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Abstract

Given the number of subgroups of Z,,, X Z,,, we deduce the Goursat matrix. The
purpose of this paper is two-fold. A first and more concrete aim is to demonstrate
that the triangular decomposition of the Goursat matrix may also be written out
explicitly, and furthermore that the same is true of the inverse of these triangular
factors. A second and more abstract aim provides a containment relation property
between subgroups of a direct product . Namely, if Uy < Uy < Zp, X Zy, , W€

provide necessary and sufficient conditions for Uy < Uj.

1 Introduction

One of the most major problems of the combinatorial abelian group theory is to
investigate the number of subgroups of a finite abelian group. This topic has enjoyed a

constant evolution starting with the first half of the 20"

century. In 1897 Goursat proved
that every subgroup of the direct product of two groups is determined by an isomorphism
between factors groups of the given groups [8]. Given Goursat’s lemma for groups,
we use as consequences, by purely number theoretical arguments, explicit formulas for
the total number of subgroups of Z,, x Z, and f,(i,j) the number of subgroups of
Ly X ZLyy; . This allows us to deduce a new type of symmetric matrix G, (n) with f,,(7, 5); ;
as coefficient, also called Goursat’s matrix of order n + 1. Expressing a matrix as a
product of a lower triangular matrix L and an upper triangular matrix U is called an
LU factorization. Such a factorization is typically obtained by Gaussian elimination. If
L is a lower triangular with unit main diagonal and U is an upper triangular, the LU

factorization of a matrix is unique [6].
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Structure of the paper. In Section 2 we expand on the notation introduced in
Goursat’s Lemma, by presenting results that will provide a better understanding of
mappings that will be used in our containment characterization. This section may seem
very technical, and it is indeed. To follow the information presented here, the reader
should recall the Isomorphism Theorems [[15] and the projections and intersections that
will be introduced after Goursat’s Lemma. To unify notation, we are explicit.

In Section 3, the author gives a simpler alternative approach to the LU factorization
of the Goursat matrix, and obtains explicit formulas of the triangular factors.

Section 4, concludes the paper. This is the theoretical backbone of the dissertation.
There is a characterization of containment of subgroups of Z,,, X Z,, and a theorem that
will allow one to see when two subgroups are isomorphic and have the same subgroup
lattice structure. Suppose U; and Us are subgroups of Z,, x Z,. The characterization
provides necessary and sufficient conditions for Uy < Uj.

2  Goursat’s Lemma for Groups

Let L, R be groups. The neutral element of each group L and R, with slight abuse of
notation, will be written e or 1. Let 7y : L Xx R — L, w9 : L Xx R — R, be the natural
projectionsand ¢; : L — L X R, 19 : R — L x R, be the usual inclusions. Suppose that
U is a subgroup of L x R. Write

A = m({U)={ac€L|(a,b) € U forb e R};
B = i (U)={ac L|(a,e) € U}.
Similarly for C' = 7o(U), D = i, ' (U). Goursat’s lemma for groups ([17]], p. 2) can be

stated as follows:

Lemma 2.1. Let L and R be arbitrary groups. Then there is a bijection between the
set S of all subgroups of L x R and the set T of all quintuple (A, B,C, D, ), where
B<A<L D<SC<Rand®: A/B — C/D is a bijective homomorphism (here
< denotes subgroup and < denotes normal subgroup). More precisely, the subgroup
corresponding to (A, B,C, D, 0) is

U={(g,h) € Ax C:0(gB) =hD)}.
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Definition 2.2. For a subgroup U of L x R. We say that the corresponding 5-tuple
Q5(U) = (A,B,C, D, ) of Lemmal[2.1]is the Goursat decomposition of U.

Motivated by [[15]], we have the following alternate characterization.

Theorem 2.3. Let Uy, Uz < L X R where Uy is given by the Goursat decomposition
Q5(Uy) = (A1, B1,C4, Dy, 01) and Uy is given by the Goursat decomposition Q5(Us) =
(A2, B2, Cy, Do, 02). Uy < Uy if and only if

(1) Ag < Ay, By < By, and Cy < (4, Dy < Dy;

AQBl‘ — CQD1| —

AzﬂBl | = ‘CQﬂDl |

(iti) 01(4F7%) = G2t and 05(435P) = CpP

3 The LU Factorization of the Goursat Matrix

In the following let us denote by f, (4, j) the total number of all subgroups of the finite
abelian p-group Z,,i X Z,;, (i < j), concerning general properties of the subgroup lattice
of finite Abelian groups, see Toth [22]], Tarnauceanu [25]]. For every p € P one has

i

Folid) = (G +1i— 2k + 1)p*

k=0
(G—i+1)pT2—(G—i—p™ —(i+j+3)p+(i+j+1)
(p—1)2 '

Put f,(i,7) = fp(J,4), forall ¢ > j, and let n be a fixed positive integer. We denote the

Goursat matrix of order n + 1

fp(0,0) fp(oﬂl) fp(()?n_l) fp(()?n)
fp(lvo) fp(lal) fp(l7n—1) fp(17n)

by (fp(i,j))o<i,j<n. Because

det Gp(n) = (p — 1)p" ' det Gp(n — 1),
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by induction on 7 one easily obtains

n(n—1)

detGp(n) =(p—1)"p 2, forany n > 1.

An L,(n)Uy(n) decomposition of a matrix G)(n) is the product of lower triangular

matrix and an upper triangular matrix that is equal to G,(n).

Example 3.1.
12 3 4
2 34p 44+ 2p 54 3p
Gp(?’) = 2 2
3 442p 54+3p+p 6+ 4p + 2p
4 5+3p 6+4p+2p% T+5p+3p*+p°
1 00 0\ /1 2 3 4
(21000 p-120p-1) 3(p-1)
132100 0 pp-1 2pmp-1)
43 2 1/\0 o0 0 (p—1)p?

Theorem 3.2. Given the Goursat matrix of order n + 1,

(fp(i,5))o<ij<n,

where Gp(n) = Ly(n)Up(n). Then the triangular factors are

1 0 0 -« 0 0
2 1 0 -« 0 0
L= 3 2 1 . 00
n+1l1 n n—1 2 1
and
0 p—1 2p-1) -+ (n-1(p-1) n(p—1)
0 0 (@-Lp - (m=2)p-Lp O-1pE-Lp
Up(n)= 10 0 0 - (n=3)p-1)p* (n—2)(p—1)p?
6....6 ........ O ..... (.p.;..l.);v.n:l. ...... 2(p71)pn71
0 0 0 0 (p—1)p"
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Proof. It is convenient to use the following notation for the general square matrix A of
order k (see [6])

A = (arbacs---vp_1wy)
al b1 C1 V1 w1
a9 bg C2 V2 w2
ap by ¢k Vg Wk

We denote the determinant of this matrix by |a1bacs - - - wy| . Thus

bp di M
|b1d3h4‘ = det b3 d3 h3
by dy Dy

It is known (Turnbull [27]], p.369) that for the usual triangular decomposition A = LU,
the elements of L and U can be expressed in terms of determinants involving the elements
of A as follows (it is assumed that the decomposition is possible and L has been chosen

to have units in the principal diagonal) :

0 0 0 0
laz] 1 0
ai
‘a?»‘ lasbs| 1
a1l |a1ba]

L=
lam|  |a1bm| lazbaem| 1 0
lai]  laib2|  [a1bocs]
lag|  laiby|  Jaibock| la1bacs vy
la1] larb2|  |aibacs| la1bacs v 1|

and
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lar| ol fe - |v1] |wi |
o laab2l Jareaf lag va laywa
la1] laz] laz] laz]
0 0 laibocs| la1bsvs] la1bows|
la1ba] la1ba] [a1b2]
U = | oo
a1ba U _oUk_ a1b U _oWk—
0 0 0 Lo laaboupovg_q|  Jarbeugowy—q]
|a1ba-ug_1| |a1ba-vj_1]
0 0 0 .. 0 |alb2"'vk—1wk|
la1bo--vp_1]

O

Remark 3.3. L,(n) = L with L' = (l; ;)o<ij<n the lower triangular matrices such
that li,j =1. And
Gy(n) = Lp(n)Dp(n)Ly(n)",

where Dy(n) = diag{1,p—1,p*(p—1),p*(p—1),--- ,p"(p—1)}. L,(2) is factorized
into 1-lower banded matrices, L,(2) = L© LML) where

W N =
N = O
= O O
I
— = =
— = O
_ o O
=
o = O
_ o O
O = =
— = O

0
0
1

It does not seem to have been noticed that L, *(n) and U, ! (n) can similarly be

expressed explicitly as follows :

—2 1
10 0 0 L o= @ 0
1 - 1
L—l(g)f -2 1 0 0 U_1(3): 0 p=1 (p-Dp (p—1)p?
P -2 1 of 7 0 0 -5 oo
pp=1) (p 11)p
0 1 -2 1 0 0 0 i

Theorem 3.4. Given the Goursat matrix of order n + 1,

Gp(n) = (fp(i,7))o<ij<ns

http://www.earthlinepublishers.com
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where Gp(n) = Ly(n)Uy(n). Then

1 0 O 0 0 0O
-2 0
Li'n)y=[1 -2 1 0 0 0
0 0 0 1 -2 1
and
—2 1
1 7= oeop 9
0 L =2 1
p—1  (p—Dl)p (p—1)p?
1 -2
. 0 0 p(p—1)  (p—1)p?
Uy (n) = | oo
2 1
0 0 0 (p—lzp"*2 (p—l)g"*1
0 0 (p—1)pn=2  (p—1)p—!
1
0 0 0 (p—Dpn—1
Proof. Compute
0 0
_ lag| 1
' lavbs|
a203 a103
la1b2] " Jarbe] 1
L=
_ lasbscy| la1bsea] _ laabacy] 1
la1bacs| laibacs| la1bacs]
...... 7””“1}7”1}
(COMUEEEEL (CDFRmEIE (CDMRmE 1

and
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LS (Y [bica] _ _lbrcods| . (71)k71 [bicads-wg_1]

lat] la1ba] la1bacs] [a1bacada| [a1b2c3wy]

0 la1] _aiea| |aycods| o (_1)k |a1cads-wy_1|

la1b1] [a1bacs] Ja1bacada] [a1bacs—wg]|
Ul=

- 0 0 la1bs| _ _laibods| (_1)k—1 la1bads-wy 1]

la1bacs| larbacada] [a1b2c3-wy]

0 0 0 e 0 la1ba--vp s |

|a1b:-wy|

O

In some problems one wishes to decompose a matrix into a product of the form U L

rather than in the more usual form LU .

Example 3.5. Write G,(n) = Up(n)L,(n),n = 1,2, then

p—1
HOR G | A

(p—1)%p 2(p*-1) 3
—1-2p+2p%+p3 15;3;;;%2 s
- —1-2p+2p*+p
Up(2) = 0 et A2
0 0 5+ 3p + p?
and
1 0 0
2(p*-1)
Ly(2) = —1-2p—2p?+4p3 1 0
3 4+2p
5+3p+p? 5+3p+p?

In the following let us denote by h,(i,j) the number fy,(i,j) —i — j. Let n be a
fixed positive integer and Hy,(n) be the matrix (h,(7,5))o<i j<n - Then Hy(n) induces a

quadratic form

Vo = (20, ,2,) € R" q(x) = Z th(i,j)xixj.
=0 j=0

http://www.earthlinepublishers.com
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Because

det Hy(n) = p" det Gp(n — 1)
by induction on n one easily obtains
n—1 n27n+2
det Hy(n) = (p—1)""p =2 , foranyn > 1.
Hence, we have proved the next corollary.

Corollary 3.6. The quadratic form q(x) induced by the matrix Hy,(n) is positive definite,

and all eigenvalues of the matrix H,(n) are positive, for alln > 1.

Remark 3.7. hy, (i, j) is the number of all chains of p-group Z,; X Z,; (i < j), determined
in Theorem i.3].

Corollary 3.8. Given the matrix of order n + 1, (hy(i,7))o<ij<n where Hy(n) =
L,(n)Up(n). Then the triangular factors are

1 0 0
1 1 0 0
Ly(n)=11 2 1
1 n n-1 2 1
and
11 1 1 1
0Op 2p - (n—1)p np
00 (p—Lp -+ (r=2)p—1p n(-1{E-1)p
Upn)= (00 0 -+ (n=3)p—1p* (n—2)(p—1)p?
00 (p—1)p"2 2(p— 1)p"2
00 0 0 (p l)pn’1

Corollary 3.9. Given the matrix of order n + 1, (hy(i,7))o<ij<n where Hy(n) =

Earthline J. Math. Sci. Vol. 6 No. 2 (2021), 439-454
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1 0 0 0 0 O
-1 1 0 0 O
1 -2 0 0 0
L;l(n)— 0o 1 =2 0 0 0
-2 1 0
0 0 0 1 -2 1
and
—1 1
1 p  (p—Dp 0 0 0
12 1
p  (-Dp @-1p?
1 0 p(pl—l) (p—_l)p2
Up (n)_ .................................................
-9 1
0 (p—1)pn—2 (p—l)g”_l
(p—-1pn—2  (p—1)pn—!
0 1
(p—1)pn—1

4 Containment of Subgroups of a Direct Product Z,, X Z,

Throughout the paper we use the following notation: N := {1,2,---}, P is the set of
primes; the prime power factorization of n € Nisn = Hpep p*»(™ | where all but a finite
number of the exponents v,(n) are zero; Z,, denotes the additive group of residue classes
modulo n (n € N); a Aband aV b denote the greatest common divisor and least common

multiple, respectively of a, b. For every m,n € N, let
I = {(a,b, c,d,t) e N° a]m,b\a,c]n,d\c,% =

Using the condition

@_°
b d

http://www.earthlinepublishers.com
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Note that
(bAd)-(aVe)=ad, andbAdlaV c.

For k = 1,2 and (ag, bk, ¢k, di, tg;) € Jm . define
Uk = Uqy, by e dite = {(7 y ikt — +]k*) 0 < <ag,0<jp < dk}-
a Ck dy
Then |Uk| = akdk and Zbk/\dk X Zak\/ck = Uk < Zm X Zn .
Theorem 4.1. Let m,n € N and Uy, Uy < Zy, X Zy. Then Uy < Uy if and only if

(1) aglal, bQ’bl, 62‘61, dg’dl, a2’b1/\d1 andcz\al\/cl;

) b1V asy __a diV ¢y __© .
b1 as A\ by dq ca Ndy

Proof. Letk =1,2and Uy = (0 : Ax/By — C/Dy) be a subgroup of Z,, x Z,,. With

the notations of Theorem [2.1] let |Ay| = ay, |Bk| = by, |Ck| = ¢k, |Di| = dy, where

ag|m, b |ak , cg|n, di|cx. Thus Uy < Uj if and only if we verify the following 2 steps of

Theorem 2,31

Step 1. Ay < Ay, By < By, and Cy < Cy, Dy < D;. Hence ag|ay, balbi, co|cy

daldi. And Uy < Uy = Zp, ady X Zayve, - Hence az|by A dy and ca|aq V ey

Step 2. Writing explicitly the corresponding subgroups and quotient groups we

deduce : for 0 < 7, < Z—:—l, 1<t < z—:,tk/\‘g—::

9k<@+3k> = iktk£+Dk7
ag Cr.
and
m m m
Ay = - {o,f oM —1—}<Zm,
2 = (m/az) 5 20, (az — 1) p~
By=(m/t) = {0, 7,200 (b= 1)i- | < Zun,
by b1 by
AsNB; = {%,OSZS(S—L(S:CLQ/\IH},
A B )
L = {@—FBl,OSZS)\—l,)\—CLQ\/bl}
B A

And similarly

Earthline J. Math. Sci. Vol. 6 No. 2 (2021), 439-454
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n n n
Co=(nfer) = {0. 2. 2% (-2} <
n n n
D, = = — . 2— —-1)—; <Z
v=fd) = {0, 2l (- ) < T
m

{
{
oy = {
{

m
Co+ D mn
G2t = —+D1,0§2§V—1,V—02\/d1}
D1 v
. As+B1| _ | Co+D1 | _ A _ C! .
Since | 231 1‘ - } 2D1 1‘ - AQQQBl‘ - |CQO2D1 ) WE deduce:
b1Va2_ a2 _dl\/Cg_ Cc2
by _ag/\bl_ dq _62/\d1'
O
Corollary 4.2. Let m,n € Nand Uy, Uy < Zyy, X Ly, Then
Uy Z2U1 by ANdi =byANdy and a1 V1 =ag Ve .
Proof.
Ui = Ziyndy X Zayve, = Uz = Zipyndy X Lagves -
O

Definition 4.3. Let G be a direct product of Z,,, X Z,,. Given a chain of subgroups of G
of the form

2y 1=U1<Us<U3<--- < U =G.

We say that k is the length of the chain and xj the chain. Let k& = &(m,n), and
w(m,n) = [{xg,, Tk,, - - - }| the number of the chain.

Example 4.4. Consider G = Zs x Zg and let U; = 1, Uy = {(0,0),(1,0), (0, 2),
(1’2)’(074)a(134)}’ Us = {(030)’(1’0)7 (073)a(133)}’ Uy = {(0’0)7(1a0)}’ Us
= {(0,0),(0,1),(0,2),(0,3),(0,4), (0,5)}, Us = {(0,0),(0,2),(0,4)}, Ur =
{(0,0),(0,3)}, Us = {(0,0), (0,2),(0,4),(1,1),(1,3),(1,5)}, Uy = {(0,0),
(1,3)}, Uio = Za x Zg. See Figure for the subgroup lattice of G.
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£(2,6) =4, w(2,6) = 8.
Consider G = Zs X Zos . See Figure for the subgroup lattice of G.

= =

lezl

Then £(5,25) = 4, w(5,25) = 11.
By Goursat’s Theorem, that means that there are p+ 3 subgroups of the direct product
of Zy X Zy. As it turns out, it is fairly straight forward to calculate w(p,p) = p + 1. The

general subgroup lattice Z,, x Z,

Ly X Loy

. < ! S“bgr°>

leZl

The following is a subgroup lattice of Zy2 X Zy2. Let 1 = Uy 1111 and Upe 2 2 2 1 =

Earthline J. Math. Sci. Vol. 6 No. 2 (2021), 439-454
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p

7,2 X sz one has

1C Uppria © Upz,pQ,Ll,l < UpQ,pQ,p,p,l C Upp2p2p
1S Uppiaa © UpQ,p,p,l,l < UPQ,pQ,p,p,l < Up2,p2,p2,p2,1
1C Upipia C Up2,17p2,171 < Up27p,p2,p71 < Up2,p27p27p271

Theorem 4.5. Let m,n,i,j € Nwithi < j. Then

(1) w(pi’pj) = hp(laj) = fp(Z,j) _i_jr

(2) e(m,n) =14 )" vp(mn).

peP
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