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Abstract

In present article, we introduce and study a certain family of analytic
functions defined by Wanas operator in the open unit disk. We establish
some important geometric properties for this family. Further we point out
certain special cases for our results.

1 Introduction and Definitions

Let 2( denote the class of function f(z) which are normalized analytic in the open
unit disk & = {z € C : |2] < 1}. Let £(Y) be the space of analytic functions in the
unit disc 4. Let

Ao = {f €LY f(z)=z+ Ue+1ze+1 +Oep2TE 4 } (1.1)
with 2; =2, z € 4 and

Llo,e]:=={p e WK : p(2) =0+ ez + Oep12TH 4 -+ } (1.2)
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forc € Cand e € NV.
We denote by S subclass of functions which are analytic, univalent in 4 and

has the normalization -
f(z) =2+ Z o1z (1.3)
t=2

which implies that

f0)=0, f(0)=1.
A function f(z) € S is said to be a starlike, convex and turning bounded functions
of order ¢ which are denoted by S*(§),(d), R(5) C S, if the following conditions
are satisfied: R (Zf’(z)> >0, R (Z ) 1) > § and R(f'(2)) > 0, where 0 < § < 1.

f(2) i (2)
Next we recall the definition of subordination. For two functions hq, ho € U,

we say that hq is subordinated to he and symbolically written as hy < hg if
there exists an analytic function w with the property |w(z)| < |z| such that
hi(2) = ha (w(2)) for z € D. Further, if hg € S, then the condition becomes

hi1 < ho & hy (0) = ho (0) and hq (ﬂ) C ho (ﬂ) .

Wanas [16] in 2019 introduced the following operator, which can also be called
(Wanas operator) Qﬂgz : 4 — 4 defined by

WHT§(z) =2+ Y _[i(v, p, B)| "o, (1.4)
t=2
where )
S 7)) (cayet W)
I (v, 41, 8) = ; <a> (—1) < g ) (1.5)

a,m€eNy, 20, p€R and u+ 3> 0.
Special cases of this operator can be found in [11, 2] 3], 6] Ol 10} 13} [14] 15]. For
more details see [17].

It is readily confirmed from (1.4]) that

(257, 1(2)) = !Z (”) ot ((5) +1)

_ ~ [i (Z) (—1)e+ (Z)a] W47 §(2). (1.6)

a=1

Wy m1f(2)
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Lemma 1.1. [8] Let ¢ be holomorphic in 4 with ¢(0) = 1. If

(%)

then R(¢(z)) >0 in 4, z € U and 3 <5< 1.

2 Main Result

Definition 2.1. We say that a function f(2) € 2 is in the class G{’s(v, u, 8) if

W f(2) ( P

A
~ QB“”f(z)) -1 <1-0 (z€l),
B,m

where 20, u € R, u+>0,A>0,a,meNy={0,1,2,3---}and 0 < 9 < 1.

Remark 2.2. The family g;}(;(% i, B) is a new comprehensive class of holomorphic

functions which includes numerous new classes of holomorphic univalent functions

as well as some very well-known ones. In place of “equivalence” we are going to

take “contained in” as it was discussed in [4], also see [I1 [12] for more details.

For example,

1. Form=pu=0and v= 8 = X =1, we have the class 9?75(1,0, 1) contained

in S*(9).

2. For y =0and m =~ = = A= 1, we have the class 911(5(1,07 1) contained

in K(9).

3. Form=pu=XA=0and v= =1, we have the class 985(1,0, 1) contained

in R(9).
4. For p =1— g and v = 1, we have the class
Gr5(1,1=8,8) = 635(8).

introduced by Catas and Lupas [5].
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5. For m = 0, the class

() (M)A 1

intoduced by Frasin and Jahangiri [§].

B()\,é):{f(z)em: <1—6;)\20,0§5<1,z€ﬂ}

6. For m =0 and A\ = 2, the class

Zf/
ZP(S)_1’<1_5;0§5<1’ zeil}

intoduced by Frasin and Darus [7].

B(d) = {f(z) eA:

Theorem 2.3. If for all function f(z) € A, 820, p € R, u+p >0, A >0,
a,mée Ny =4{0,1,2,3---} and 0 < § < 1, we have

[ - @ 0 (5) 1) | W5i)
m§%+1f(z)
A [ I (”) (0t ((5) +1) | WE7:)
- W H(2)
_ _ 3 T (Zqyett (H ’ z z .
(1 A)(;(J( 1)%+ (ﬁ> +1>+1<¢ +1, zed, (2.1)

where ¢ = = 2‘g35, then § € (]1\7}5(7, w, 3).

Proof. Now taking

oy = D) (2’
-z WETHz) )

then ¢(z) is holomorphic in 4 with ¢(0) = 1. With the knowledge of differentiation

we have

log(¢(2)) = log(W ), 1f(2)) —log(z) + Alog(z) — Alog(2Wj ) §(2))

http://www. earthlinepublishers.com
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o(z) WL L) W (=)

¢'(2) _ (Wmil(2)) ¢<wg:;f<z>>'_<1_¢)

z

#(2) [ - @ 0 ((8) 1) | 2570
< W 1)
m ey oy
z + >
A[ “ @ e ((8) )| Wi
_ AW 5(2) —< ; )

multiplying throughout by z, yields

02 [ - <7> 0 ()" 1) | WEafe)
) W11 C2)
A[ - (7> 0 ((5)" 1) | Wiai(e)
W A=)

Applying (2.1]), we have

(e 4

Thus, by the application of Lemma we have

we i (e ]
%< : (wgzmz)) o

Hence, § € gg}(y, i, 3), by the reason of Definition O
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Varying the parameters of the above theorem gives the following corollaries.

Corollary 2.4. Suppose f(z) € 2 and

s <sz,/;<z'§) +1> > %, z € M,

then :
R((2) > 5, =ei

We can as well say that, if the function f(z) is convex of order 1/2, then f(z) €

98’5(1, 0,1) contained in R(1/2).

Corollary 2.5. Suppose f(z) € A and

) A PEDY L L
é’*( i) T ) ) )> .

2
then f(z) € G} l/2(1, 0,1), therefore
zf"(2) 1
R 1 — L
(5 +1)7s =
Which implies that §(z) is convex of order 1/2.

Corollary 2.6. Suppose f(z) € A and

() | i) 43T () + ()
%( Mo T e+ )>

1
Y Eu?
5 z

then

R (széz;)) >0, zesl

Which implies that §(z) is a starlike function.
Corollary 2.7. [5] Suppose f(z) € 2 and

54(2) — j(e) + 2P(2)\ L 1
%< GG +i0) >>2’

z e M,

then
R (—2 + i) + f/(z)> >2, zell

z
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