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Abstract

In this paper, we introduce and investigate two subclasses qu (A4, y,h) and }[Zq n,6,h)
of bi-univalent functions defined by quasi-subordination. We find estimates on the

Taylor-Maclaurin coefficients |a,| and |az| for functions in these subclasses.

1. Introduction

Let A denote the analytic function class in the open unit disc U = {z € C: |z| < 1}
which contains the shape

f(2)=z+ ) az (zel). (1.1)
Z ’

“and let S be the subclass of all univalent functions from A in U. The Koebe One Quarter
Theorem [5] states that the image of U beneath every function f from S contains a radius

disk of %. This univalent function, therefore, has an inverse one f ~1 which satisfies”
1
"f_l(f(z)) =2z (z€U) and f(f~1(w)) =w, <|W| <1o(f),ro(f) = Z) "

where

"FTIw) = gw) = w —a,w? + (2aZ — az)w3 — (5a3 — 5a,a; + ayl)wt." (1.2)
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A function f € A "is said to be bi-univalent in U if both f and f~! are univalent in

U. Let X denote the class of bi-univalent functions defined in the unit disc U".
The notion of quasi-subordination is studied in 1970 by Robertson [2].

For two "analytic functions f and h, the function" f is "quasi-subordination to
hwritten" as "f(z) <4 h(z),z € U" in the event of an analytical function V and W with
[V(z)| < 1,W(0) = 0and |[W(z)| < 1 such that

f@)
V(2)
"Note that if V(z) = 1, then f(z) = h(W(2)), so that f(z) < h(z) also if W(z) =z
then f(z) =V (z)h(z) and it is said that f(z) is majorized by h(z) and written as
f(z) K h(z) in "U". Hence it is perceptible that the quasi-subordination is a
popularization of the usual subordination as well as majorization". "The labor on quasi-

< h(z), f(2) =V(@2)h(W(z)), z€U.

subordination is very extensive and that includes some recent investigations" [4, 6, 7, 8-
18, 20].

Let h(z) "be analytic in U" with h(0) = 1 and
h(z) =1+ Byz+ B,z*> + -+, (B; € RY) (1.3)
V(z) =Ag+Az+Ayz? + -, (IV()I=<1, z € U). (1.4)
Ramadan and Darus [9] defined the following differential operator:

DYy o.f(2) =f(@),
Disp-f@ =[(1—-(0—-(c—Of(D)+[6-1)(0 -z f (2

DYy o.f(2) =2z + Z [(n—1)(0 —1)(o — &) + 1]%a,z™,
n=2

where f(z) €S, &,0,0,1=0,0>10>¢ 6§=0,123..

Definition 1.1. If f € £, then f € M):q(/l, v,h)(0<y<1,1>20,6§=01,23..) if

the following quasi-subordination hold:
< . <z(D§g,9,Tf(z)>”

(D2, 6./ (@)
—1 <, (h(z) - 1),

2P0/ (@) A"

Sa,e,ff(z)>
D, 6.f (2) z

—2>+(y(/1+1)+/1)
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w(Dg,p.9(W))

( . <w(D§a,9,Tg(w>)” _
Dgajejrg (W)

2 A+1)+4
02,0 90 >+(V( +D+2)

—1 <, (h(z) - 1),

)
+A-DA-) —DE'”’BLTVQ(W)>

where g = f71,

Definition 1.2. If f € %, then f € Hy!(n, 8, h) "if the following quasi-subordination
hold"
n=16=0123..)

(1—mD, 5. f@D\ ,
[z( n i 0. (z ) +z(n(D§(,_9,,f(z)) — 1] <4 (h(2) - 1),

w

1-mDE_,. ’ "
[W<( i 722 g“‘”) +W(I(DE 0 0.9(W)) —1] < (hw) = 1),

where g = f71.

Lemma 1.3 [3]. "If p € P, then |p;| < 2 for each i, where P is the family of all
functions"”, analytic in U, for which Re(p(z)) >0, where p(z)=1+pz+
p2z2+p3z3 + -+, forz€ U’

2. Main Results

Theorem 2.1. If f € Zand f € My (4,y,h) (0 <y < 1,1 = 0), then

|a,] < min |40 |B1 |40](By + |By — B4]) @
o [42y + 111([(6 — D) (o — &) + DI®)?2|" || 44y + 1[I[2(6 — D) (a — &) + D[ ™

( [1A1] + |4,1]1B; n |Ao|*Bf )
9YA+ (v +2) + 1[[2(6 =)0 — &) + D]®| * [4yA+ 112([(6 — T)(0 — &) + 1)]%)? }
|az| < min . (2.2)
[1A:] +14,1]1B; [Ao|(By + |B; — By])
[9YA+ (v + 1) + 1][[2(6 = T)(0 — &) + DIO|  [4yA+ 1][[2(6 — ) (0 — &) + D]?| )

Proof. Let f € Mg (4,y, h), there exist the "Schwarz functions" K (z), S(w) with

K@ =az+ ) o, SW=diz+ Y dw

j=2 j=2

¥(0) =S5(0) =0 and |7C(Z)| < 1,|S(w)| < 1 and an analytic function V(z) such that
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2(Dgp0:f @) 2D8poef @) Dlef@
()ly <—(D é‘,a,e,ff @) 2) +yA+1D+2) 5 ) é‘,a,e,ff @ +(1-D1-v) - ) 1
=V(2) (h (yc(z)) - 1), (2.3)
W(D?,J,G,Tg (W))” W(Dg,zr,e,‘rg (W)), Dg,zr,e,‘rg (W)
</1 <—(D§,a,9,,g(w))’ - 2> +A+1D)+ 1 —Dga,e,rg(w) +(1-D1-v) — > -1
= VW) (h(SW)) — 1). (2.4)
Define the functions P(z), g(w)
1+K(2)
?(Z):l——:](‘(z):1+61Z+CZZZ+.” (25)
_1+Sw) )
g(w) = 1_S(W)—1+d1w+dzw + - (2.6)
or equivalently
_P()-1 1 1, ,
K(z) = PoT1" E[clz +(ep =)zt + ] .7)
_gw)—-1_1 Cdyy
S(W)—%(W)+1—2|:dlw+<d2 Z)W +"']. (2.8)

"It is clear that P(z),q(w) are analytic and have positive real parts in U. In view of"
(2.3), (2.4), (2.7) and (2.8) clearly

2(Dgo0f (2))" 2Dpof @) - Deapf @)
(Ay( 02, o f @) - 2) + A+ +2) D2, o @) +(1-DA-y) = ) 1
W( )(h (? () = 1) 1) 09)
= Z — , .
P(z)+1
W0 g W) _ WOloor g WD Défa,a,fg(w)> )
(A < (Dga',e,rg(w))’ 2) * (y(l * 1) * A) Dga',G,Tg(W) * (1 A)(l '}/) w 1
_ gw) -1
=Vw) (h <q(w) + 1) - 1)' (2.10)

where f(z) and g(w) as given in (1.1) and (1.2) respectively.
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R e ) e
=y + DO -0 — &) + D]%ayz
+Oy2+ + D+ Das — (5y21+ ¥ + D)az][2(0 — D) (o — &) + 1)]°z2 + -,  (2.11)
(a<%£%i§%%¥—z>+@@ﬁ4)+@f%%ﬁfggl+a-AX1—w9§%§3ﬂ>—1
= —(4yr+ D[O —1)(0 — &) + D]%a,w
+[(A3y2+ (¥ + ) +2)aZ — A+ (¥ + D+ Das][2(6 — 1)(0 — &) + D]Pw? — -+, (2.12)

Using (2.5) and (2.6) together with (1.3) and (1.4)

Pz) -1 1 1 1 AyB,c?
V()| h -1 = EA03151Z + 2A 1Bicy + = AyBy (¢, + )+ z2 4+ -, (2.13)

P(z) +1 2 4
(W) -1 1 1 1 df AOBzdf 2
From (2.9) we get (2.11) =(2.13)
1
(A + DO -1 (0 - &) + D]°a, = 54oB1cy, (2.15)

[Oy2+ (y + ) + Das — (5yA+ (v + 1))a3][2(6 — 1) (o — &) + 1)]°

1 1 ¢ AyB,c?
= EAlBlcl + EAOBl(CZ + 7) + 4 . (216)
Similarly, (2.10) we get (2.12) = (2.14)
1
—(4y2+ D[ — 1) (0 — &) + D]%a, = 5 4By d;, (2.17)

2
[(13y2+ (¥ + D) + 2)aZ — OyA + (¥ + D+ Das][2(60 — 1)(0 — &) + 1)]°

1 1 d?_  AyB,d?
—ABidy + = AOBl(dz —) + . (2.18)
~2 2 4
From (2.15) and (2.17), we find
c; = —dy, (2.19)
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ABE (cf +df)

Z = . 2.20
C T @A D@ - D@ - O+ DIV (220
Adding (2.16), (2.18) we get
, _ 240B;(c; +dy) + Ay(B; — By)(cf+di)
a3 = (2.21)
8(4yA+ D20 —1)(c -8+ 1)]¢
Lemma 1.3 is applied for ¢4, ¢, d; and d, follows from (2.20),(2.21) we get
|Ao|B1
|a2| < 5\21
|44y + 1{|([(6 — 1)(o — &) + 1)]°)?|
|Ao|(By + |B; — B1l)
|a2| < 51’
|42y + 1]1[2(6 —1)(o — &) + D]°|
. |4o|By |Ao|(By + |B; — Byl)
'%'Smm{memuaw—er—sy+nwﬂrjvuy+uuxe—rxJ—a+1nﬂ}(Z”)

That provided |a,| as showed (2.1).
New further computations (2.16) to (2.18) lead to

_ 4A1Bic; + 2A¢B1(c; — dy)
BT8O+ (P + )+ D206 — (o —&) + D]°

+ a3.

Upon substituting the value of a3 from (2.20), (2.21) and Lemma 1.3 is applied for
c1,C2 dq and d,, we get

[141] + [Aol]1By

a3l < G T T D+ 120 =D =) + D]

N |40°BE
l4yA+ 112([(6 — D)(0 — §) + 1)]%)?’

[141] + [Aol]1B1

el S o G+ D + 126 - Do — O + DP

|4o|(B1 + B2 = B1])
[4yA + 1]1[2(6 — D) (0 — §) + DI°I
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[14:] + 14,118 4 |4,|*BE
I|9Y?\+ G+ + 1206 - -+ DIS|  [4yA+ 1126 — D)o — &) + 1)]5)2l
|az] < min . (2.23)

l [1A¢] + 1401B, [40](By + |B; — B1) J
[OYA+ (y+) + 1[[2(6 =) (6 = ) + DI’ [4yA+1{[[2(6 — T) (6 — &) + D]?]

That provided |a;| as showed (2.2).
If putting A = 0 in Theorem 2.1, we get

Corollary 2.2. Let f € My (0,y, h). Then

la,] < min |Ao|B1 |Ao|(By + |B2 — B1l)
2= (6 =)0 =&+ D192’ [I[2(6 —)(0 = &) + DI°I|
[1A1] + |4ol]By + |Ao|*B?
ly + 111[2(6 — D) (0 — &) + D] [([(6 — 1) (0 — &) + D]%|?
|az| < min .

[1A1] + |Aol]By + |Ao|(By + |By — B4l)
Y+ 1@ -0 -8 + D] " 1120 —D@ - + D)

If putting V(z) = 1 in Theorem 2.1, we get

Corollary 2.3. Let f € Myl (A, v, h). Then

4] < min By (By + |B, — B |)
2= 142y + 1I([(6 — D) (o — &) + DI®?|" || 44y + 1]I[2(6 — D) (0 — &) + D]®| |’

B, Bf

au] < min P+ G D F U@ = D@ =D+ DPI * [4ty + IPIAE - 1) =) + DPF’
31 = Bl n (Bl + |BZ - BID '
194y + (r + D + 1I[2(6 = D) (0 — ) + DI®| * 42y + 1lI[2(6 — 1) (0 — &) + D]

Theorem 2.4.If f € Zand f € Hy (n,6,h), (n = 1,6 = 1,2,3...), then

o] < |401B1/B
21 =
J |240B2(1 + 21) 21260 = 1) (0 — &) + 1)1° = (B, — BY((1 + (6 - D)o — &) + 1)]9)’|

. (2.24)

] < B [|41] + |4ol] |4o|°B7
TTRA+ 2RO -DE -+ DI (106 - -8 + D)

(2.25)

Proof. Since f € Hy(n,8,h) and g =f~1, "there exist Schwarz functions"
K (z),S(w) "and an analytic function V(z) such that"
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=V(2) (h (K(z)) - 1) ,(2.26)

[Z ((1 - T’)(Dgo,e,‘rf(z)

V4

) +z (n(DgG,G,Tf(Z))” -1

=VWw)(h(SW)) — 1).(2.27)

w

[ ((1 —MDE 4 0.9W)
w

) +w(n(D,-9w)) —1

For P(z), g(w) as given in (2.5), (2.6) in view of (2.25), (2.26) clearly

P(z)—1
=V(2) <h< ) - 1), (2.28)

!

) +2 (0080, @) ~1

[z ((1 —MD{ 5 0.f(2)

z Pz)+1
(1 =MD, gW)\ s v gw) -1
o (2SO iy, ) | v (2252 1), o2

Since

V4

(A =mDEy e f@\ "
[z( WD) Z) +2(n(DEy 0f () —1]

= (1L +m[6 - 1) —§) + D]%a,z

+2(1+20)[2(6 —1)(0 = &) + D]%azz® + -, (2.30)
(1 =mDE, 0. 9W)\ ,
[W( n ::,/,9, gw ) +W(T}(Dgo-'er.[g(W)) — 1]

= -1+ 0[O -1)(0 - &) + D°a,w
+2(1 +20)[2(6 — 1) (0 — &) + D]°(2a5 — agyw? — ---. (2.31)

From (2.28) we get (2.30) = (2.13)

1
(L+mO - -8+ D%, = 54oB1cy, (2.32)
1 1 c2 AyB,c?
214 20)[2(6 —1)(6 — &) + D]%az = SA1Bicy + 5 AgBy(cz + ) + ——(2.33)
Also from (2.29) we get (2.31) = (2.14)
1
—1+ 0[O —1)(0—&) +D]°a, =5AB1dy, (2.34)

2
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2(1+2m)[2(8 — D) (o — &) + 1)]1°(2a% — a3)

1 1 A Bzdl
= EAlBldl + EAOBl(dZ ) (2.35)
From (2.32), (2.34) it follows that
c; = —dj, (2.36)
) z 2
) 8(1+mIO -0 +DI°) a3 037
c = .
1 1 A%Blz
Adding (2.33), (2.35) and using (2.36), (2.37) we obtain
16A¢B2a3(1+ 2n)[2(8 — 1)(0 — &) + 1)]°
2
= 243B3(c, + dy) + (B, — BB ((1 + (O — 1) (0 — &) + DI?) a3,
2p3
@ = 245B; (c, + dy) . (238)
1640B7 (1 + 2m)[2(6 — 1) (0 — §) + D]° — (B, — BB((1 + m[(6 — 1) (0 — &) + D)
Lemma 1.3 is applied for c¢,, d,
lay| < 1Ao15,/By . (239)
J2acBz a1+ 21200 - )00 = 6 + 01 = B, - BB+ WIE - Do - ) + D]
That provided |a,| as showed (2.24).
New further computations (2.33) to (2.35) lead to
_ A4By(cy —dy) + ApByi(c; — dy) AGBZ (cf +d7)
as = 5+ 5. (2.40)
81 +2m(2(0 ~ Do =+ DI g((1 +mI(©® -0 - O + DJ?)
Lemma 1.3 is applied for ¢4, c; d; and d,, we get
Bil|4¢1| + 14 Ao|?B?
o] < 11411 + 14ol] 40|83 241)

T2+ 2m)[2(6 — ) (0 - &) + D] la= M6 —1)(o— &+ DI°I*
That provided |a3| as showed (2.25).

If putting n = 1 in Theorem 2.4, we get

Corollary 2.5. Let f € Hy (1,8, h). Then

Earthline J. Math. Sci. Vol. 6 No. 2 (2021), 427-438
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|Ao|B1y/B;
V1640B7[2(6 = 1)(0 — &) + D% — 32(B, — B)([(6 — D)(o — &) + DI)?[
las < By[|A4] + [Aol] + |4o|?B? .
6126 =) (0 — &) + DI 4l[(6 — (o — &) + DIP?

laz| <

If putting V(z) = 1 in Theorem 2.4, we get
Corollary 2.6. Let f € Hy (1,8, h). Then

B,\/B,
J |2B2(1 + 2m[2(6 - D0 = §) + 11?88, — B)((L+ (6 — (o — ) + DI?)’|

las| <

B, B}
ol S AT 2@ -G -0+ DIl T A+ D@ - -5 + DIE

Conclusion

Usually determining and estimating coefficients for two new associated with quasi-
subordination very difficult, especially if the functions are bi-univalent. It is useful in
complex analysis and can benefit from article in physical and chemical applications.
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