Earthline Journal of Mathematical Sciences
ISSN (Online): 2581-8147

Volume 7, Number 1, 2021, Pages 161-179
https://doi.org/10.34198 /ejms.7121.161179

Fixed Point Theorems for the Alternate Interpolative

Ciric-Reich-Rus Operator

Clement Boateng Ampadu

31 Carrolton Road, Boston, MA 02132-6303, USA

e-mail: drampadu@hotmail.com

Abstract

In [I], the authors introduced the interpolative Ciric-Reich-Rus operator in
Branciari metric space and obtained some fixed point theorems; in this work
we present an alternate characterization of the interpolative Ciric-Reich-Rus

operator in metric space, and obtain some fixed point theorems.

1 The Alternate Characterization

Recall from [I], that if (X, d) is a Branciari metric space, then the map 7': X — X is
called an interpolative Ciric-Reich-Rus operator if there exists A € [0,1) and positive
reals «, f with v + 8 < 1 such that

d(T.%', Ty) < )\d(.%', y)ﬂ ' d([l}, Tx>a ’ d(y7 Ty)l_a_ﬁ

for all z,y € X, x,y ¢ Fiz(T) = {r € X : Tx = x}. Since division by zero is
not permissible, we keep A € (0,1), and observe the above inequality implies the

following

d(Tz, Ty)

\ < d(x7 y)/B ’ d(l’, Tm)a ' d(y7 Ty)liaiﬁ

—
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log <d(T”;Ty)) < Blogd(z,y) + alogd(z, Tz) + (1 — a — B)log d(y, Ty)

—

log <d(T”y>> <(B+at1-a-B)max{logd(,y), logd,Tx),log d(y, Ty)}

A
_—
3log (W) <logd(x,y) + logd(z,Tx) + logd(y, Ty)
—
3log (W) < log(d(z,y)d(z, Tx)d(y, Ty))
_—
g (A5 ) < o, e, Ty, T)
—
WL < (afa, gy, Tayi(y, 7))

From the inequality immediately above, we introduce the following

Definition 1.1. Let (X, d) be a metric space. A map T : X — X will be called an
alternate interpolative Ciric-Reich-Rus operator if there exists A € (0,1) such that

Wl

d(Tz, Ty) < Ad(x,y)Fd(z, Tz) 3 d(y, Ty)

for all z,y € X, x,y ¢ Fix(T).
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2 The Contraction Mapping Theorem

Theorem 2.1. Let (X,d) be a metric space. Suppose T : X — X is an alternate
interpolative Cliric-Reich-Rus operator, that is, there exists A € (0,1) such that

d(y, Ty)3

forallz,y € X, x,y ¢ Fix(T). If X is complete, then the fized point exists.

=
=

d(Tz,Ty) < Md(z,y)3d(x,Tx)

Proof. Define the sequence {x,} € X by x,+1 = T, for all n € NU {0}. Now

observe we have the following

d(Tpt1, Tng2) = d(Ton, Trni1)

1 1 1

< )\d(xna l‘n+1)§ (xny Tﬂfn)gd(l‘n-&—lu ijn—i—l)§
1
3

W=

d
= Md(@p, Tpy1)3d(zy, $n+1)%d(a7n+la Tny2)
d

(V1N

= M(Tn, Tnt1)3d(Tnt1, Tnio 5.
From the above, we deduce that

d(Tp41, Tnt2) < )\%d(l'n,ﬂfn+]_).
By induction, we have the following for all n € N

(@, Tpy1) < (A2)"d(z0, 1)

Now we show the sequence is Cauchy. For this let n, m € N with m > n, and observe

we have the following

d(l)m, xn) S d(«rma xm—l) + d(xm—la wm—Q) +---+ d(xn+17 xn)

<A™+ (A2)™ 2 4o (A2)"d (o, 1)
< [(A2)" + (A2)"™ 4 - Jd(x0, 1)

< (A2)"[1+ A2 + -+ ]d(z0, 21)

< 1()\_21\7; d(zo,x1).
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Now letting m,n — oo in the above, it follows that {z,} is Cauchy. Since X is
complete, there is a € X such that lim,_ .. z, = a. Now we show the fixed point

exists. For this, suppose a # Ta, then observe we have the following

Take limits in the above as n — oo, we deduce 0 < d(a,Ta) < 0, which implies
d(a,Ta) = 0, thus, a = Ta, and the fixed point exists. O

3 A Best Proximity Point Theorem

Let W and V be two nonempty subsets of a metric space (X,d), and let S : W — V
be a non-self map. If W NV is nonempty, then the equation Sz = x may not have

a solution. Naturally, the following question arises
Question 3.1. How far is the distance between x and Sx?

The problem of global optimization for determining the minimum value of the
distance d(z, Sz) = min{d(x,y) : z € W and y € V'} is the study of best proximity
point theory. In this section, we obtain a best proximity point theorem in the sense
of [2].

Notation 3.2. Throughout this section
(a) W and V denote nonempty subsets of a metric space (X, d);
(b) dW,V) :=inf{d(z,y) : x € W and y € V};

(c) Wo :={xz e W :d(z,y) = d(W,V) for some y € V};
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(d) Vo ={y eV :d(z,y) = d(W,V) for some z € W}.
The notion of proximal contraction appeared in [3], now we introduce the following

Definition 3.3. Let S : W +— V be a non-self mapping. We say S is a
prozimal alternate interpolative Ciric-Reich-Rus operator if there exists A € (0,1)

and ui,ug, z,y € W such that d(uy, Sz) = d(W, V) and d(us, Sy) = d(W, V') implies

W=

d(uy, uz) < Ad(z,y)3d(w, u1)3d(y, ug)3.

The notion of G-proximal Kannan mapping appeared in [4], now we introduce the

following

Definition 3.4. Let (X, d) be a metric space and G = (V(G), E(G)) be a directed
graph such that V(G) = X. A non-self mapping S : W — V is called a G-prozimal

alternate interpolative Ciric-Reich-Rus operator if there exists A € (0,1) such that
(z,y) € E(G), d(u, Sx) = d(W, V), d(v, Sy) = d(W, V) impliess

W=

d(u,v) < (e, y)3d(x, u) 5d(y, v)s,
where z,y,u,v € W.

Definition 3.5. [4] Let (X, d) be a metric space and G = (V(G), E(G)) be a directed
graph such that V(G) = X. A non-self mapping S : W — V is called prozimally
G-edge preserving, if for each z,y,u,v € W, (z,y) € E(G), d(u, Sz) = d(W,V), and
d(v, Sy) = d(W, V) implies (u,v) € E(G).

The main result of this section is a best proximity point theorem for a G-proximal
alternate interpolative Ciric-Reich-Rus operator in complete metric space endowed

with a directed graph.

Theorem 3.6. Let (X,d) be a complete metric space, G = (V(G), E(G)) be a
directed graph such that V(G) = X. Let W and V' be nonempty closed subsets of X
with Wy nonempty. Let S : W — V be a nonself mapping satisfying the following

conditions
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(a) S is proximally G-edge preserving, continuous, and G-proximal alternate
interpolative Ciric-Reich-Rus operator such that S(Wy) C Vp.

(b) there exists xo, 1 € Wy such that d(xy1, Szo) = d(W, V) and (xo, 1) € E(G).

Then S has a best proximity point in W, that is, there exists an element w € W
such that d(w, Sw) = d(W, V). Further the sequence {x,} defined by d(xy, Sxp—1) =
d(W, V) for all n € N converges to the element w.

Proof. From condition (b), there exists xg, z1 € Wy such that d(x1, Szo) = d(W,V)
and (xg,x1) € E(G). Since S(Wy) C Vp, we have Sz € V) and hence there exists
x9 € Wy such that d(xzg,Sx1) = d(W,V). By the proximally G-edge preserving
of S and using d(z1,Szo) = d(W,V) and d(z2,Sz1) = d(W,V), we get (x1,22) €
E(G). By continuing this process, we form the sequence {z,} in Wy such that
d(zp, Stp_1) = d(W,V) with (z,-1,2,) € E(G), for all n € N. Next we show that S
has a best proximity point in W. Suppose there exists ng € N such that z,, = zy,+1.
Since d(zp, Stp—1) = d(W,V), we obtain that d(zn,, Sxn,) = d(Tng+1,S%n,) =
d(W, V), and so x,, is a best proximity point of S. Now we suppose that x,,_1 #
for all n € N. We show that {x,} is a Cauchy sequence in W. As S is a G-proximal
alternate interpolative Ciric-Reich-Rus operator, and for each n € N, (z,—1,2,) €
E(G), d(xn, Stp—1) = d(W,V), and d(zp+1, Sxy) = d(W, V), then we have

1 1 1
d(l‘n, xn+1) < )\d(xn—la $n>§d(xn—la xn)§d<$n7 l‘n+1>§
2 1
< Ad(«Tn—M mn)gd(xnv xn—i—l)§ .
By the above inequality, we deduce
3
d($n, xn—&—l) < )\Ed(xn—la xn)

By induction, we have

(T, Tni1) < (A2)"d(z0, 71).
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Now for each m,n € N with m > n, we deduce the following

d(n, Tm) < d(Tns Tpt1) + A(Tnt1, Tng2) + -+ A(@Tp—1, Tm)
< (A2)"d(wo, w1) + (M) Ld(xg, 21) + -+ + (AZ)"d(o, 71 )

m—1
= d(z0, 1) Y_ (A2)’
3
Az)n
S( )ﬁd(a:o,xl)-
1— Az

Since A2 € (0,1), it follows that {x,} is a Cauchy sequence in W. Since W is closed,
there exist w € W such that x, — w. By continuity of S, we have Sz, — Sw as
n — oo. As the metric function is continuous, we obtain d(x,t1, Sx,) — d(w, Sw)
as n — oo. Since d(xy, Stn—1) = d(W,V), we also obtain d(w, Sw) = d(W, V). It
follows that w € W is a best proximity point of S. Moreoever, the sequence {x,}
defined by d(zp+1, Szyn) = d(W, V), n € N, converges to an element w, and the proof
is completed. ]

4 A Weakly Contractive Mapping Theorem

Generalizations of the Banach mapping theorem have appeared in the literature. A
weaker contraction appeared in Hilbert spaces [5] with the following definition in

metric spaces

Definition 4.1. A mapping T : X — X is said to be weakly contractive if

d(T:L‘a Ty) < d(l’,y) - Q/J(d(IL‘,y)),

where z,y € X, 1 : [0,00) — [0,00) is continuous and nondecreasing, ¥ (z) = 0 if

and only if z = 0, and lim,_,~ ¥ (z) = .

If ¢(z) = kx, where 0 < k < 1, then weakly contractive mapping in the above
definition reduces to Banach mapping. A number of works concerning weakly

contractive mappings have appeared in the literature, and the reader is referred
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to [6]-]9], for some of them. In this section we introduce a generalization of the
alternate interpolative Ciric-Reich-Rus operator, and establish in complete metric
spaces that the weak alternate interpolative Ciric-Reich-Rus contractions have a

fixed point. This section is partially inspired by [10].

Definition 4.2. A mapping 7' : X — X, where (X, d) is a complete metric space,

will be called weakly alternate interpolative Ciric-Reich-Rus contractive if

Wl

—y(d(w,y)3d(z, Tz)3d(y, Ty)s),

ol
Wl

(T, Ty) < d(z,y)3d(x, Tx)d(y, Ty)

where z,y € X, z,y ¢ Fixz(T), ¢ : [0,00) — [0, 00) is continuous and nondecreasing,
Y(z) = 0 if and only if x = 0, and lim,_, P (z) = oo.

The main result of this section is the following

Theorem 4.3. Let T : X — X, where (X,d) is a complete metric space, be a weak

alternate interpolative Ciric-Reich-Rus contraction. Then T possesses a fixed point.

Proof. Let xg € X, and for all n > 1, x4 = Txy. If x, = 241 = Ty, then x,, is

a fixed point of T'. So we assume x, # x,11. Now observe we have the following
(Txp—1,Txy)

=d
< d(-Tnfla Zﬂn)éd(l‘n*ly T"Enfl)%d(l‘na Txn)%
— (d(@p1,20)3d(@n1, Tn1)3d(xp, Tn)3)

d({L‘n, xn-{—l)

= d(zp_1, xn)%d(xn_l, xn)%d(acn, xn+1)%
— (d(n1,Tn)3d(Tn_1, Tn)3d(Tn, Tns1)?)
2
3

= d(n—1,20) 3 d(Tn, Tng1)F — Y(d(@n_1, Tn) 3 (T, Tps1)

Wl

)

2 1
< d(xn—lv xn) 3 d(w’m xn—&—l) 3.
From the above inequality, we have

d(l‘n, xn+1) < d(ajnfla xn)
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It now follows that {d(xy, zn+1)} is @ monotone decreasing sequence of non-negative
real numbers, and hence is convergent. Let d(x,,x,11) — r as n — oco. We show
that » = 0. Since

1

A2, Tng1)? — O(d(Tn1, ) 3d(Tn, Tni1)?).

If we take limits in the above as n — oo and use the continuity of 1, we deduce that

)

wln

d($n7 xn—i—l) < Cl(CCn_l, xn)

W=

r<rirs — w(rgr

or
r<r—y(r)
or
P(r) <0

which is a contradiction unless » = 0. It follows that d(x,,x,4+1) — 0 as n — oo.
Next we show that {x,} is a Cauchy sequence. If otherwise, then there exists € > 0
and increasing sequences of integers {m(k)} and {n(k)} such that for all integers k,
n(k) > m(k) >k, d(Zmk), Tnp)) = € and d(Tp(k), Tnk)—1) < €. Now observe we
have the following

€ < d(Tpmk), Tn(k))

Ty (1) 1,T$n() 1)

=

= d(
1 1
< d(xm(k)—b xn(k)—l)gd(xm(k)—la Txm(k)—l)gd(xn(k)—la T$n(k)—1)

Wl

1 1
— (AT (k)—1> Tr(k)—1) 2 ATk =15 TTm(k)=1) 2 A @iy =1, TTr(k)-1)?)

)—
1 1 1
= d(Tp(k)—1> Tn(k)=1) 2 ATk =15 Tm(k)) 3 A Tr(k)—15 Tn(r))?

1 1 1
— (AT (k)—15 Tr(k)=1) 3 AT (k) =15 Trn(k)) 3 A Tr(r)—15 Tn(k) )3 )-

Again
€ < d(Tm(r)s Tn(k))
< d(Ti(r)s Trk)—1) + ATpk)y—1, Tn(r))
< €+ d(Tnk)—1> Tnk))-
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Since limy, o0 (@, Tpy1) = 0, if we take limits in the inequality immediately above

as k — oo, we deduce the following
By using the triangle inequality, we can also show the following limits:

lim d =
Jim (@)1 Tnry-1) = €

m (2 (k)—15 Tm(r)) = €

k—o0

li =
kg{olo d(xn(k)—lv xn(k)) €

Since
d(Txm (k)— 1,T$ (k)—1)
1 1 1
< d(zm (k)15 Tn(k)—1 )3d(xm(k)—1a T$m(k)—1)3d(xn(k)—1v Txn(k)—1)3

1 1 1
= P(d( @ (k)—15 Tr(k)=1) ATk =15 TTm(k)~1) 3 A @iy -1, TTr(k)-1)?)
1
3

1 1

= d(Zm(k) =15 Tr(k)—1) 3 ATk =15 Tm(k) ) 2 A Tr (k) =1, Tn(k))
1 1 1
—1p(d (Cﬂm () =15 Tr(k)—1) 3 AT (k) =15 T (k)) 3 ATy (k)—1, Tn()) ?)

if we take limits in the inequality immediately above as k — oo, we deduce that

1 1 1 1 1 1
e<es §€§_¢(6§6§5§)
or
e<e—1(e)
or
Y(e) <0
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which is a contradiction unless € = 0. Thus, {x,} is a Cauchy sequence. Since X is
complete, there is z € X such that lim,,_, , = z. Finally, we show the fixed point

exists. Observe we have the following
d(z,Tz) <d(z,zp+1) +d
<d(z,xny1) +d
< d(z,@nt1) + d(wn, 2) 3
— ¢ (d(zn, )Bd(mn,Txn)Sd(z Tz)5)
=d(z,xnt1) + d(zp, ) d(xpn, Tpt1)3d(z,Tz)
— U(d(wn, 2) (0, T011)3d(2, T2)3)
< d(z,xny1) + d(Tn, z)%d(xn,xnﬂ)%d(z,Tz) .

($n+17 Tz)
(Txy, Tz)
1

T, Tn)3d(2,T2)3

H
W=

W=

Taking limits in the above as n — oo, we get that d(z,7z) < 0, which implies
d(z,Tz) = 0. Hence z = Tz, and the fixed point exists. O

5 A Common Point of Coincidence

In this section we obtain points of coincidence for three self-mappings satisfying
Jungck type contractive conditions without the assumption of normality in cone
metric spaces. First we collect some notions and notations that will be useful in the

sequel. This section takes inspiration from [I1].

Definition 5.1. A subset P of a real Banach space E is called a cone if it has the

following properties:
(a) P is nonempty closed and P # {6};
(b) 0<a,beR, and z,y € P = ax + by € P;
(¢) PN (=P)={0}.
Notation 5.2. For a given cone P C F, we define a partial ordering < on E with

respect to P by x <y if and only if y — 2z € P. We write z < y if z < y and x # v,
while x < y will stand for y — = € int(P), where int(P) denotes the interior of P.
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Definition 5.3. The cone P is called normal if there is a number £ > 0 such that
forall z,y € £
0<z<y= |zl <klyl

The least positive number k satisfying the above implication is called the normal

constant of P.

Remark 5.4. In this section we always assume E is a real Banach space, P is a

cone in F with int(P) # (), and < is a partial ordering with respect to P.

Definition 5.5. Let X be a nonempty set. Suppose that the mappingd : X xX — F

satisfies
(a) 0 <d(z,y) for all z,y € X, and d(z,y) = 0 if and only if x = y;
(b) d(z,y) = d(y,x) for all z,y € X;
(¢) d(z,y) < d(z,z)+d(z,y) for all z,y,z € X.

Then d is called a cone metric on X, and (X, d) is a cone metric space.

Definition 5.6. Let {z,,} be a sequence in X, and x € X. If for every ¢ € E, with
0 < ¢ there is ng € N such that for all n > ng, d(x,,z) < ¢, then {z,} is said to
be convergent, {x,} converges to x, and z is the limit of {z,,}. We write 2, — x as

n — oQ.

Definition 5.7. If for every ¢ € E with 0 < ¢, there is ng € N such that for all

n,m > ng, d(zn, Ty) < ¢, then {x,} is called a Cauchy sequence in X.

Definition 5.8. If every Cauchy sequence is convergent in X, then X is called a

complete cone metric space.

Remark 5.9. [12] If P is a normal cone, then {z,} € X converges to = € X, if and
only if d(zp,x) — 0 as n — oo. Furthermore, {z,,} € X is Cauchy if and only if

d(xn, Tm) — 0 as n,m — o0.

Definition 5.10. A point y € X is called point of coincidence of T, f : X — X, if
there exists a point ¢ € X such that y = fo = Tx.
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The main result of this section is as follows

Theorem 5.11. Let (X,d) be a cone metric space and the mapping S, T, f : X — X

satisfy
d(Tx, Sy) < d(fz, fy)sd(fe, Tz)5d(fy, Sy)s

forallz,y € X, x,y ¢ Fix(T), where 0 < A < 1. If
S(X)UT(X) C f(X)
and f(X) is a complete subspace of X, then S, T and f have a point of coincidence.

Proof. Let xg be an arbitrary point in X. Choose a point z1 in X such that fx; =
Sz, This can be done since S(X) C f(X). Similarly, choose a point x5 in X such
that foo = Txq. Continuing this process and having chosen z,, in X, we obtain
in X such that

fxopt1 = Swop
and

fropyo = Txop 1, k=0,1,2,---.
Now observe we have the following
d(frokto, frops1) = d(T ok 11, STok)
< M(fzopt1, frar)
= MN(fror+1, fror)

2
= M(f2or+1, fror)3d(frors1, fraria)

o=
ol

d(foog, Stop)

d(fl‘%, fl’Qk-i—l)%

(froks1, Tropt1)

=
ol

d
d(f932k+17 fiU2k+2)
d

ol

which implies d(fzori2, fropt1) < )\%d(fxgkﬂ,fxgk). By induction we obtain
d(fxmfxn—kl) < ()\%)nd<fx1,fg;0) Let Yn = fxna then we have d(ymyn-I—l) <
(A%)”d(yl,yo). Now for m > n, we have

AYmsYn) < d(Yn, Yn+1) + dYnt1, Yns2) + - + A(Ym—1, Ym)
<A+ (A2 e (A2 Yd(yo, 11)
(A2)"

< d(yo, v1)-
_1_)\% (yoyl)

Njw
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Let 0 < ¢ be given. Choose ¢ > 0 such that ¢+ {z € E : ||z|| < §} C P. Also
3
e d(yo,v) € {w € B+ o < 0}, for

3
all n > Nj Then (1)‘2/\). d(yo,y1) < c for all n > N;. Thus, m > n > N; implies

choose a natural number N; such that

3

Nl

3
A(Ym, yn) < ?i\)% d(yo,y1) < ¢ which implies that {y,} is a Cauchy sequence. Since
f(X) is complete, there exists u,v € X such that y, — v = fu. Choose a natural

number Ny such that d(y2n11,v) < 5, d(Y2n41,Y2n+2) < §, and d(v, Su) < § for
all n > Ny. Hence for all n > Ns, we deduce the following

fu, yont2) + d(yonie, Su)
v, Yon+2) + d(T w2541, Su)
0, Yan+2) + M(fr2nr1, fu)5d(feonsr, Toansr)3d( fu, Su)s
v, Y2n+2) + Ad(yant1, ”)%d(y2n+1, y2n+2)%d(v, Su)%
N3 /e\3 /)3
() (5) )

+

IN
&L .
~~ o~ ~

O NIo o
N O

Thus, d(fu,Su) < = for all m > 1. So = —d(fu,Su) € P for all m > 1. Since
=~ — 0asm — oo, and P is closed, —d(fu,Su) € P, but PN (—P) = {0}. Therefore
d(fu,Su) = 0, hence fu = Su. Similarly by using d(fu,Tu) < d(fu,yont+1) +
d(yon+1, Tu), we can show that fu = Tw, it implies that v is a common point of
coincidence of S, T, f, that is, v = fu = Su = Tu. O

6 An Expanding Mapping Theorem

In this section which is inspired by [I3], we define expanding mappings in the
setting of partial metric spaces analogous to expanding mappings in complete metric
spaces. In particular, we extend the notion of alternate interpolative Ciric-Reich-Rus

operator to the setting of partial metric spaces. First let us collect some notions and
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notations that will be useful in the sequel.

Definition 6.1. Given a nonempty set X, a function p : X x X — RT is called a
partial metric if and only if for all z,y,z € X

(a) @ =y if and only if p(z,z) = p(z,y) = p(y, y);
(0) pz,z) < p(z,y);

(c) plz,y) = ply, z);

(d) p(z,2) < p(z,y) + p(y, 2) = p(y, 1)

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a

partial metric on X.

Remark 6.2. If p(x,y) = 0, then from (a) and (b), x = y. However, if = y, then

p(x,y) may not be zero.
Example 6.3. Define p(z,y) = max{x,y}, then (RT,p) is a partial metric space.

Remark 6.4. Each partial metric p on X generates a tg topology ¢(p) on X which
has as a base the family of open balls {B,(z;€) : € X;e > 0}, where By(z;€) =
{ye X : p(x,y) < p(z,z) + €} for all z € X and € > 0.

Definition 6.5. A sequence {x,} in a partial metric space (X, p) converges to a

point x € X if and only if p(z, ) = limy, 00 p(x, T4).

Definition 6.6. A sequence {z,} in a partial metric space (X, p) is called a Cauchy

sequence if there exists limy, m— o0 P(Tn, Tm)-

Definition 6.7. A partial metric space (X, p) is said to be complete if every Cauchy
sequence {z,} in X converges with respect to t(p), to a point x € X such that

P(% $) = hmn,m—>oo P(ﬂfn, xm)

Example 6.8. Every closed subset of a complete partial metric space is complete.
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Definition 6.9. If f : X — X, where (X, p) is a partial metric space, then f is
continuous at the point a € X if for every sequence {x,} in X which converges in

the partial metric p to a, the sequence { fx,} converges to fa, that is,

pla,a) = lim p(zn,a) = p(fa, fa) = lim p(frn, fa).

n—oo

Remark 6.10. If p is a partial metric on X, then the function p* : X x X — RT
given by
p*(z,y) = 2p(z,y) — p(z,2) — p(y,y)

is a metric on X.

Definition 6.11. Let (X, p) be a partial metric space, and T : X +— X. We say T is
interpolative Ciric-Reich-Rus expanding, if for every z,y € X, x,y ¢ Fix(T), there
exists A > 1 such that p(T'z, Ty) > A\p(z, y)%p(:z:, Tm)%p(y,Ty)%.

Lemma 6.12. Let (X, p) be a partial metric space.

(a) {zn} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in

the metric space (X, p®);

(b) A partial metric space (X,p) is complete if and only if the metric space
(X, p®) is complete. Further, lim,_,o p*(a,z,) = 0 if and only if p(a,a) =

limy, 00 P(a, xn) = hmn,m—>00 p(xn’ xm)

Lemma 6.13. Let (X, p) be a partial metric space, and {x,} be a sequence in X. If
there exists k € (0,1) such that p(zp, Tpt1) < kp(xp—1,2,), n =1,2,---, then {x,}

1s a Cauchy sequence in X .

Theorem 6.14. Let (X, p) be a complete partial metric space, and T : X +— X be a
surjection. Suppose that there exists X\ > 1 such that for all x,y € X, z,y ¢ Fix(T),

T FY
1 1 1
p(Tx, Ty) = Ap(x,y)3 p(z, Tx)3 p(y, Ty)s.

Then T has a fized point in X.
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Proof. Let xg € X. Since T is surjective, choose x1 € X such that Tz; = xg.
Inductively we can define a sequence {x,} in X such that z,_ 1 = Tx,, n=1,2,---.
Without loss of generality, we may assume x,_1 # z,, for allm = 1,2, -+ (otherwise,
if there exists some ng such that z,,_1 = x,,, then z,, is a fixed point of T'). From

the expanding condition of the theorem, we have

P(fﬂn—l, xn) = P(T$m Txn—i—l)
1 1 1
> Ap(Tns Tt 1) p(Xn, T20) 3 p(Tng1, TTng1)3
1

p

1 1
> )\p(an, xn+1)§ (.%'n, [En_l)gp(l'n_yl, xn)g'

The above implies p(xp, Tpi1) < /\L%p(xnfl,xn). Since /\i% < 1, by Lemma 6.13,
{zy} is a Cauchy sequence in X. Since (X, p) is complete, by Lemma 6.12, (X, p®)
is complete, and so the sequence {x,} converges in the metric space (X, p*), that is,
there exists a point z € X such that lim,,_, p°*(xy, 2) = 0. Consequently, we can find
u € X such that z = T'u. Again by Lemma 6.12, we have p(z, z) = limy,_y00 p(2n, 2) =
limy, ;o0 P(Zn, Tm). Moroever, since {z,,} is Cauchy in the metric space (X, p%), we

have limy, j—00 p°(Zn, Tm) = 0. On the other hand, since

max{p(Tn, Tn), P(Tnt1, Tnt1)} < P(Tn, Tng1)

and p(xp, Tni1) < =5 p(Tp—1,Tyn), by simple induction we have

>
S L

1 n
max{p(n; 21), p(Ensss 2nst)} < (A) p(a1,70).

2

Hence we have lim,, oo p(@n,z,) = 0. Thus from the definition of p°, we have
limy, ;00 P(Zn, Tm) = 0. Since p(z,2) = limy o0 p(Zn, 2) = LMy, 1m0 P(Tn, Tm),
we have p(z,2) = limy o0 p(2n, 2) = limy, ;00 p(Zn, Tm) = 0. Now we show that

u = z. From the expanding condition of the theorem, we have

p(xna Z) = p(Tanrl? TU)

Wl

1 1
> Ap(Tnt1,u) 3 p(Tns1, Tn)3 p(u, Tu)
1

> Ap(@n41,1)3 plu, 2)5.
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Taking limits in the above as n — oo, we have

0=p(z,2)
> Ap(u, 2)5.
Hence p(u, z) = 0, that is, u = z = T'w and the proof is finished. O
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