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Abstract

We use the concept of convolution to introduce and study the properties

of a unified family T UMγ(g, b, k, α), (0 ≤ γ ≤ 1, k ≥ 0), consisting of

uniformly k-starlike and k-convex functions of complex order b ∈ C \ {0}
and type α ∈ [0, 1). The family T UMγ(g, b, k, α) is a generalization of

several other families of analytic functions available in literature. Apart from

discussing the coefficient bounds, sharp radii estimates, extreme points and

the subordination theorem for this family, we settle down the Silverman’s

conjecture for integral means inequality. Moreover, invariance of this family

under certain well-known integral operators is also established in this paper.

Some previously known results are obtained as special cases.

1 Introduction

Let H := H(D) be the collection of all functions f(z) that are analytic in the open

unit disc D := {z ∈ C : |z| < 1}, and let A denote the class of normalized analytic
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functions f(z) of the form

f(z) = z +

∞∑
n=2

anz
n. (1.1)

A function f ∈ A is said to be uniformly k-starlike of order α if it satisfies

<
{
zf ′(z)

f(z)
− α

}
> k

∣∣∣∣zf ′(z)f(z)
− 1

∣∣∣∣ ,
where 0 ≤ α < 1, k ≥ 0. Let us denote the class of all such functions by US(α, k).

Similarly, f(z) is said to belong to the class of uniformly k-convex functions of

order α, UC(α, k), if it satisfies

<
{

1 +
zf ′′(z)

f ′(z)
− α

}
> k

∣∣∣∣zf ′′(z)f ′(z)

∣∣∣∣ ,
where 0 ≤ α < 1 and k ≥ 0. Geometrically, f ∈ US(α, k) (or UC(α, k)) if and

only if all the values taken by the expression zf ′(z)/f(z) (or 1 + zf ′′(z)/f ′(z)) lie

in the conic domain 4α,k included in the right-half plane <(w) > (α+ k)/(1 + k)

and is defined as

4α,k :=
{
u+ iv ∈ C : (u− α)2 > k2

(
(u− 1)2 + v2

)}
.

Note that 4α,k represents (i) the right-half plane <(w) > α for k = 0, (ii) a

hyperbolic domain for 0 < k < 1, (iii) a parabolic domain for k = 1, and (iv) an

elliptic domain for k > 1. A pictorial representation of the domain 4α,k is given

in Figure 1, where we have taken α = 1/2 and k ∈ {0, 0.5, 1, 1.5}. Observe that

the conic regions are symmetric about the u-axis. For further details, see Kanas

and Wísniowska [24,25].

The classes US(α, k) and UC(α, k) also generalize various previously defined

function classes. For example US(α, 0) = S∗(α) and UC(α, 0) = C(α) are,

respectively, the families of starlike and convex functions of order α, which

were introduced by Robertson [39]. Also US∗(0, 0) = S∗ and UC(0, 0) = C are

the well-known classes of starlike and convex functions. Further, the families

US(0, 1) = US and UC(0, 1) = UC were introduced and investigated by Goodman

[18,19] and Rönning [40,41]. For further details, see [13] and references therein.
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Figure 1: The domain 4α,k =
{
u+ iv : (u− α)2 > k2

(
(u− 1)2 + v2

)}
.

Later on, Aqlan et al. [7] unified the families US(α, k) and UC(α, k) to

introduce U(k, α, γ) defined as

U(k, α, γ) :=

{
f ∈ A : <

(
zf ′(z) + γz2f ′′(z)

(1− γ)f(z) + γzf ′(z)

)
> k

∣∣∣∣ zf ′(z) + γz2f ′′(z)

(1− γ)f(z) + γzf ′(z)
− 1

∣∣∣∣+ α

}
,

where k ≥ 0, 0 ≤ α < 1, 0 ≤ γ ≤ 1. By way of explanation, as γ varies from 0 to

1, this family provides a transition from the class of k-uniformly starlike functions

of order α and type γ to the class of k-uniformly convex functions of order α and

type γ in the open unit disk D. Further generalizations of the above mentioned

classes involving complex order also exist in the literature.

Earthline J. Math. Sci. Vol. 7 No. 1 (2021), 49-76



52 Faroze Ahmad Malik, Nusrat Ahmed Dar and Chitaranjan Sharma

Functions of complex order

A function f ∈ A is said to be starlike of complex order b (b ∈ C \ {0}) and type

α (0 ≤ α < 1) if and only if

<
{

1 +
1

b

(
zf ′(z)

f(z)
− 1

)}
> α.

Let us denote the class of all such functions by S∗α(b). Further, a function f(z) of

the form (1.1) is said to belong to the class Cα(b) of convex functions of complex

order b (b ∈ C \ {0}) and type α (0 ≤ α < 1) if and only if

<
{

1 +
1

b

zf ′′(z)

f ′(z)

}
> α.

The function classes S∗α(b) and Cα(b) were introduced and studied by Frasin [16],

and the classes S∗0 (b) and C0(b) were considered by Nasr and Aouf [31–33].

Definition 1.1 (Convolution). Let f ∈ A be given by (1.1) and let g ∈ A be

defined as

g(z) = z +
∞∑
n=2

bnz
n (bn ≥ 0), (1.2)

then the convolution (or Hadamard product) of f and g, denoted by f ∗ g, is

defined as

(f ∗ g)(z) = z +
∞∑
n=2

anbnz
n = .

Under the operation of Hadamard product, the convex function p(z) = z/(1− z)
plays the role of identity element.

In 2008, using the concept of convolution, Raina and Bansal [38] introduced

and studied the function class S(g, α, k) consisting of f(z) satisfying

<
{
z(f ∗ g)′(z)

(f ∗ g)(z)
− α

}
> k

∣∣∣∣z(f ∗ g)′(z)

(f ∗ g)(z)
− 1

∣∣∣∣ ,
for some g given by (1.2) with (f ∗ g)(z) 6= 0, where 0 ≤ α < 1 and k ≥ 0.
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To include the uniformly k-convex functions of order α, Aouf et al. [4], in 2010,

extended this class to S(g, γ, α, k) consisting of f(z) satisfying

<
(

z(f ∗ g)′(z) + γz2(f ∗ g)′′(z)

(1− γ)(f ∗ g)(z) + γz(f ∗ g)′(z)
− α

)
>k

∣∣∣∣ z(f ∗ g)′(z) + γz2(f ∗ g)′′(z)

(1− γ)(f ∗ g)(z) + γz(f ∗ g)′(z)
− 1

∣∣∣∣ .
Recently, Bukhari et al. [11] extended the idea of Aouf et al. [4] to define a

new class UM(g, γ, b, k) of analytic functions involving complex order as follows:

Definition 1.2. Let the functions f and g be given by (1.1) and (1.2), respectively.

Define

Φ(z) := (f ∗ g)(z) 6= 0, z ∈ D. (1.3)

Then f ∈ UM(g, γ, b, k), if and only if the following inequality holds:

<
{

1 +
1

b

(
zΦ′(z) + γz2Φ′′(z)

(1− γ)Φ(z) + γzΦ′(z)
− 1

)}
> k

∣∣∣∣1b
(

zΦ′(z) + γz2Φ′′(z)

(1− γ)Φ(z) + γzΦ′(z)
− 1

)∣∣∣∣ ,
where 0 ≤ γ ≤ 1, k ≥ 0, and b ∈ C \ {0}.

The authors [11] discussed only a few geometric and analytic properties of

functions belonging to the family UM(g, γ, b, k).

Motivated by the above mentioned works, in this paper, we extend the class

UM(g, γ, b, k) to the function class UMγ(g, b, k, α) which consists of analytic

functions of complex order b and type α. We discuss a number of characteristic

and geometric properties of this class and obtain the results of Bukhari et al. [11]

as special cases.

Definition 1.3. Let f ∈ A be as in (1.1). Then f ∈ UMγ(g, b, k, α), if for a

function g(z) of the form (1.2) satisfying Φ(z) := (f ∗ g)(z) 6= 0, we have

<
{

(1− α) +
1

b

(
zΦ′(z) + γz2Φ′′(z)

(1− γ)Φ(z) + γzΦ′(z)
− 1

)}
>k

∣∣∣∣1b
(

zΦ′(z) + γz2Φ′′(z)

(1− γ)Φ(z) + γzΦ′(z)
− 1

)∣∣∣∣ , (1.4)

where 0 ≤ γ ≤ 1, k ≥ 0, 0 ≤ α < 1 and b ∈ C \ {0}.
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We usually call such a class of functions to be defined by the convolution

operator g. For further details about convolution operators, see Shareef et al. [45]

and references therein. For special choices of parameters α, k, b, γ and suitable

selection of the function g(z), the class UMγ(g, b, k, α) has been considered earlier.

In particular, setting

g(z) =
z

(1− z)
,

and denoting the class UMγ

(
z

(1−z) , b, k, α
)

by UMγ(b, k, α), we note that:

(a) The class UMγ(b, 0, α) = SC(b, γ, α) was considered by Altintas et

al. [2].

(b) The class UMγ(b, 0, 0) = P(γ, b) was considered by Aouf [3].

(c) UMγ(1, k, α) = U(k, α, γ) was considered by Aqlan et al. [7].

(d) Moreover, the following relationships hold:

UM0(1, k, α) = US∗(α, k) and UM1(1, k, α) = UC(α, k),

UM0(b, 0, α) = S∗b (α) and UM1(b, 0, α) = Cb(α).

For more literature in this direction, we refer to [5,6,12,15,16,28,29,31–34,36,59].

Functions with negative coefficients

Let T denote the subclass of A consisting of functions with negative coefficients

of the form

f(z) = z −
∞∑
n=2

anz
n (an ≥ 0). (1.5)

The class T was first introduced by Silverman [48] and later on studied extensively

by a number of authors including the ones in [1, 2, 20–22, 35, 44, 49, 50]. Also see

Srivastava et al. [51–57].

The importance of the class T ⊂ A in the theory of univalent functions is due

to the fact that some conditions which are only sufficient for the members of A
prove to be both necessary and sufficient for the members of T . The coefficient
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characterization makes several computations in T manageable which can be very

messy and very difficult for the whole of A. For very recent works related to

functions with negative coefficients, we refer to [8, 10,14,23,30,37,43,46,47].

Motivated by the above cited works on functions with negative coefficients,

in this paper, we study various characteristic properties of the function class

T UMγ(g, b, k, α given by

T UMγ(g, b, k, α) = UMγ(g, b, k, α) ∩ T ,

where UMγ(g, b, k, α) has been introduced in Definition 1.3. More explicitly,

in Section 2, we solve some coefficient problems and determine the

radius of close-to-convexity, starlikeness, and convexity for the members of

T UMγ(g, b, k, α). Section 3 proves that the family T UMγ(g, b, k, α) is convex

and investigates its extreme points. Section 3 also examines the invariance of

T UMγ(g, b, k, α) under certain well-known operators, viz, Komato, Bernardi,

Libera, etc. In Section 4, we prove that the integral means property holds for the

family T UMγ(g, b, k, α). Finally, a subordination problem involving the concept

of subordinating factor sequences is discussed in Section 5.

Note. Now onwards, f ∈ A will mean f(z) given in (1.1) and f ∈ T will mean

f(z) given in (1.5), unless stated otherwise.

2 Coefficient Estimates and Radii Problems

The following theorem gives a sufficient condition for of f ∈ A to be in

T UMγ(g, b, k, α).

Theorem 2.1. Let f ∈ A and g(z) be of the form (1.2). If for some k ≥ 0,

0 ≤ γ ≤ 1, 0 ≤ α < 1, and b ∈ C \ {0}, the inequality

∞∑
n=2

[(k + 1)(n− 1) + (1− α)|b|] [1 + γ(n− 1)]|an|bn ≤ (1− α)|b| (2.1)

holds, then f ∈ UMγ(g, b, k, α).

Earthline J. Math. Sci. Vol. 7 No. 1 (2021), 49-76
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Proof. In view of Definition 1.3, f ∈ UMγ(g, b, k, α) if

k

∣∣∣∣( zΦ′(z) + γz2Φ′′(z)

(1− γ)Φ(z) + γzΦ′(z)
− 1

)∣∣∣∣−<{ b

|b|

(
zΦ′(z) + γz2Φ′′(z)

(1− γ)Φ(z) + γzΦ′(z)
− 1

)}
≤(1− α)|b|,

where the function Φ(z) = (f ∗ g)(z). For z on the unit circle ∂D = {z : |z| = 1},
we have

k

∣∣∣∣( zΦ′(z) + γz2Φ′′(z)

(1− γ)Φ(z) + γzΦ′(z)
− 1

)∣∣∣∣−<{ b

|b|

(
zΦ′(z) + γz2Φ′′(z)

(1− γ)Φ(z) + γzΦ′(z)
− 1

)}
≤(k + 1)

∣∣∣∣( zΦ′(z) + γz2Φ′′(z)

(1− γ)Φ(z) + γzΦ′(z)
− 1

)∣∣∣∣
≤(k + 1)

∞∑
n=2

(n− 1)[1 + γ(n− 1)]|an|bn

1−
∞∑
n=2

[1 + γ(n− 1)]|an|bn
.

This last expression is bounded above by (1− α)|b| if

∞∑
n=2

[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]|an|bn ≤ (1− α)|b|,

and hence the proof follows by an appeal to maximum modulus theorem.

Remark 1. If we take α = 0 in Theorem 2.1, we obtain Theorem 3.4 given by

Bukhari et al. [11].

The following theorem proves that the condition (2.1) is also necessary for the

functions in T .

Theorem 2.2. A necessary and sufficient condition for f ∈ T to be in the class

T UMγ(g, b, k, α) is that

∞∑
n=2

[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]anbn ≤ (1− α)|b|, (2.2)

where k ≥ 0, 0 ≤ γ ≤ 1, 0 ≤ α < 1 and b ∈ C \ {0}.
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Proof. In view of Theorem 2.1, only necessary part is required to be proven. For

f ∈ T UMγ(g, b, k, α), we have

<
{

1− α+
1

b

(
zΦ′(z) + γz2Φ′′(z)

(1− γ)Φ(z) + γzΦ′(z)
− 1

)}
>k

∣∣∣∣1b
(

zΦ′(z) + γz2Φ′′(z)

(1− γ)Φ(z) + γzΦ′(z)
− 1

)∣∣∣∣ ,
which further implies that

<

1− α− 1

b


∞∑
n=2

(n− 1)[1 + γ(n− 1)]anbnz
n−1

1−
∞∑
n=2

[1 + γ(n− 1)]anbnz
n−1




>k

∣∣∣∣∣∣∣∣∣∣
1

b


∞∑
n=2

(n− 1)[1 + γ(n− 1)]anbnz
n−1

1−
∞∑
n=2

[1 + γ(n− 1)]anbnz
n−1


∣∣∣∣∣∣∣∣∣∣
.

Letting z → 1− along the real axis, we have

1− α− 1

|b|


∞∑
n=2

(n− 1)[1 + γ(n− 1)]anbn

1−
∞∑
n=2

[1 + γ(n− 1)]anbn



>k

 1

|b|


∞∑
n=2

(n− 1)[1 + γ(n− 1)]anbn

1−
∞∑
n=2

[1 + γ(n− 1)]anbn


 .

Which on simplification yields the inequality (2.2).

Remark 2. If we fix b = 1 and g(z) = z/(1− z) in Theorem 2.2, then for γ = 0

we obtain the necessary and sufficient condition for the class US(α, k), and for

γ = 1, we obtain such conditions for UC(α, k).
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The following result is an immediate consequence of Theorem 2.2.

Corollary 2.1. Let f ∈ T be in the class T UMγ(g, b, k, α). Then

an ≤
(1− α)|b|

[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]bn
(n ≥ 2).

The result is sharp for the function

f(z) = z − (1− α)|b|
[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]bn

zn (n ≥ 2), (2.3)

where k ≥ 0, 0 ≤ γ ≤ 1, 0 ≤ α < 1 and b ∈ C \ {0}.

Radius Problems

Definition 2.1 (Radius Problems). Let F and G be two subfamilies of A. Then

the F-radius of G, denoted by RF (G), is the largest number ρ (0 < ρ < 1) such

that r−1f(rξ) ∈ F for all f ∈ G, where 0 < r ≤ ρ. The problem of finding the

number ρ is called a radius problem. Further, if we can find an f0 ∈ G such that

r−1f0(rξ) 6∈ F whenever r > ρ, then the number ρ is said to be sharp.

Goodman [17, Chapter 13] listed, systematically, several radii results

concerning certain classical subfamilies of S.

In the following theorems, we find the radii of close-to-convexity, starlikeness,

and convexity for the members of the family T UMγ(g, b, k, α).

A function f(z) analytic in D is said to belong to the class K(σ) of

close-to-convex functions of order σ(0 ≤ σ < 1) if there is a convex function

h(z) such that <{f ′(z)/h′(z)} > σ. Since h(z) = z is a convex function, it follows

that those functions f(z) which satisfy the condition <{f ′(z)} > σ are members

of the family K(σ).

Theorem 2.3. Let f ∈ T UMγ(g, b, k, α) be defined by (1.5) and let g(z) be of

the form (1.2). Then f(z) is close-to-convex of order σ (0 ≤ σ < 1) in the open

disk |z| < rcc, where

rcc = inf
n≥2

{
(1− σ)[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]bn

n(1− α)|b|

} 1
n−1

. (2.4)

The result is sharp for f ∈ T UMγ(g, b, k, α) given by (2.3).
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Proof. It is sufficient to prove that |f ′(z) − 1| ≤ 1 − σ for |z| < rcc, where rcc is

given by (2.4). From the representation (1.5) of f(z) we have

|f ′(z)− 1| ≤
∞∑
n=2

nan|z|n−1.

Therefore, |f ′(z)− 1| ≤ 1− σ if

∞∑
n=2

(
n

1− σ

)
an|z|n−1 ≤ 1. (2.5)

Since f(z) ∈ T UMγ(g, b, k, α), it follows from Theorem 2.2 that

∞∑
n=2

[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]anbn
(1− α)|b|

< 1.

Thus (2.5) will be true if(
n

1− σ

)
|z|n−1 ≤ [(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]bn

(1− α)|b|
.

On further simplification, the above inequality yields the result.

Theorem 2.4. Let the function f ∈ T and the function g(z) be defined by (1.2).

Let us suppose that f(z) belongs to the class T UMγ(g, b, k, α). Then

1. f(z) is starlike of order σ (0 ≤ σ < 1) in the open disk |z| < rs, where

rs = inf
n≥2

{
(1− σ)[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]bn

(n− σ)(1− α)|b|

} 1
n−1

. (2.6)

2. f(z) is convex of order σ (0 ≤ σ < 1) in the open disk |z| < rc, where

rc = inf
n≥2

{
(1− σ)[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]bn

n(n− σ)(1− α)|b|

} 1
n−1

. (2.7)

Both the results are sharp.

Earthline J. Math. Sci. Vol. 7 No. 1 (2021), 49-76
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Proof. To prove (1), it is sufficient to prove that∣∣∣∣zf ′(z)f(z)
− 1

∣∣∣∣ ≤ 1− σ for |z| < rs.

Indeed, we find from the definition (1.5) of f(z) that∣∣∣∣zf ′(z)f(z)
− 1

∣∣∣∣ ≤ ∑∞n=2(n− 1)an|z|n−1

1−
∑∞

n=2 an|z|n−1
.

Thus ∣∣∣∣zf ′(z)f(z)
− 1

∣∣∣∣ ≤ 1− σ

if
∞∑
n=2

(n− σ)an|z|n−1

1− σ
≤ 1. (2.8)

But, by Theorem 2.2, the inequality (2.8) will hold if

(n− σ)|z|n−1

1− σ
≤ [(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]bn

(1− α)|b|

that is, if

|z| ≤
{

(1− σ)[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]bn
(n− σ)(1− α)|b|

} 1
n−1

, (n ≥ 2).

(2.9)

Hence (1) of Theorem 2.4 follows easily from (2.9). Using the Alexander’s

characterization that f(z) is convex if and only if zf ′(z) is starlike, (2) follows

easily from (1).

3 Convexity, Invariance and Extreme Points of

T UMγ(g, b, k, α)

A function class F is said to be convex, if for any f1, f2 ∈ F and any β ∈ [0, 1],

one has βf1 + (1− β)f2 ∈ F .
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Theorem 3.1. Let the functions fi (1 ≤ i ≤ m; i ∈ N) be defined as

fi(z) = z −
∞∑
n=2

an,iz
n (an,i ≥ 0; z ∈ D).

Suppose that fi ∈ T UMγ(g, b, k, α) for all 1 ≤ i ≤ m. Then the function h(z)

given by

h(z) =

m∑
i=1

λifi(z)

(
λi ≥ 0;

m∑
i=1

λi = 1

)
,

is also in the class T UMγ(g, b, k, α), where k ≥ 0, 0 ≤ γ ≤ 1, 0 ≤ α < 1 and

b ∈ C \ {0}.

Proof. Since fi ∈ T UMγ(g, b, k, α), it follows from Theorem 2.2 that

∞∑
n=2

[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]

(1− α)|b|
an,ibn ≤ 1, 1 ≤ i ≤ m. (3.1)

From the definition of h(z), we have

h(z) =

m∑
i=1

λifi(z) = z −
∞∑
n=2

(
m∑
i=1

λian,i

)
zn = z −

∞∑
n=2

dnz
n,

where dn =
∑m

i=1 λian,i, n ≥ 2. Making use of (3.1), we have

∞∑
n=2

[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]

(1− α)|b|
dnbn

=

m∑
i=1

λi

{ ∞∑
n=2

[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]

(1− α)|b|
an,ibn

}

≤
m∑
i=1

λi = 1.

Therefore, by Theorem 2.2, it follows that h ∈ T UMγ(g, b, k, α).

Setting λ1 = 1− β, λ2 = β and i = 1, 2 in Theorem 3.1 yields

Corollary 3.1. Let the functions f1, f2 ∈ T UMγ(g, b, k, α). Then

(1− β)f1(z) + βf2(z) ∈ T UMγ(g, b, k, α) (0 ≤ β ≤ 1).
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We have another result (rotation invariance) related to the class as follows.

The proof, being simple, is omitted.

Corollary 3.2. Let f(z) given by (1.5) be in the class T UMγ(g, b, k, α). Then,

for 0 ≤ ε ≤ 1,
f(εz)

ε
∈ T UMγ(g, b, k, α).

Invariance of T UMγ(g, b, k, α) under some well-known operators

In view of Theorem 2.2, it is easy to conclude that if f ∈ T UMγ(g, b, k, α) is

given by (1.5) and

h(z) = z −
∞∑
n=2

dnz
n (dn ≥ 0)

satisfies dn ≤ an for all n ≥ 2, then h ∈ T UMγ(g, b, k, α).

Theorem 3.2. Let f ∈ T UMγ(g, b, k, α) be given as

f(z) = z −
∞∑
n=2

anz
n (an ≥ 0),

and let Kp
c (z) be the Komato operator [26] defined as

Kp
c [f ](z) =

(c+ 1)p

Γ(p)

∫ 1

0

(
log

1

t

)p−1
tc−1f(tz)dt,

where c > −1, p ≥ 0, and Γ is the well-known gamma function. Then Kp
c (z) ∈

T UMγ(g, b, k, α).

Proof. Using the definition of gamma function

Γ(z) =

∫ ∞
0

tz−1e−tdt (<(z) > 0),

it is easy to establish that

(c+ 1)p

Γ(p)

∫ 1

0

(
log

1

t

)p−1
tn+c−1dt =

(
c+ 1

c+ n

)p
.
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Now,

Kp
c [f ](z) =

(c+ 1)p

Γ(p)

{
z

∫ 1

0

(
log

1

t

)p−1
tcdt−

∞∑
n=2

anz
n

∫ 1

0

(
log

1

t

)p−1
tn+c−1dt

}

= z −
∞∑
n=2

(
c+ 1

c+ n

)p
anz

n.

For c > −1 and p ≥ 0, it is obvious that

dn =

(
c+ 1

c+ n

)p
an ≤ an for all n ≥ 2.

Therefore, it follows that Kp
c (z) ∈ T UMγ(g, b, k, α).

Remark 3. For special choices of c and p, it follows from Theorem 3.2 that the

function class T UMγ(g, b, k, α) is invariant under Alexander, Libera, Bernardi,

Jung-Kim-Srivastava operators, see [45].

Extreme Points of T UMγ(g, b, k, α)

Let X be a topological vector space over C and suppose that U ⊂ X . Then U is

convex if sx1 + (1 − s)x2 ∈ U , whenever x1, x2 ∈ U and s ∈ (0, 1). The closed

convex hull H(U) of U is the intersection of all closed convex sets containing U .

A point u ∈ U ⊂ X is said to be an extreme point of U if it can not be written as

u = sx+ (1− s)y for distinct x1, x2 ∈ U and 0 < s < 1.

Since the family T Unp (g, γ, k, b, α) is convex, we determine its extereme points.

Theorem 3.3. Let f1(z) = z and

fn(z) = z − (1− α)|b|
[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]bn

zn (n ≥ 2), (3.2)

for 0 ≤ γ ≤ 1, 0 ≤ α < 1, k ≥ 0 and b ∈ C \ {0}. Then f(z) is in the class

T UMγ(g, b, k, α) if and only if it can be expressed as

f(z) =
∞∑
n=1

λnfn(z), (3.3)

where λn ≥ 0 and
∑∞

n=1 λn = 1.
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Proof. Suppose that f(z) can be expressed as (3.3). We show that f ∈
T UMγ(g, b, k, α). From (3.3), we have that

f(z) =
∞∑
n=1

λnfn(z)

=λ1f1(z) +

∞∑
n=2

λnfn(z)

=z −
∞∑
n=2

λn
(1− α)|b|

[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]bn
zn

=z −
∞∑
n=2

Ψnz
n,

where

Ψn = λn
(1− α)|b|

[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]bn
.

Now,

∞∑
n=2

[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]bnΨn =
∞∑
n=2

λn(1− α)|b|

= (1− α)|b|[1− λ1]

≤ (1− α)|b|.

Therefore, f(z) is in the class T UMγ(g, b, k, α) follows by Theorem

2.2. Conversely, assume that f(z) defined by (1.5) belongs to the class

T UMγ(g, b, k, α). Then

an ≤
(1− α)|b|

[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]bn
(n ≥ 2).

Setting

λn =
[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]anbn

(1− α)|b|
(n ≥ 2)

and λ1 = 1−
∑∞

n=2 λn, we can see that f(z) can be expressed in the form (3.3).
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Corollary 3.3. The extreme points of the class T UMγ(g, b, k, α) are the

functions f1(z) = z and

fn(z) = z − (1− α)|b|
[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]bn

zn (n ≥ 2).

4 Integral Means Property

Baernstein [9] proved that for f ∈ S and the Koebe function k(z) = z/(1− z)2,∫ 2π

0

∣∣∣f(reiθ)
∣∣∣µ dθ ≤ ∫ 2π

0

∣∣∣k(reiθ)
∣∣∣µ dθ (z = reiθ)

for all 0 < r < 1 and µ > 0. Silverman [48] found that the function f̂(z) = z−z2/2
often serves as an extremal function in T as the Koebe function k(z) = z/(1− z)2

does in S. Silverman [49, Open Problem 9] conjectured that: For f ∈ T , is it

true that ∫ 2π

0

∣∣∣f(reiθ)
∣∣∣µ dθ ≤ ∫ 2π

0

∣∣∣f̂(reiθ)
∣∣∣µ dθ ∀r < 1, µ > 0?

He himself settled this conjecture in [50]. In this section we prove Silverman’s

conjecture for functions belonging to the class T UMγ(g, b, k, α). To prove our

result we need the following information.

Definition 4.1 (Subordination). Let f and g be analytic in D. Then we say

that f is subordinate to g(f ≺ g) if there exists a function w, analytic in D with

w(0) = 0 and |w(z)| < 1, such that f(z) = g(w(z)) for all z ∈ D. Furthermore, if

the function g(z) is univalent in D, then f ≺ g if and only if

f(0) = g(0) and f(D) ⊂ g(D).

Lemma 4.1 (Littlewood, [27]). Let the functions f(z) and g(z) be analytic in D
and let f ≺ g. Then∫ 2π

0

∣∣∣f(reiθ)
∣∣∣µ dθ ≤ ∫ 2π

0

∣∣∣g(reiθ)
∣∣∣µ dθ, z = reiθ, µ > 0, 0 < r < 1.
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Theorem 4.1. Let f ∈ T UMγ(g, b, k, α) be of the form (1.5), where 0 ≤ γ ≤
1, 0 ≤ α < 1, k ≥ 0 and b ∈ C \ {0}. Define f2(z) by

f2(z) = z − (1− α)|b|
[k + 1 + (1− α)|b|][1 + γ]b2

z2.

Then for µ > 0 and z = reiθ (0 < r < 1), we have∫ 2π

0

∣∣∣f(reiθ)
∣∣∣µ dθ ≤ ∫ 2π

0

∣∣∣f2(reiθ)∣∣∣µ dθ. (4.1)

Proof. In view of (1.5), proving (4.1) is equivalent to prove∫ 2π

0

∣∣∣∣∣1−
∞∑
n=2

anz
n−1

∣∣∣∣∣
µ

dθ ≤
∫ 2π

0

∣∣∣∣1− (1− α)|b|
[k + 1 + (1− α)|b|][1 + γ]b2

z

∣∣∣∣µ dθ.
By Lemma 4.1, the result will follow if we show

1−
∞∑
n=2

anz
n−1 ≺ 1− (1− α)|b|

[k + 1 + (1− α)|b|][1 + γ]b2
z. (4.2)

Setting

1−
∞∑
n=2

anz
n−1 = 1− (1− α)|b|

[k + 1 + (1− α)|b|][1 + γ]b2
w(z).

This implies

w(z) =
∞∑
n=2

[k + 1 + (1− α)|b|][1 + γ]b2
(1− α)|b|

anz
n−1 with w(0) = 0.

Using (2.2), we obtain

|w(z)| =

∣∣∣∣∣
∞∑
n=2

[k + 1 + (1− α)|b|][1 + γ]b2
(1− α)|b|

anz
n−1

∣∣∣∣∣
≤ |z|

∞∑
n=2

[k + 1 + (1− α)|b|][1 + γ]b2
(1− α)|b|

an

≤ |z|
∞∑
n=2

[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]bn
(1− α)|b|

an

≤ |z| < 1.

This establishes (4.2) and hence completes the proof.
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5 Subordination Theorem

Definition 5.1 (Subordinating Factor Sequence). A sequence {sn}∞n=1 of complex

numbers is said to be a subordinating factor sequence if for every convex univalent

function

Ψ(z) = z +
∞∑
n=2

cnz
n (z ∈ D) (5.1)

we have the subordination given by

∞∑
n=1

sncnz
n ≺ Ψ(z) (z ∈ D; c1 = 1).

The following criterion for a sequence of complex numbers {sn}∞n=1 to be a

subordinating factor sequence was established by Wilf [58].

Lemma 5.1 ( [58, Theorem 2]). The sequence {sn}∞n=1 is a subordinating factor

sequence if and only if

<

{
1 + 2

∞∑
n=1

snz
n

}
> 0.

For further results related to subordinating factor sequence, refer Raina and

Bansal [38] and Ruscheweyh [42].

Theorem 5.1. Let the function f ∈ A satisfies the condition (2.1) and let

υ =
[k + 1 + (1− α)|b|](1 + γ)b2

2 {[k + 1 + (1− α)|b|](1 + γ)b2 + (1− α)|b|}
.

Then for every convex function Ψ(z) we have

υ(f ∗ q)(z) ≺ Ψ(z) (z ∈ D). (5.2)

Furthermore,

<{f(z)} > − 1

2υ
(z ∈ D). (5.3)

The constant factor υ in (5.2) and (5.3) is best possible.
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Proof. Let Ψ(z) be defined by (5.1). Then

υ(f ∗ q)(z) =
∞∑
n=1

sncnz
n

where c1 = 1 and

sn =

{
υ, if n = 1

υan, if n ≥ 2.

In view of Definition 5.1 and Lemma 5.1, the subordination (5.2) will hold true if

<

{
1 + 2

∞∑
n=1

snz
n

}
> 0.

Since

[k+ 1 + (1−α)|b|](1 +γ)b2 ≤ [(k+ 1)(n−1) + (1−α)|b|][1 +γ(n−1)]bn (n ≥ 2),

we have for |z| = r < 1,

<

{
1 + 2

∞∑
n=1

snz
n

}
≥ 1− 2υr − 2

∞∑
n=2

υ|an|rn

≥ 1− [k + 1 + (1− α)|b|](1 + γ)b2
{[k + 1 + (1− α)|b|](1 + γ)b2 + (1− α)|b|}

r

−
∑∞

n=2[(k + 1)(n− 1) + (1− α)|b|][1 + γ(n− 1)]|an|bnrn

2 {[k + 1 + (1− α)|b|](1 + γ)b2 + (1− α)|b|}
.

Which on using (2.1) gives

<

{
1 + 2

∞∑
n=1

snz
n

}
≥ 1− r > 0.

Hence the subordination result (5.2) is proved. Now, letting Ψ(z) = z/(1− z) =

z +
∑∞

n=2 z
n in (5.2) and noting that this function maps D onto the half-plane

<(Ψ(z)) > −1/2, the result (5.3) follows easily. We now prove the sharpness of

υ. Consider the function

f2(z) = z − (1− α)|b|
[k + 1 + (1− α)|b|](1 + γ)b2

z2
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This function satisfies the condition (2.1), and hence we have from (5.2)

υf2(z) ≺
z

1− z
.

Moreover, it can be easily verified that min|z|≤r <{f2(z)} = −1/2υ. Therefore,

the constant υ cannot be replaced by a larger number.

Remark 4. Taking α = 0 in Theorem 5.1, we get the subordination result

obtained by Bukhari et al. [11, Theorem 3.4]

Taking γ = 0, we have

Corollary 5.1. Let f(z) ∈ A satisfy

∞∑
n=2

[(k + 1)(n− 1) + (1− α)|b|]|an|bn ≤ (1− α)|b|.

Then for every convex function Ψ(z) we have

[k + 1 + (1− α)|b|]b2
2[(k + 1)b2 + (1− α)(b2 + 1)|b|]

(f ∗Ψ)(z) ≺ Ψ(z) (5.4)

and

<{f(z)} > − [(k + 1)b2 + (1− α)(b2 + 1)|b|]
[k + 1 + (1− α)|b|]b2

(z ∈ D).

The constant factor [k+1+(1−α)|b|]b2
2[(k+1)b2+(1−α)(b2+1)|b|] in (5.4) is the best possible.

Taking γ = 1 yields

Corollary 5.2. Let f ∈ A satisfy

∞∑
n=2

n[(k + 1)(n− 1) + (1− α)|b|]|an|bn ≤ (1− α)|b|.

Then for every convex function Ψ(z) we have

[k + 1 + (1− α)|b|]b2
[2(k + 1)b2 + (1− α)(2b2 + 1)|b|]

(f ∗Ψ)(z) ≺ Ψ(z)

and

<{f(z)} > − [2(k + 1)b2 + (1− α)(2b2 + 1)|b|]
[k + 1 + (1− α)|b|]b2

(z ∈ D).

The constant factor [k+1+(1−α)|b|]b2
[2(k+1)b2+(1−α)(2b2+1)|b|] is best possible.
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Taking k = 0, γ = 0, the following result was obtained by Prajapat [36].

Corollary 5.3 ( [36, Theorem 3.1]). Let f ∈ A satisfy

∞∑
n=2

[n− 1 + (1− α)|b|]|an|bn ≤ (1− α)|b|.

Then for every convex function Ψ(z) we have

[1 + (1− α)|b|]b2
2[b2 + (1− α)(b2 + 1)|b|]

(f ∗Ψ)(z) ≺ Ψ(z)

and

<{f(z)} > − [b2 + (1− α)(b2 + 1)|b|]
[1 + (1− α)|b|]b2

(z ∈ D).

The constant factor [1+(1−α)|b|]b2
2[b2+(1−α)(b2+1)|b|] cannot be replaced by a larger one.

Concluding Remarks

Remark 5. Setting b = 1 and then specializing the function g(z) and the

parameters γ, k, α in the class T UMγ(g, b, k, α), all the theory related to the

class considered by Aouf et al. [4] and the classes they have mentioned ( [4, item

(i)-(viii)]) can be obtained easily.

Remark 6. The class can be extended to the class of functions which are p-valent

in D and hence generalizing a number of results available in the literature.
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