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Abstract

In this paper, we introduce and clarify a new presentation between the
divisible module and the injective module. Also, we obtain some new results
about them.

1 Introduction

In mathematics, a module is one of the fundamental algebraic structures used
in abstract algebra. A module taking its scalars from a ring R is called an
R-module. Thus, a module, like a vector space, is an additive abelian group, a
product is defined between elements of the rings and elements of the module that
is distributive over the addition operation of each parameter and is compatible
with the ring multiplication. In mathematics, especially in the area of abstract of
algebra known as module theory, an injective module is a module () that shares
certain desirable properties with the Z-module @ of all rational numbers. Injective
modules have been heavily studied, and a variety of additional notions are defined
in terms of them. Injective co generators are injective modules that faithfully

represent the entire category of modules. Injective resolutions measure how far

Received: April 28, 2021; Accepted: June 10, 2021

2020 Mathematics Subject Classification: 16D50, 51A10, 18A30, 46M18.

Keywords and phrases: injective module, homomorphisms, divisible group, n-ker and n-coker.
“Corresponding author Copyright © 2021 Authors



146 Samira Hashemi, Feysal Hassani and Rasul Rasuli

from injective a module is terms of the injective dimension and represent modules
in the derived category. Injective hulls are maximal essential extensions, and turn
out to be minimal injective extensions. Over a Noetherian ring, every injective
modules is uniquely a direct sum of incomparable modules, and their structure
is well understood. An injective module over one ring, may not be injective
over another, but there well-understood methods of changing rings which handle
special cases. Rings which are themselves injective modules have a number of
interesting properties and include rings such as group rings of finite groups over
fields. Injective modules include divisible groups and are generalized by the notion
of injective objects in category theory. In mathematics, one can often define a
direct Product of objects already known, giving a new one. This generalizes
the Cartesian product of the underlying sets, together with a suitably defined
structure on the product set. More abstractly, one talks a bout the product in
category theory, which formalizes these notions. Examples are the product of
sets, groups (describe below), rings and other algebraic structures. The product
of topological spaces is another instance. There is also the direct sum in some
areas this is used interchangeably, while in others it is a different concept.

In this paper, we show to prove the important theorems and examples of
injective modules. Next, we show a strong relationship between the injective
module and the divisible module, such that every injective module gives divisible
but the converse needs another condition P.I.D. Finally, we recall the definition
of n-cokernel, n-kernel, and n-exact sequence and we give an open problem about

n-injective modules.

2 Preliminaries

In this section, we recall some of the fundamental concepts and definitions, which

are necessary for this paper. For details we refer readers to |1,/6-8]

Definition 2.1. Let R be a ring. A (left) R-module is an additive abelian group
A together with a function R x A — A (the image of (r, a) being denoted by ra)
such that for all ;s € R and a,b € A:
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(i) r(a+b) =ra+rb.
(ii) (r+s)a=ra+ sa.
(iii) r(sa) = (rs)a.
If R has an identity element 1z and
(iv) 1ga =a for all a € A,

then A is said to be a unitary R-module. If R is a division ring, then a unitary

R-module is called a (left) vector space.

Definition 2.2. Suppose R is a ring, and {M;};c;. The final family are
R-modules. We define the direct product of modules M;, denoted by

HMZ = {(CCZ) cx; € M;, Vi € I}
i€l

Scalar addition and multiplication is defined by
(z:) + (vi) = (zi + yi),

r(z;) = (rz;).

Definition 2.3. Suppose R is a ring, and A and B are R-modules. We define

the direct sum of modules A and B as

AP B={a@Pb|ac Abe B},

where all algebraic operations are defined componentwise. In particular, suppose
that A and B are left R-modules, then

(a1 @ b1) + (a2 @D b2) = (a1 + b1) (b1 + b2)

and
r(a @ b) = (ra @ b).

Earthline J. Math. Sci. Vol. 7 No. 1 (2021), 145-159




148 Samira Hashemi, Feysal Hassani and Rasul Rasuli

Definition 2.4. Let M and N be R-modules. Define Hompg(M,N) to be the
Abelian group of R-homomorphisms f: M — N, given by (f+g)(m) = f(m)+
g(m) for every m € M and f,g € Homgr(M,N).

Definition 2.5. Let M;cz be a family of R-modules, and let f;;c; be a family of
R-homomorphisms such that M;_; A M; for every i € Z. Then the sequence

=N VAR N VAR LN Y AL VAN (2.1)
is said to be exact provided that Im(f;—1) = Ker(f;) for every i € Z. Note that
0— A i> B %5 C — 0 is exact if and only if f is an R-monomorphism, ¢
is an R-epimorphism, and I'm(f) = Ker(g). This type of sequence is called short

exact.

Definition 2.6. An R-module M is injective provided that for every
R-monomorphism g : A — B between R-modules, any R-homomorphism
f A — M can be extended to an R-homomorphism h : B — M such that

hg = f; i.e., the following diagram commutes

0 A7 - B
o
M

Definition 2.7. Let M be an R-module. An element m € M is divisible provided
that for any r € R that is not a right zero-divisor, there exists an x € M such that
m = rx. We also say that M is a divisible module provided that every element

of M is divisible. Note that a divisible group is a divisible Z-module.

Definition 2.8. Let C be an additive category and f : A — B a morphism in
C. A weak cokernel of f is a morphism g : B — C such that for all C’ € C the

sequence of abelian groups

e, ¢’y L e,y L e, o)
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is exact. Equivalently, g is a weak cokernel of f if fg = 0 and for each morphism
h : B — (' such that fh = 0 there exists a (not necessarily unique) morphism
p: C — ' such that h = gp. These properties are subsumed in the following

commutative diagram:

At ,.p_9,¢

\ th
0 w2 I

C/

Clearly, a weak cokernel g of f is a cokernel of f if and only if g is an

epimorphism.The concept of weak kernel is defined dually.

Proposition 2.9. Let R be a ring and let J be an R-module. The following
conditions are equivalent.
1) For any homomorphism f : N — J and an monomorphism g : M — N

there is a homomorphism h : M — J such that the following diagram commutes:

N

2) Every short exact sequence 0—.J L M L+ N—0 splits.

Lemma 2.10. Let {My}ren be a family of R-modules. Then for every A\ € A,
waly : My — My is the identity function on M.

Theorem 2.11. Let f : M — N be an R-homomorphism, let A be a submodule
of M, let B be a submodule of N, and let f(A) C B. Define the function p :
M/A — N/B by p(m+ A) = f(m)+ B. We say that p is the R-homomorphism
induced by f. Then p is an R-epimorphism if f is an R-epimorphism, and p is a
R-monomorphism if A= f~1(B).

Corollary 2.12. Let f : M — N be an R-epimorphism. Then M/Ker(f) = N.

Proposition 2.13. Let 0 — A3 i> B % As — 0 be a short exact sequence

of R-homomorphisms. Then the following statements are equivalent:
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1. The sequence is split;
it. There is an R-homomorphism h : Ay — B with gh = 14, ;

iti. There is an R-homomorphism k : B — A; with kf =14, ;

3 Main Results
Definition 3.1. An R-module J is an injective module if J satisfies one of the
equivalent conditions of Proposition ({2.9)

Proposition 3.2. A direct product of R-modules [[;c;Ji is injective iff J; is

injective for everyi €1 .
Proof. Suppose that J; is injective V¢ € I . Now in this diagram
0

we have to find h. Since J; is injective h; : B — J; such that h;g = m; f. Define
h:B — [[;crJi to be h(b) := (hi(b))ict = (h1(b); h2(b);...). Now it is very easy
to check that, hg = f.

Conversely, suppose that [[,.; J; is injective. To show that, J; is injective for

each ¢ € . Now in this diagram

we have hg = i, f.
We have to find h;. Define h; : B — J; to be h; = m;h. Now it is very easy
to check that, h;g = f Vi € . Here, h;g = mhg =mii;f =1J;f = f Vie L. O
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Lemma 3.3. Let R be a ring with identity. A unitary R-module J is injective
if and only if for every left ideal L of R, any R-module homomorphism L — J
may be extended to an R-module homomorphism R — J.

Proof. To say that f : L — J may be extended to R means there is a
homomorphism h : R — J such that the diagram

is commutative. Clearly, such an h always exists if J is injective. Conversely,
suppose J has the stated extension property and suppose we are given a diagram

of module homomorphisms

with top row exact. To show that J is injective we must find a homomorphism
h : B — J with hg = f. Let S be the set of all R-module homomorphisms
h:C — J, where

ImgcCcCBCS

is nonempty since fg~!

: Im g — J is an element of S (g is a monomorphism).
Partially order S by extension : hy < hg iff Dom hy C Dom hy and ha| Dom
h1 = hi. We can verify that the hypotheses of Zorn’s Lemma are satisfied and
conclude that S contains a maximal element h : H — J with hg = f. We shall
complete the proof by showing H = B.

If H# Band b€ B— H, then L = {r € [rb € H} is left ideal of R. The
map L — J given by r — h(rb) is a well-defined R-module homomorphism.
By the hypothesis there is a R-module homomorphism k& : R — J such that
k(r) = h(rb) for all r € L. Let ¢ € k(1) and define a map h : H + Rb — J

by a + rb — h(a) + rc. We claim that h is well-defined. For if a; + rb =
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as +reb € H+ Rb , then a; —ag = (ro —r1)b € H N Rb. Hence 1o — r1 € L and
h(a1)—h(ag) = h(ag—a2) = h((re—r1)b) = k(ro—r1) = (ro—r1)k(1g) = (ro—r1)c.
Therefore, h : H+ Rb — J is an R-module homomorphism that is an element of
the set S. This contradicts the maximality of h since b ¢ H and hence H & H+Rb.
Therefore, H = B and J is injective.

O

Example 3.4.

1. Q is an injective Z-module by Lemma since for every
Z-homomorphism f :nZ — Q, where nZ is an ideal of Z for 0 #n € Z,

: : : _ zf(n)

there exists a Z homomorphism g : Z — Q defined by g(z) = %

g(nz) = (m)f = zf(n) = f(nz) for every nz € Z.

, S0

2. Note that Z is not an injective Z-module since using the Z-homomorphism
f:2Z — Z given by f(2z) = z, there is no Z-homomorphism g : Z — Z
such that g(2z) = f(2z) for every 2z € 2Z. Otherwise, 1 = f(2) = g(2) =
2¢g(1), implying that g(1) = % However, since g(1) € Z, this is impossible.

Theorem 3.5. Let M be an R-module. Then M is injective if and only if for
every short exact sequence 0 — A LAY L Nyo BN of R-modules,

0 — Homg(C, M) -5 Homp(B, M) -2 Homp(A, M) — 0
is also a short exact sequence, where W(f) = fip and O(f) = f0.

Proof. Suppose that M is injective.

We will first show that ¥ is an R-monomorphism. Suppose that U(f) = ¥(g)
for some f,g € Homp(C, M). Then for every b € B, f(1(b)) = g(¢(b)). We want
to see thatf = g. Note that for every ¢ € C, there exists b € B such that ¢ (b) =
since 1) is an R-epimorphism. Then for every ¢ € C, f(c) = f(1(b)) = g(¢(b)) =
g(c). Thus, f = g and ¥ is an R-monomorphism.

Secondly, we will see that © is an R-epimorphism. Let g € Hompg(A, M).
Since M is injective, there exists an f € Hompg(B, M) such that g = f0 = O(f).
Thus, © is an R-epimorphism.
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Finally, we will show that Ker(®©) = Im(¥) Let f € Im(¥), so there
exists ¢ € Homp(C,M) such that ©(g) = g0 = f. Let a € A. So,
0(a) € Im(0) =Ker(¢). Then ¢(f(a)) = 0, so gy(f(a)) = g(0) = 0. Thus, for
every a € A, f(0(a)) = 0. Therefore, f €Ker(0) so that Im(¥) CKer(©). Let
f €Ker(©) be arbitrary. Then ©(f) = f6 = 0 so that 0 = f(Im#) = f(Keriy).
Since Ker(y) C B and f(Kery) C 0, there is an induced R-homomorphism
p : B/Ker(y) — M given by p(m + Kery)) = f(m) by Theorem (2.11).
Also, since Ker(y) C B and ¢ (Kery) C 0, there is an induced R-isomorphism
s : B/Keri) — C given by ¢(b+ Kery) = 9(b) by Corollary (2.12). Consider
pg_l : C — M. Notice that pg_l is an R-homomorphism since p and ¢!
are. Since ¢(b + Kery) = (b) implies that b + Keryp = ¢ 19(b), for every
be B, ps b)) = p(b+ Keryp) = f(b), so f = pslp = U(ps~!). Thus,
f € Im(¥) and Ker(©) C Im(¥). Therefore, Ker(0©) = Im(¥), and hence,
0 — Homp(C, M) N Homp(B, M) N Homp(A, M) — 0 is a short exact
sequence.

Conversely, suppose that whenever 0 — A — B — C — 0 is an
exact sequence between R-modules, 0 — Hompg(C, M) — Hompg(B, M) —
Homp(A,M) — 0 is also exact. Let I be a left ideal of a ring R, so [ is
a submodule of an R-module R, where 0 — [ 3 Risa sequence with the

inclusion map ¢ and f : I — M is an R-homomorphism. Consider the following

diagram
0 I —>R-—"> R/l —> 0
lf
M

where m : R — R/I is the projection R-homomorphism. Since the inclusion
map ¢ is an R-monomorphism, the projection map 7 is an R-epimorphism,
and Ker(r) = Im(i), the top row is exact. Then 0 — Hompg(R/I, M) N
Homp(R, M) - Homp(I, M) — 0 is also exact. Since f € Homp(I, M) and
I is an R-epimorphism, there exists g € Homp(R, M) such that I(g) = gi = g|r =
f. Thus, M is injective O
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Corollary 3.6. Let R be an integral domain and let K be the field of fractions of
R. Then K is an injective R-module.

Proof. Let I be an ideal of R and let f : I — K be a homomorphism of
R-modules. For 0 # r,s € I we have rf(s) = f(rs) = sf(r). As consequence in
K we have f(r)/r = f(s)/s for any 0 # r, s € I. Denote this element by a. Define

f:R— K, f(r):=ra
Check: f is a homomorphism of R-modules and f|; = f. By Lemma (3.3) it

follows that K is an injective R-module. 0

Proposition 3.7. Let M # 0 and N be R-modules, and let  : M — N be a

monomorphism. Then the following are equivalent:

1. Every nonzero submodule of N has a nonzero intersection with 0(M).
2. Every nonzero element of N has a nonzero multiple in 6(M).
3. If ¢ob is injective for a homomorphism ¢ : N — @Q, then ¢ is injective.

Proof. (1) = (2) If n is a nonzero element of N, then the cyclic module Rn has
a nonzero intersection with 6(M).

(2) = (3) If not, then ker¢ has a nonzero intersection with 6(M).
contradicting the assumption that ¢of is injective.

(3) = (1) Let N’ be a nonzero submodule of N, and consider the canonical
surjection ¢ : N — N/N’. Then ¢ is not injective, hence the composition
¢of : M — N/N’ is not injective, i.e., N contains a nonzero element of 6(M).

O

Definition 3.8. An abelian group D is said to be divisible if given any y € D
and 0 # n € Z, there exists z € D such that nx = y.

Example 3.9.

1. If R is a division ring, then every R-module is injective by Lemma (3.3])
since the only ideals of R are 0 and R.
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2. Note that @ is a divisible Z-module since for every ¢ € @, where g = 7 for
integers a,b € Z with b # 0, and for every 0 # z € Z, there exists x € @

such that xz = 7 so that ¢ = zz.

3. Note that Z is not a divisible Z-module since there is no z € Z with 3 = 2x.
Theorem 3.10. Every injective R-module is divisible.

Proof. Suppose that M be an injective R-module. Let m € M and let r € R be
such that r is not a right zero-divisor. Note that Rr is a left ideal in R. Define
the well-defined function f : Rr — M by f(tr) = tm since r is not a right

zero-divisor. Note that for every s,t € R
flr+sr)y=f((t+s)r)=(t+s)m=tm+sm= f(tr)+ f(sr) (3.1)

and

f(t(sr)) = f((ts)r) = (ts)m = t(sm) = tf(sm), (32)
so f is an R-homomorphism. Since M is injective, there is an R-homomorphism
g: R — M such that g|rl = f. Thus, m = 1gm = f(1gr) = g(1gr) = rg(1Rr),
where g(1r) € M. Hence, M is divisible. O

Lemma 3.11. An abelian group D is divisible if and only if D is an injective

(unitary) Z-module.

Proof. If D is injective, y € D and 0 # n € Z, let f : (n) — D be the unique
homomorphism determined by n +— y; ((n) is a free Z module). Since D is

injective, there is a homomorphism h : Z — D such that the diagram

0 (n) ——> 7
b A
D

is commutative. If x = h(1), then nz = nh(1l) = h(n) = f(n) = y. Therefore,
D is divisible. To prove the converse note that the only left ideals of Z are the

cyclic groups (n),n € Z. If D is divisible and f : (n) — D is a homomorphism,
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then there exists z € D with nx = f(n). Define h: Z — D by 1 +— z and verify

that h is a homomorphism that extends f. Therefore, D is injective by Lemma

(3-3)- O

Remark 3.12. The rationals Q (with addition) form an injective abelian group

(i.e. an injective Z-module). The factor group Q/Z is also injective Z-module.

Lemma 3.13. Every abelian group A may be embedded in a divisible abelian

group.

Proof. There is a free Z-module F' and an epimorphism F — A with kerK
so that F/K = A. Since F is a direct sum of copies of Z and Z C Q, F
may be embedded in a direct sum D of copies of the rationals Q. But D is a
divisible group by Proposition and Lemma . If f: F — D is the
embedding monomorphism, then f induces an isomorphism F/K = f(F)/f(K).
Thus the composition A = F/K = f(F)/f(K) C D/f(K) is a monomorphism.
But D/f(K) is divisible since it is the homomorphic image of a divisible group.

O

Lemma 3.14. If J is a divisible abelian group and R is a ring with identity, then
Homy (R, J) is an injective left R-module.

Proof. By Lemma it suffices to show that for each left ideal L of R,
every R-module homomorphism f : L — Homgyz(R,J) may be extended to an
R-module homomorphism h : R — Homy(R,J). The map g : L — J given by
g(a) = [f(a)](1r) is a group homomorphism. Since J is an injective Z-module by
Lemma and we have the diagram

C

0—— L —R
Js
J
there is group homomorphism g : R — J such that g|/L = g. Define

h: R — Homg(R,J) by n — y, where h(r) : R — J is the map given by
[h(r)](x) = g(zr)(x € R). h is well-defined function (that is, each h(r) is a group
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homomorphism R — J) and h is group homomorphism R — Homgz(R, J). If
s,r,x € R, then

h(sr)(z) = g(z(sr)) = g((xs)r) = h(r)(zs). (3-3)

By the definition of the R-module structure of Homgz(R, J), h(r)(zs) = [sh(r)](z),
whence h(sr) = sh(r) and h is an R-module homomorphism. Finally suppose
r€ L and x € R. Then zr € L and

h(r)(z) = g(ar) = g(ar) = [f(2r)](1r). (3.4)
Therefore, h(r) = f(r) for r € L and h is an extension of f. O

Proposition 3.15. FEvery unitary module A over a ring R with identity maybe

embedded in an injective R-module

Proof. Since A is an abelian group, there is a divisible group J and a group
monomorphism f : A — J by Lemma (3.13). The map f : Homz(R, A) —
Homgz(R,J) given on g € Homz(R,A) by f(g9) = fg € Homgz(R,J) is easily
seen to be an R-module monomorphism. Since every R-module homomorphism
is a Z-module homomorphism, we have Homg(R, A) C Homyz(R, A). In fact, it
is easy to see that Hompg(R, A) is an R-submodule of Homz(R, A). Finally, the
map A — Hompg(R, A) given by a — f,, where f,(r) = ra, is an R-module
monomorphism (in fact it is an isomorphism). Composing these maps yields an

R-module monomorphism

A — Homp(R, A) <5 Homz(R, A) L5 Homz(R, J). (3.5)

Since Homyz(R, J) is an injective R-module by Lemma (3.14)), we have embedded

A in an injective. ]
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Lemma 3.16. Let R be a P.I.D. If M is a divisible R-module, then M is injective

Proof. Suppose that M is an injective R-module. Then by Theorem M is
divisible. Conversely, suppose that M is a divisible R-module. Let f : [ — M
be an R-homomorphism, where [ is a left ideal of R. Since R is a principle ideal
ring, I = Rt for some t € R. Since M is divisible, there exists an m € M such that
f(t) = tm. Define g : R — M by g(r) = rm. Then g is an R-homomorphism.
Note that for every st € Rt, g(st) = (st)m = s(tm) = sf(t) = f(st). Thus, M is

injective. O

Example 3.17. If Z is P.I.D injective Z-module, then Z is divisible module over
Z.

Corollary 3.18. IfR is a P.1.D, J is an injective R-module and K is a submodule
of J, then J/K s injective.

Proof. J is divisible so J/K is divisible with R P.I.D imply J/K is injective [

4 One Open Problem

Firstly we recall following definitions from [5].
Definition 4.1. Let C be an additive category and d° : X — X! be a morphism
in C. An n-coker of d° is a sequence

1 2 mn
d,...d"): x* %5 x2 4, 4 et

such that, for all Y € C the induced sequence of abelian groups

m * m—1% 1* 0*

0—cx™y) S exny) S LS exty) S exO,y)
is exact. Equivalently, the sequence (d!,...,d") is an n-coker of d° if, for all
1 < k < n—1 the morphism d* is a weak cokernel of d*~1, and d" is moreover a

cokernel of d"~!. The concept of n-ker of morphism is defined dually.
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Definition 4.2. Let C be an additive category. An n-exact sequence in C is a

complex . ) )
d d an— dan
X0 5 xS L xS xt

in Ch™(C) such that (d°,...,d""!) is an n-ker of d", and (d', ...,d") is an n-coker
of d°.

Now one can investigate an n-injective module n-divisible modules. Next one
can obtain all of the result of them as we obtained in this paper, and it is an open

problem.
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