τ














 

and 1q  and 2q  are, respectively, the best subordinant and the best dominant.  

Theorem 2.6. Let 1q  and 2q  be convex univalent in U with ( ) ( ) .100 21 == qq  

Suppose 1q  satisfies (2.13) and 2q  satisfies (2.5). Let Af ∈  satisfies  

( )
( )

[ ] QH
zfD

zfD

m

m
∩1,1

,

1
, ∈














γ

λ
τ

+λ
τ

 

and ( )zm ;,,,,,,,, 4321 τλδγηηηηΩ  is univalent in U, where ( ,,,, 4321 ηηηηΩ  

)zm ;,,,, τλδγ  is given by (2.7). If 

( ) ( ) ( ) ( )
( )zq

zqz
zqzqzq

1

13
14

2
13121

′
δ+η+η+η+η  

( )zm ;,,,,,,,, 4321 τλδγηηηηΩ≺  

( ) ( ) ( ) ( )
( )

,
2

23
24

2
23221

zq

zqz
zqzqzq

′
δ+η+η+η+η≺  

then    

( )
( )
( )

( )zq
zfD

zfD
zq

m

m
2

,

1
,

1 ≺≺

γ

λ
τ

+λ
τ














 

and 1q  and 2q  are, respectively, the best subordinant and the best dominant.  

Remark 2.1. By selecting the particular values of m, τ and λ, we can derive a 

number of known results. Some of them are given below.  

(1) Taking 1=m  in Theorems 2.1, 2.3 and 2.5, we have the results obtained by 

Răducanu and Nechita [9, Theorem 3.1, Theorem 3.6, Theorem 3.9].  
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(2) Putting 1=τ=m  in Theorems 2.1, 2.3 and 2.5, we get the results obtained by 

Răducanu and Nechita [9, Corollary 3.3, Corollary 3.8, Corollary 3.11].  

(3) Setting 1=τ=m  and 1=λ  in Theorem 2.1, we obtain the results obtained by 

Murugusundaramoorthy and Magesh [8, Corollary 3.3].  

(4) Taking 1=τ=m  and 1=λ  in Theorems 2.3 and 2.5, we have the results 

obtained by Răducanu and Nechita [9, Corollary 3.7, Corollary 3.10]. 
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