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Abstract

Using the Al-Oboudi type operator, we present and investigate two special
families of bi-univalent functions in ©, an open unit disc, based on ¢(s) =
#, s > 0, a modified sigmoid activation function (MSAF) and Horadam
polynomials. We estimate the initial coefficients bounds for functions of
the type g4(2) = z + io: #(s)d;z7 in these families. Continuing the study
on the initial cosfﬁcie]nt2s of these families, we obtain the functional of
Fekete-Szego for each of the two families. Furthermore, we present few

interesting observations of the results investigated.

1 Preliminaries

Let the set of complex numbers be denoted by C and the set of normalized regular

functions in ® = {z € C : |z] < 1} that have the power series of the form
o .
9(2) = 24 do2® + d32® + ... :z—l—Zdsz, (1.1)
j=2

be indicated by A and the set of all functions of A that are univalent in ® is

symbolized by S. The famous Koebe theorem (see [12]) ensures that any function
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! satisfying z = g7 (g(2)), w = g(g7 (), lw| < 70(9)

and ro(g) > 1/4, z,w € D, where

g € S has an inverse g~

g7 W) = f(w) = w — dow? + (2d3 — d3)w® — (5d3 — 5dads + dy)w* + ... (1.2)

A function g of A is said to be bi-univalent (or bi-schlicht) in ® if g and its

! are both univalent (or schlicht) in ®. The set of bi-univalent functions

inverse g

having the form is indicated by . Historically investigations of the family
> begun five decades ago by Lewin [23] and Brannan et al. [9]. After few years,
Tan [40] found the initial coefficient bounds of bi-univalent functions. Later,
Brannan and Taha [I0] presented and investigated certain subsets of ) similar
to convex and starlike functions of order ¢ (0 < ¢ < 1) in ®. Some interesting
results concerning initial bounds for certain special sets of » | have been appreared

n [11], [18] and [32].

Let the set of real numbers be R = (—o0, c0) and the set positive integers be
N:=No\{0} ={1,2,3,...}.
Recently, Horzum and Koger [21I] (see also [20]) examined the Horadam

polynomials H;(x) (or Hj(x,a,b;p,q) ). It is given by the recurrence relation
Hj(z) =prHj_1(x) + qHj—2(z), Hi(x) =a, H(z)= bz, (1.3)

where j € N\{1,2}, x € R, p, q, a and b are real constants. It is easy to see from
(1.3) that Hs(z) = pbx? + ga. The generating function of the sequence H,(z),
j € N, is as below (see [21]):

o0

G(a,2) = Y H(x)! = 2T (b —ap)ez
j=1

14
1—prz —qz?’ (1.4)

where z € C is independent of the argument = € R, that is R(z) # x.

Few particular cases of Hj(x,a,b;p,q) are:
i)Hj(x,1,1;1,1) = Fj(x), it) Hj(x,1,2;2,-1) = Uj(x),
iti) Hj(x,1,1;2, 1) = Tj(x), i) Hj(z,2,1;1,1) = L;(x),
v) Hj(x,2,2;2,1) = Q;(z) and wi)Hj(z,1,2;2,1) = Pj(x).
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They are named as Fibonacci polynomials, second type Chebyshev polynomials,
first type Chebyshev polynomials, Lucas polynomials, Pell-Lucas polynomials and

Pell polynomials, respectively.

In the literature, the estimates on |ds|, |d3| and the famous inequality
of Fekete-Szego were determined for bi-univalent functions related to certain
polynomials like Fibonacci polynomials, (p,q)-Lucas polynomials, second kind
Chebyshev polynomials and Horadam polynomials. We also note that the above
polynomials and other special polynomials are potentially important in statistical,
physical, mathematical and engineering sciences. Additional information about
these polynomials can be found in [7], [§], [16], [I7], [24] and [42]. More details
about the famous Fekete-Szeg6 problem connected with Haradam polynomials are
available with the works of [1], [2], [3], [26], [31], [38] and [41].

The recent research trend is the study of bi-univalent functions linked with
any one of the above mentioned polynomials using well-known operators, which
can be seen in the research papers [4], [13], [25], [28], [34], [36], [37] and [39).
Generally interest was shown to estimate the initial Taylor-Maclaurin coefficients
and the celebrated inequality of Fekete-Szego for the special families of ) that

are being introduced using known operators.

In this work, we present two special sets of ) using Al-Oboudi type operator
which was precisely defined in the paper [19]. We determine the initial coefficient
bounds and also obtain the relevant connection to the celebrated Fekete-Szegd

functional for functions in the defined families.

Let Ay denote the set of regular functions of the form
9s(2) = z+ Z o(s)d;,
j=2

where ¢(s) = Tz,s, s > 0, is a MSAF. Note that ¢(0) = 1 and hence A; := A
(see [14]).

Definition 1.1. For g4 € Ag, k € Ny, 3 > 0, an Al-Oboudi type operator Dg :
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Ay — Ay, is defined by

Dge(2) = 94(2), Dhge(2) = (1 — B)go(2) + B294(2), .-, Digs(2) = Da(D} ' g4(2)),
z€E€D.

Remark 1.1. If g4(2) = 2+ Y ¢(s)djz7 € Ay, 2 € D, then
=2

Dfgs(2) =2+ > (14 (i — 1)) d(s)d;, z € D.
j=2

When ¢(s) = 1, we get the Al-Oboudi operator [5], which reduces to the
Salagean operator [29], if 5 =1 .

For regular functions g and f in ®, g is said to subordinate to f, if there is a
Schwarz function ¢ in ®, such that (0) =0, [(z)] < 1 and g(2) = f(¥(2)), z €
®. This subordination is indicated as g < f or g(z) < f(z). Specifically, when
f €8 in D, then g(z) < f(z) is equivalent to ¢(0) = f(0) and g(D) C f(D).

Inspired by the articles [6], [33] and the trends on functions € > , we present

two special families of ) by using Al-Oboudi type operator, which is as in
Definition 1.1 and Horadam polynomials H;(x) as in the relation (1.3) having

the generating function ([1.4)).

Throughout this paper, fs(w) = ggl(w) is an extension of g~! to ® given by
(1.2), p, q, a and b are as in (1.3) and G is as in (1.4), unless and otherwise
mentioned.

Definition 1.2. A function g in ) having the power series (1.1)) is said to be in
the family S&s~(z,7, i, k, 8,6(s)), 0 < v < 1,4 >0, k € No, 8 > 0 and ¢(s)
the MSAF, if
2(Dhgy(2)) + pz*(DEgy(2))”
1DEgs(2) + (1 —7)z

<l—a+G(z,2),2€D

and
w(Df fs(w)) + pw*(Dj fo(w))”

7D§f¢(w) +(1—9y)w

<l—-a+G(z,w),w €.
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We note that i) 4 = 0, ii)) v = 0 and iii) v = 1 lead the family
S&s~(z,7, i, k, B, #(s)) to the below mentioned subfamilies:

L. SKs(z, 7, k, B,9(s)) = S&x(x, 7, 0,k, B,¢(s)) is the set of functions g
€ > satisfying

2(Dfgy(2)) atGle. ). an w(Dj fo(w))
Dhga() 1 (1) O e e

< 1-a+G(z,w),

where z, w € D.
2. SLy~(w, p, k, B, ¢(s)) = S&x~(x,0, i1, k, B,¢(s)) is the family of functions
g € > satisfying

(DEgs(2)) + nz(Dfgs(2))" <1 —a+G(x,2)
and
(Dffo(w)) + (D fo(w))" < 1= a+G(z,w),
where z, w € D.

3. SMs~(z,pu, k, B,¢(s)) = S&s(x,1, 1, k, B,¢(s)) is the family of functions
g € > satisfying

2(Dhas(2)) z<D§g¢<z>>"> e
( Dhgs() )“‘( Dhg(z) ) 1Tt O?)

and
(w(D§f¢(w))’> i <w<DEf¢<w>>"
Djs fo(w) Djs fo(w)

where z, w € D.

) <1—-a+G(z,w),

Letting £ = 0 and ¢(s) = 1 in the Definition 1.2, we obtain the family
SNs~(z, v, u) = S&x(w,7, 11,0, 8,1) of functions g € ) satisfying

2g'(2) + p2?g"(2) wf'(w) + pw? f" (w)
79(2) + (1 —7)z V(W) + (1= w
where 2, w € D, f(w) = g~ (w) is as given by , a is as in ((1.3) and G is as in
).

<1—-a+G(z,z) and <1—-a+G(z,w),
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Definition 1.3. A function g € > having the power series (1.1]) is said to be in
the family SBs~(x,7,7,k, 8,9(s)), 0 <y <1, 7>1,k € No, 8> 0 and ¢(s) the
MSAF, if
2[(DEgs(2))1
YDEgs(2) + (1 =)z

<1l—a+G(z,2),2€D

and
w[(Dffo(w))]
D fo(w) + (1 = 7)w
Note that the certain choices of v lead the family SBs~(z,7,7,k, 8, ¢(s)) to
the following two subclasses:
L. SPs(x,7,k, B,¢(s)) = SBs(z,0,7,k, B,¢(s)) is the set of functions g
€ ) satisfying

<1l—-a+G(r,w),weD.

[(Dgg¢(z))/]7 < 1-a+G(z,2), z€® and [(Dgf(z,(w))'r < 1l-a+G(z,w), w € D,

2. SN~ (v, 7.k, B,¢(s)) = SBx(x, 1,7, k, B,4(s)) is the class of functions g
€ > satisfying
2[(DEgs(2))1 w((Dffs(w))]"

< 1-a+G(z,2), z € ® and BT l—a+G(z,w), w €D,
Dlgo ) D57, (@)

SNs~(z, 7, k, B,4(s)) is the family of Al-Oboudi type 7-bi-pseudo-starlike
functions associated with Horadam polynomials involving the MSAF.

On taking & = 0 and ¢(s) = 1 in Definition 1.3, we get the family
SQx~(x,v,7) = B (2,7, 7,0, B,1) of functions g(z) in ) satisfying

z(g'(2))" w(f'(w))"

79(2) + (1 =)z V(W) + (1= yw
where z, w € D, f(w) = g~ (w) is as given by (1.2), a is as in (1.3) and G is as in
).

Remark 1.2. We note that i) SBs~(z,v,1,k, 3, ¢(s)
ii) SMs~(z, 1, k, B, 8(s)) = SKx-(z, 1, k, B, ¢(s))
iii) SP(z, 1, k, B, ¢(s)) = SKx(z, 0, k, 3, ¢(s))

<1—-a+G(z,z) and

<1—-a+G(z,w),

) = SKx(x, v, k, B,9(s)),
= SMs~(z, 0, k, B,¢(s)) and

= SLy(x, 0, k, B,¢(s)).
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Remark 1.3. i) For = v = 0, the class SNx(x,0,0) = Hy(z) was studied by
Alamoush [2] and ii) For 4 = 0 and v = 1, the family SNx(x,1,0) = S5, (z) was
investigated by Srivastava et al. [32].

Remark 1.4. i) For v = 0, the family SQx(z,0,7) = S§(x,7) was investigated
by Abirami et al. [I] and ii) For 8 = 1, the family SNy (x,7,k, 1,¢(s)) =
Ms(z, T, k, ¢(s)) was considered in [25].

Remark 1.5. In a special situation, if we choose a = 1,b = p = 2,¢ = —1
and x — t, the generating function (1.4) reduces to the second type Chebyshev
polynomials Uj;(t), which is explicitly given by

31 —t) _ sin(j + 1)y (t = sini)

Ui(t) = (G +1) 211 <—j,j+2;2; 5 pr
in terms of the Gauss hypergeometric function oFj. In this particular
situation, the bi-univalent function families S&s~(x,7v,u,k, B,¢(s)) and
SBs~(x, v, 7, k, B,¢(s)) would become the families S&s~(t,7, 1, k, B, ¢(s)) and
SBs~(t, v, 7, k, B,#(s)), respectively. The families SBs(¢,1,7,0, 8,0(s)) =
AOs~(t,7,4(s)) and SBx~(t, 1, 7, 0, B,1) = AYs~(t,7) were studied earlier in [§]
and [7], respectively.

In Section 2, we derive the estimates for |da|, |d3| and the inequality of Fekete-
Szego6 [15] for functions of the form € S&x-(z,7, i, k, B,4(s)) and we also
present some observations of our result. In Section 3, we derive the estimates
for |da|, |d3| and the Fekete-Szegé inequality for functions of the form
€ By (x,7,7,k, B,9(s)). Few interesting consequences of the result are also

considered.

2  Estimates for Function Family S&y~(z,v, 1, k, 3, ¢(s))

In the following theorem, we determine the initial coefficients bounds and the

inequality of Szegé for functions in S&s~(z,v, i, k, B8, #(s)).

Earthline J. Math. Sci. Vol. 7 No. 2 (2021), 251-270
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Theorem 2.1. Let 0 <~y <1,u >0,k € Ny, 3> 0 and ¢(s) be the MSAF. If the
function g € S&s~(z,v, . k, B,6(s)), then

] < |bx|\/|bx]
2 > )
(1+ B8)*p(s)\/1(v* = 21+ 3)7 + 321 + 1)) (bx)? — (2(1 + 1) — 7)?(pba? +qzl)\ )
2.1
1 (bxr)? |bx|
\ds| < [ T (2.2)
(1+208)kp(s) [(2(p+1) =) (B@2u+1)—1)
and for 6 € R
|d3 — &d3|
[ba| . (1+28)*s
29 () BRI ) S\L- o | < 7
< b |? |1 —Cx28)s
' A+8)2F4(s) o L =) o B
AF2B)F8(5) (72— @t 3)7 F3(204 1)) (b2) 2= B =) 2 (pba? Tqa)] A8 e | =
(2.3)
where
1 9 pbz? + qa
= — (2 3 3(2 1) — (2 1) — .
ST [ 3 3 1) = Gk 1) - (5
(2.4

Proof. Let g € S&s~(w,7,p, k, B,¢(s)). Then, for two regular functions M, N
with 2(0) = 0, |M(2)| < 1,91(0) = 0 and |M(w)| < 1, z,w € ® and on account of
Definition we can write

2(Dfge(2)) + nz*(Dfgy(2))"
1DEgs(2) + (1 —7)z

=1—a+G(z,M(2))

and
w(Df fs(w)) + pw® (D fo(w))”
Djjfs(w) + (1 = 7w

=1—-a+G(x,N(w)).
Or, equivalently

2(Djge(2)) + pz*(Dhgs(2))"

D+ (—ye Lot @)+ Halam(e) + Ha(z)m()

http://www. earthlinepublishers.com
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and

w(D fo(w))' + pw?(Df fs(w))"
YDifo(w) + (1 = 7w

= 1—a+ Hy(x)+ Ho(x)n(w) + H3(z)(n(w))*+....
(2.6)
From ([2.5)) and , in view of , we find
2(Djgs(2)) + pz*(Dige(2))”
DEgs(2) + (1 =)z

= 1+H2(x)mlz+[Hz(x)m2+H3(x)m%]z2+ (27)

and

w(DE fo(w))' + pw?(Df fs(w))"

YD fs(w) + (1 = y)w =1+ Hy(w)mw + [Ha(z)ny + Hy(2)nflw? + ...

(2.8)
It is well known that if |9(2)] = |myz + me2z?2 + m32® + .| < 1,2z € D and
IM(w)] = [mw + now? + ngw? + ...| < 1, w € D, then

Im;| < Land|n;| < 1(i € N). (2.9)

We easily get the following by equating the corresponding coefficients in (2.7)) and
23):

(1+8)f¢(s) 2(n+1) —v)dz = Ha(z)my (2.10)
(1428)%¢(s)(3(2p+1)—7)ds— (14+8)* ¢ (s) (2(u+1)—v)y d3 = Ha(x)ma+Hs(z)m]
(2.11)

—(1+B)5p(s) 2(n+ 1) —v) d2 = Ha(z)m (2.12)

—(1+20)"6(s)(3(2p + 1) — 7)ds + (1 + 8)*F¢°(s)(7* — 2(u + 2)y + 6(2p + 1))d3
= Hy(z)ny + Hs(x)ni.

(2.13)
From ([2.10)) and (2.12)), we easily obtain
m; = —ny (2.14)
and also
2(1 + 8)*¢°(s)(2(u + 1) — 7)?d3 = (m + n}) (Hz(x)). (2.15)

Earthline J. Math. Sci. Vol. 7 No. 2 (2021), 251-270
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If we add (2.11) and (2.13)), then we obtain

2(1+8)%¢(s)(v* — (20 +3)7 +3(2u+1))d3 = Ha(x)(mz +nz) + Hz(z)(m] +ni).
(2.16)

Substituting the value of m? + n? from (2.15)) in (2.16)), we get

2 (Ha(x))?(mg + ng)
2 2(1+ B)%G2(s) [(72 — 20+ 3)y + 321 + 1)) (ha(2))? — (2(n + 1) — 7)2ha(x)]’

(2.17)
which yields (2.1)) on using ([2.9)).
After subtracting (2.13]) from (2.11]) and then using (2.14]), we obtain
1 2k H _
gy = LIPS 5 2(z)(mz — 1) . (2.18)
(1+28) 2(1+28)¢(s)(3(2u + 1) —7)
Then in view of (2.15)), (2.18]) becomes
ds = (Ha(2))*(m{ + ni) Hy(z)(my —ny)

2014 20)R0(s)(2(p + 1) = )?  2(1+28)Fe(s)(3(2u+1) =)’
which yields on using (2.9)).
From (2.17)) and (2.18)), for 6 € R, we get

s = 03] = )| (706, + 5 ! ) ma

(1+268)%¢(s)(3(2n + 1) =)

)

1
(T(é’ %) - 2(1+28)k(s)(3(2p +1) — 7)) "
where
T(6,x)

(1+8)%*¢(s)
B (W - 5) (Ha(x))?

C2(1+ B)%%(s) (72 — (2u 4 3)y + 32 + 1)) (Ha(2))? — (2(p + 1) — 7)2Ha ()]
In view of , we conclude that

|Ha ()] . 1

ds — 53 < 4 TEFRm e 0 <TOD < smrmpsmem
2|Ha()[|T'(6, )| ; [ T(6, )| > 2(1—',—26)’%(3)1(3(2#4-1)—7)’

which gets (2.3) with J as in . This evidently ends the proof of Theorem

21 O
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By setting i) p =0, ii) v =0, iii) vy =1 and iv) k = 0,¢(s) = 1 in Theorem

we have the following four corollaries, respectively.

Corollary 2.1. If the function g € SKx~(z, v, k, 3,¢(s)), then

|bz|+/|bx|

(14 B)k¢(s)/](72 — 3y + 3) (bx)2 — (2 — 7)2(pba? + qa)|’

1 b2a? |bx|
95| < T 2pa0) [(2 23 —7]

|da| <

and for some § € R,

[ba| ) (1+28)*s ‘
. | mmraeE) L amem| < N
|d3 — 5d2| < bz|3 |1— (1+2p)%s
(148)2k ¢(s) 1= (142p8)F6 > J
(1+28)F¢()[(72—37+3) (bz)2—(2—7)2 (pba2+qa)| A+8)%F(s) | = 1

P-3y+3-(2-9)? (W)‘

Remark 2.1. For v = 8 = 1, Corollary 2.1 reduce to Corollary 2.1 of Magesh et
al. [25] and Corollary [2.1] further coincide with Corollary 2.1 of Abirami et al. [I],
when k£ = 0 and ¢(s) = 1. Corollary coincide with Theorem 2.2 of Alamoush
[3], when v = k = 0 and ¢(s) = 1 and also we obtain Corollary 1 and Corollary 3
of B1] for k=0, v = ¢(s) =

where J, = 7(?;7) 0%

Corollary 2.2. If the function g € SLy~(x, v, k, 8,¢(s)), then

|bx|\/|bx|

d )
S T B o(e) /B T D) — 4 - D20 T 4a)
1 b2 |bx|
’d3’ < k 2 +
(1+28)6(s) |40+ D7 " 32u+1)
and for § € R,
|b| 428k
2 32u+1)(1+28)F¢(s) L e | S 2
|d3 — dd5| < b |1 _(20)*s
(1+8)%F (s) Clp a2t | g
(142B)% 6(s)[3(2u+1) (b2) 2 —4(p+1)% (pba®+qa)] 1+8)%F¢(s) | = 7%
2
B A(ut1)2 [ pbr” + qa
where Jy = ’1 — 3(’2‘#4_1) ( 122 .

Earthline J. Math. Sci. Vol. 7 No. 2 (2021), 251-270



262 S. R. Swamy

Remark 2.2. For 4 = k = 0 and ¢(s) = 1 Corollary coincide with Theorem
2.2 of [3).

Corollary 2.3. If the function g € SMs~(z, u, k, B, ¢(s)), then

] < |bx|\/|bx|
(1+ B)F(s)/ | (4 + 1) (b2)2 — (200 + 1)2(pba? + qa) |
1 b2a? |bx|
ds] < . 5+
(1+26)%¢(s) [2u+1)*  2(3u+1)
and for 6 € R,
ja |y _(42m)ks
. | @) L A | < U8
|d3 — dd3| < lba|? |1— _(+28)%s
(1+8)%k ¢ (s) - (1+28)* > J.
TR T e e | G| 2

x2 a
where J3 = (3u+1) ‘ 4p+1) — (2u+1)2 (%) )
Remark 2.3. Corollary coincide with Theorem 2.1 of Magesh et al. [26],
when k£ = 0 and ¢(s) = 1. Also we obtain Corollary 2.1 of [25] from Corollary
[2.3] when =0 and g = 1.

Corollary 2.4. If the function g(z) € SNy~ (=, v, 1), then

] < |bz|+/|bx|
" V(= @+ 3)y + 32+ 1)(b2)2 — (2(p + 1) — v)2(pba? + qa)
(ba:) |bx|
ds| <
3 2pu+1) =72 (B@2u+1)—7)
and for § € R
|bx| .
\ds — 6d3| < { 3@rHD—Y L=<
SR = jbef? |10 >
(P —at3)7+32u+1)) (b2)2— 2t ) -2 (phatqa)] 1+~ 01 = Y4
where
Jy = ! 2_ (2 o+ 1) — (2(u+1 2 (pbe’ +qa
=G| = @u+3)y+32p+1) = Cu+1) =) T )|

Remark 2.4. By choosing appropriate values for parameters v and p in Corollary
we obtain Theorem 2.2, Theorem 2.1 and Corollaries 1, 2 of [3], [26] and [31],

respectively, as it can be seen from earlier remarks.
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3 Estimates for the Function Family
S%Z(Z’, 77 T, ka B: Cb(S))

In the next theorem, we find the first two Taylor-Maclaurin coefficients and the

inequality of Fekete-Szego for functions in SBs~(z,v, 7, k, B, #(s)).

Theorem 3.1. Let 0 <~y <1, 7> 1,k €Ny, 8>0 and ¢(s) the MSAF. If the
function g € SBs~(z, v, 7.k, B, $(s)), then

] < |bz|+/|bx|

(L+ Bk (s)y/1(72 + (T = 7) (27 + 1)) (b2)? — (27 — 7)2(pba? + qa)]

)

(3.1)
1 (bx)? |bx|
|ds| < [ + (3.2)
(L+28)kp(s) [(21 —7)? (37 —7)
and for § € R,
|b()| C1 . _(+28)*s
> (TF28)%6(s) Br— - e | =
|d3 — 5d2| < 1__(+28)ks lbar]?
(1+8)2k¢(s)

1 - g >,

(14+28)* ¢(s)[(v2+(r—7) (27+1)) (bz)> — (27 —7)* (pba>+qa)| (1+8)%* ¢(s) 3.3)

where

(37 =)
Proof. Let g € SBy~(z,7, 7, k, B,¢(s)). Then, for some regular functions M and
2 such that M(0) = 0, |M(2)] = |m1z + ma2? + mzz3 + .| < 1,M(0) = 0 and
IMU(w)| = [nw +naw? +ngwd +...| < 1, 2,w € D and on account of Deﬁnition

0= s |6 (e 1) - (2 (P,

we can write
z[(Djgs(2))']"
1DEgs(2) + (1 =)z

=1—a+G(z,M(2)),z€D

and N )
w[(Difs(w))T"
7D§f¢(w) +(1—9y)w
Following the procedure similar to the proof of Theorem one gets

=1l-a+G(z,Nw)), w €D.

(1+ B)*(2r —7)¢(s)da = Ha(x)m (3.4)
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(L+8)%5 0% (s) (v* =2r7y+27 (1)) d3+(1428) ¢ (s) (3T—)ds = Haz(x)mo+H(a)m?

(3.5)

— (1+ 8)*(27 — 7)¢(s)da = Ha(x)m (3.6)

(14 B8)%¢?(s)(7? — 2(1 + 1)y + 27(7 + 2))d3 — (1 + 28)"¢(s) (3T — ~)d3
= Ho(x)ny + Hs(z)n?

The results (3.1)-(3.3) now follow from (3.4))-(3.7) by adopting the procedure as
in Theorem 211 O

(3.7)

By setting i) v = 0, ii) v = 1 and iii) £ = 0, ¢(s) = 1 in Theorem we

have the following three corollaries.

Corollary 3.1. If the function g € SPs>(z,7,k, 8,4(s)), then

] < |bx\\/\bm
(14 8)%(s)/[T(27 + 1)(bw)? — 472(pba? + ga)|
1 (bx)?  |bz|
ds| < Ll
ds] < (1+28)k(s) [ 72 T3y
and for 6 € R,
|b(x)| o _(2B)*s
L | e F L= @eeaem | < U
|d3 - 5d2’ < 1— (1+28)%s bz |3
(1+8)2k ¢(s) = (14+28)%6 > 0
(1+2B)F¢(s)[7(27+1) (bx)2—472(pbz?+qa)] (1+8)%F6(s) b

where O = £ ‘(27’ +1)—4r <pb§;;§q“) :

Remark 3.1. Corollary coincides with Theorem 2.1 of [3], when k£ = 0 and
T=¢(s) = 1.

Corollary 3.2. If the function g € SNs~(z, 7, k, B, 4(s)), then

] < \bx\\/\bxl
(14 B)*p(s)/|(7(21 — 1)) (bx)2 — (27 — 1)2(pba? + qa)|’
2
ds| < 1 (bx) N |bx|

(1+28)%¢(s) [(2r —=1)*> * (37 —1)
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and for 6 € R,
lb( . (1+28)%s
, 2B)F6(s)Br=T) |1 | < 2
|d3 — dd5| < GRS T) LN [P
(1+8)%2k ¢(s) = A+28)%6 | O
(1+28)F¢(s)[(r(2r—1)) (bz)2— (27— 1)2(pba+qa)| 1+8)%%e(s) | = *72

where Qg = (371—1) ‘(7’(27’ —1)) — (27 - 1)? (%) ‘ .

Remark 3.2. Corollary [3.2| reduces to Theorem [2.1| of [25], when 5 = 1 and also
the results of Corollary [3.2| coincide with Theorem 2.1 of Abirami et al. [I], when
k=0 and ¢(s) =

Corollary 3.3. If the function g € SQx~(z,v,7), then
] < |bz|+/|bx|
V(2 (T =)@ + 1)) (b2)2 — (27 — 7)2(pba? + qa)]

(bx)? |bz|
(21 —7)? " (37 =)

|ds| <

and for § € R,

[b()] 11 =5l < Q
|ds — od3| < 4 *777 3 =

‘1_5”1735‘3 . ‘1 _ 5| >0
[(Y2+(7—) (27+1)) (bx)2 —(27—7)2 (pba? +qa)| = 248,
where
_ 1 2 5 ((Pba? + qa
O = s [0 = er 1) - or -2 (P

Remark 3.3. Corollary [3.3| reduces to Theorem [2.1] of [I], when v = 1.

4 Conclusion

Two special families of holomorphic and bi-univalent (or bi-schlicht) functions
are introduced by using Al-Oboudi type operator involving a modified sigmoid

activation function associated with Horadam polynomials. Bounds of the first

Earthline J. Math. Sci. Vol. 7 No. 2 (2021), 251-270



266 S. R. Swamy

two coefficients |da|, |d3] and the celebrated Fekete-Szegd functional have been
fixed for each of the two families. Through corollaries of our main results, we
have highlighted many interesting new consequences.

The special families examined in this research paper using Al-Oboudi
type operator could inspire further research related to other aspects such as
families using g-derivative operator [22], [35], meromorphic bi-univalent function
families associated with Al-Oboudi differential operator [30] and families using

integro-differential operators [27].
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