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Abstract 

The main objective of this work is to introduce a new generalization of Hurwitz-Lerch 

zeta function of two variables. Also, we investigate several interesting properties such as 

integral representations, operational connections and summation formulas. 

1. Introduction  

The Exton hypergeometric function 
DCBA
NMGEH

;;:
;;:  of two variables [9, p.339 (13)] is 

defined by 
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where for the sake of convenience (in the contracted notation), ( )Aa  denotes the array of 

A parameters given by Aaaa ...,,, 21  in the contracted notation of Slater [17, p.54]. The 

symbol ( )aM ;∆  represents an array of M parameters 
M

Ma

M

a

M

a 1
...,,

1
,

−++
 [21, 

p.47, pp.213].  

The special case 0== EA  in (1.1) reduces to the Kampé de Feriet double 

hypergeometric function [22, p.423 (26), see also[23, p.23 (1.2,1.3)] 
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Similarly, when ,0== GB  then (1.1) reduce to the double hypergeometric function 

due to Exton [10, p.137 (1.2)] 
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which, for 0==== NEDA  and 0=y  we shall obtain the generalized 

hypergeometric function CFM defined by [20, p.19 (23)]  
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where C and M are positive integers or zero; ....,2,1,0 −−≠Mm  The Hurwitz-Lerch 

zeta function ( )asz ,,Φ  is defined by (see [8, 19])  
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(1.5)  

Recently many researchers investigated and studied various generalizations of the 

Hurwitz-Lerch zeta function ( ).,, aszΦ  The latest development and properties of such 
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generalizations is found in the recent work of various researchers (see e.g., [2, 3, 4, 5, 6, 

7, 14, 16, 18, 19, 24, 25]). Very recently, Pathan and Daman [16] introduced another 

generalization in terms of double series representation:  
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Where { },...,2,1,0,, −−≠νγ a  ,C∈s  ,0, >qp  ( ) 0>sR  when 1, <tz  and 

( ) 0>µ−λ−β−α−+ν+γ sR  when .1, =tz  

Motivated essentially by various extensions of the Hurwitz-Lerch zeta function, we 

introduce a new extension of the generalized Hurwitz-Lerch zeta function of two 

variables defined as follows: 
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where ;...,,,...,,,...,,,...,, 1111 C∈λλγγββαα mlkh  ,...,,,...,, 11 rn ννµµ ...,,1ρ  

,vρ ,...,,1 wσσ ;\ 0
−∈ ZCa  ;0, >qp  ,C∈s  ( ) 0>sR  when ;1, <tz  and 

( hwvrn s α−−α−+σ++σ+ρ++ρ+ν++ν+µ++µ ............... 11111R  −β− 1  

) 0......... 11 >λ−−λ−γ−−γ−β− mlk  when .1, =tz  Some special cases of 

(1.7) are given below.  

In the case when 2,0 ====== mlrnkh  and ,1== wv  then (1.7) reduces 

to equation (11) of [16] which is given in (1.6). In the case when ,0== rk  then we get  
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where ;...,,,...,,,...,, 111 C∈λλγγαα mlh  ,...,,,...,,,...,, 111 wvn σσρρµµ ∈a  

;\ 0
−
ZC  ;0, >qp  ,C∈s  ( ) 0>sR  when ;1, <tz  and ( +ρ+µ++µ 11 ... nR  

hwv s α−−α−+σ++σ+ρ+ ......... 11 ) 0...... 11 >λ−−λ−γ−−γ− ml  when ,z  

.1=t  Similarly, if ,0== nh  we have 
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,1=  which, for ,0==== wvml  we obtain the following:  
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where ;...,,1 C∈ββ k  ;\,...,, 01
−∈νν ZCar  ;0, >qp  ,C∈s  ( ) 0>sR  when 

;1, <tz  and ( ) 0...... 11 >β−−β−+ν++ν kr sR  when .1, =tz  Now, if in 

(1.10), we let ,1== qp  then after some simplification, we have  
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where ;...,,1 C∈ββ k  ;\,...,, 01
−∈νν ZCar  ,C∈s  ( ) 0>sR  when ;1, <tz  and 

( ) 0...... 11 >β−−β−+ν++ν kr sR  when .1, =tz  By making suitable 

adjustments in the number of numerator and denominator parameters of (1.11), it gives 

the following relationships:  
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where ,∗
βφ  Φ  and ( )as,ζ  are the generalized Hurwitz-Lerch zeta function (see [11, 

p.100, (1.5)]), the Hurwitz-Lerch zeta function defined by (1.5) and the Hurwitz zeta 

function (see [8, p.24, (1)]), respectively.  
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2. Integral Representations  

Theorem 2.1. The following integral representation holds true for 
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Proof. Using Eulerian integral formula (see, e.g., [8]):  
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in (1.7) and then, changing the order of the integral and the summation, and using 

definition (1.1), yields the proof of (2.1).  

Similarly, by means of the relation (2.2), we can give the following corollary.  
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and 
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Proof. To prove each of the integral representations from (2.6) to (2.8), it is enough 

to substitute the expression of the generalized Hurwitz-Lerch zeta function in each 

integrand and then to change the order of the integral and the summation, and finally 

taking into account the following Eulerian integrals (see, e.g., [8, p. 9-11], [19, Section 

1.1]:  
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Theorem 2.3. The following integral representations holds true: 
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Proof. Using (2.2) and the Eulerian Beta function formula [8, p.11 (24)]  
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in view of definition (1.2), immediately yields the first equality (2.12). By employing 

formulas (2.2) and (2.11), and exploiting the same procedure leading to (2.12) one can 

derive the second equality (2.13).  

Now, by using the contour integral [8, p.14 (4)]  
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we can give the following theorem without proof.  
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Theorem 2.4. Let ( ) 0>aR  and ( ) .arg π≤− x  Then 
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Theorem 2.5. The following Mellin-Barnes contour integral representation of (1.7) 

holds true:  
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Proof. If we evaluate the integral as a sum of the residues by calculus of residues at 
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w

u

uuuu

1 1 1 1

1 1 1 1  
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( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
∑

∏ ∏ ∏ ∏

∏ ∏ ∏ ∏∞

=

= = = =

= = = =

+σΓ+ρΓ++νΓ++µΓ

+λΓ+γΓ++βΓ++αΓ

×
0,

1 1 1 1

1 1 1 1

2

2

ji
n

u

r

u

v

u

w

u

uuuu

h

u

k

u

l

u

m

u

uuuu

jijiji

jijiji

 

( )
,

!!
s

ji

qjpiaji

tz

++
×  

which is just the ( ).,,,
;;:,;;:

;;:,;;:
,

astz
wvrnmlkh

qp σρνµλγβαΦ  This completes the proof.  

By exploiting the following well-known integral formula [12]:  

( ) ( ) ( ) ( ) ( )∫
∞+

∞−
− η−−Γ+Γ=Γη−π

ic

ic

xs
dxxxssi ,12  

 ( ) ( )( ),arg;0,, π<η>∈η ss RC   (2.17)  

we can derive the following integral representation.  

Theorem 2.6. For ( ) ( ) 0,0 >−> bab RR  and ( ) ,0>sR  the following integral 

holds true: 

( )astz
wvrnmlkh

qp ,,,
;;:,;;:

;;:,;;:
, σρνµλγβαΦ  

( ) ( ) ( ) ( )

( )
( )∫

∞+

∞−
σρνµλγβα

+−
−−Φ

Γ
−Γ+Γ

π
=

ic

ic
wvrnmlkh

qp
xs

dxbaxtz
s

bxxs

i
.,,,

2

1 ;;:,;;:
;;:,;;:

,     (2.18) 

Proof. Let us denote, for convenience, the left-hand side of assertion (2.18) by Λ. 

Then considering the definition (1.7), it is easily seen that:  

( )[ ] ( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ]∑

∞

= ++

++

σρνµ

λγβα
=Λ

0, 2

2

!!
ji

ji

jwivjirjin

jmiljikjih

ji

tz
 

( ) ( ) ( )
( )

,
2

1



















 ++−
Γ

−Γ+Γ
π

× ∫
∞+

∞−
− ic

ic

x
s

dx
b

qjpiba

s

xxs

i
b  

which, upon using (2.17), leads to the desired formula in (2.18).  
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3. Operational Connections  

Here we begin by recalling the following formula is known consequences of the 

derivative operator xD  [15]:  

 
( )

( )
.0,

1

1 ≥−η
+−ηΓ

+ηΓ= −ηη
ux

u
xD

uu
x   (3.1)  

Theorem 3.1. The following results hold true:  

( )astzD
wvrnmlkh

qpu
z ,,,

;;:,;;:
;;:,;;:

, σρνµλγβαΦ  

( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ]

( ),,,,
;;:2,;;:2

;;:,;;:
,

2

2 puastz
uuuuuu

wvrnmlkh
qp

uvurun

ulukuh +Φ
ρνµ
γβα

= σ+ρ+ν+µλ+γ+β+α
   (3.2)  

( )astzD
wvrnmlkh

qpu
t ,,,

;;:,;;:
;;:,;;:

, σρνµλγβαΦ  

( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ]

( ),,,,
;;:,;;:

;;:,;;:
,

quastz
uuuuuu

wvrnmlkh
qp

uvurun

ulukuh +Φ
σνµ
λβα

= +σρ+ν+µ+λγ+β+α
        (3.3) 

( )astzDD
wvrnmlkh

qpu
t

u
z ,,,

;;:,;;:
;;:,;;:

, σρνµλγβα′ Φ  

( )[ ] ( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ]

uvuvuuruun

ululuukuuh

′′+′+

′′+′+
σρνµ
λγβα

=
2

2  

( ),,,,
;;:2,;;:2

;;:,;;:
,

uqpuastz
uuuuuuuuuuuu

wvrnmlkh
qp ′++Φ× ′+σ+ρ′++ν′++µ′+λ+γ′++β′++α

 

(3.4)  

( )astzD
wvrnmlkh

qpu
a ,,,

;;:,;;:
;;:,;;:

, σρνµλγβαΦ  

( ) ( ) ( ),,,,1
;;:,;;:

;;:,;;:
,

austzs
wvrnmlkh

qp
u

u +Φ−= σρνµλγβα
   ( ).N∈u                       (3.5)  

Proof. L.H.S of (3.2) after using (3.1) gives  

( )astzD
wvrnmlkh

qpu
z ,,,

;;:,;;:
;;:,;;:

, σρνµλγβαΦ  
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( )[ ] ( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ] ( ) ( )∑

∞

=

−

++

++

++−σρνµ

λγβα
=

0, 2

2
.

!!ji
s

jui

jwivjirjin

jmiljikjih

qjpiajui

tz
 (3.6)  

If we put uii +→  in (3.6), after little simplification and using definition (1.7), yields 

the result (3.2). In the same manner, one can prove the relations (3.3)-(3.5).  

Now, we give the derivative of the function ( )astz
wvrnmlkh

qp ,,,
;;:,;;:

;;:,;;:
, σρνµλγβαΦ  with 

respect to the argument p and q, respectively.  

Theorem 3.2. Let .R∈b  Then  

( )pbastz
p wvrnmlkh

qp +−Φ
∂
∂ σρνµλγβα

,1,,
;;:,;;:

;;:,;;:
,  

( )
( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ]

( )( )1,,,1
;1;1:2,;1;1:2

;;:,;;:
,

2

2 ++Φ




ρνµ
γβα

−= σ+ρ+ν+µλ+γ+β+α
bpastzzs

wvrnmlkh
qp

vrn

lkh
 

( ) ,,,,
;;:,;;:

;;:,;;:
,





+Φ+ σρνµλγβα

pbastzb
wvrnmlkh

qp  (3.7) 

( )qbastz
q wvrnmlkh

qp +−Φ
∂
∂ σρνµλγβα

,1,,
;;:,;;:

;;:,;;:
,  

( ) ( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ]

( )( )1,,,1
1;;1:1,1;;1:1

;;:,;;:
, ++Φ





σνµ
λβα−= +σρ+ν+µ+λγ+β+α

bqastzts
wvrnmlkh

qp

vrn

lkh  

( ) .,,,
;;:,;;:

;;:,;;:
,





+Φ+ σρνµλγβα

qbastzb
wvrnmlkh

qp  (3.8) 

Proof. We have  

( )pbastz
p wvrnmlkh

qp +−Φ
∂
∂ σρνµλγβα

,1,,
;;:,;;:

;;:,;;:
,  

( )
( )[ ] ( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ] ( ) ( )( )







+++−σρνµ

λγβα
−= ∑∑

∞

=

∞

= ++

++

1 0 2

2

!!1
1

i j
s

ji

jwivjirjin

jmiljikjih

qjibpaji

tz
s  



Hurwitz Zeta Function of Two Variables and Associated Properties  

Earthline J. Math. Sci. Vol. 3 No. 2 (2020), 297-315 

309 

( )[ ] ( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ] ( )( )

.
!!0 0 2

2








+++σρνµ

λγβα
∑∑
∞

=

∞

= ++

++

i j
s

ji

jwivjirjin

jmiljikjih

qjibpaji

tz
b  (3.9)  

By setting 1+→ ii  in the first summation of the equality (3.9), and simplifying, we 

obtain the result (3.7). Similarly, one can prove the equality (3.8). In similar way, we can 

prove the following theorem. 

Theorem 3.3. Let .R∈u  Then  

( )ubastz
u wvrnmlkh

qp +−Φ
∂
∂ σρνµλγβα

,1,,
;;:,;;:

;;:,;;:
,  

( ) ( ).,,,1
;;:,;;:

;;:,;;:
,

ubastzsb
wvrnmlkh

qp +Φ−= σρνµλγβα
                        (3.10)  

On other hand side, we now use the following equality in order to derive the 

differentiation formula for our generalized Hurwitz-Lerch zeta function of two variables:  

 ( ) ( )
.

log qjpiass
eqjpia

++−− =++   (3.11)  

Theorem 3.4. 

( )astzD
wvrnmlkh

qpu
s ,,,

;;:,;;:
;;:,;;:

, σρνµλγβαΦ  

 
( )[ ] ( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ]

( )[ ]
( )∑

∞

= ++

++ >
++

++−
σρνµ

λγβα
=

0, 2

2
.0,

!!

log

ji
s

uji

jwivjirjin

jmiljikjih
u

qjpiaji

qjpiatz
  (3.12)  

Proof. By using the formula (3.11) in (1.7) and differentiating with respect to s, we 

can easily obtain the desired result.  

Further, if we use the diagamma function, defined by [1, p.74 (2.51)]  

 ( ) ( ) ( )
( )

...,2,1,0,ln −−≠
Γ
Γ′

=Γ=ψ y
y

y
y

dy

d
y   (3.13)  

other differentiation formula would occur as follows:  

Theorem 3.5. For the generalized Hurwitz-Lerch zeta function (1.7), we have  

( )∏
=

σρνµλγβαΦ








α∂
∂h

u

wvrnmlkh
qp

u

astz

1

;;:,;;:
;;:,;;:

, ,,,  
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( )[ ] ( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ] ( )∑

∞

= ++

++

++σρνµ

λγβα
=

0, 2

2

!!ji
s

ji

jwivjirjin

jmiljikjih

qjpiaji

tz
 

( ) ( )[ ]∏
=

αψ−++αψ
h

u

uu ji

1

,2  

 ( )....,,2,1,\ 0 huu =∈α −
ZC   (3.14) 

Proof. Equation (3.14) can be easily obtained by using (3.13). Finally, we derive the 

following connections.  

Theorem 3.6. If ( ) 0>γlR  and ( ) ,0>λmR  then following results hold true:  

( )[ ( )]astzzD
wvrnmlkh

qp
z

lvl ,,,
;;:,;;:

;1;:,;1;:
,1 σρνµλγβα

−−
−γρ−γ Φ  

( )
( )

( ),,,,
;;:,;;:

;;:,;;:
,1

astzz
wvrnmlkh

qp

v

l v σρνµλγβα−ρ Φ
ρΓ
γΓ=                               (3.15) 

( ) ( )[ ( )]astztzDD
wvrnmlkh

qp
tz

mlwmvl ,,,
;;:,;;:

1;1;:,1;1;:
,11 σρνµλγβα

−−−−
−λ−γσ−λρ−γ Φ  

( ) ( )
( ) ( )

( ).,,,
;;:,;;:

;;:,;;:
,11

astztz
wvrnmlkh

qp

wv

ml wv σρνµλγβα−σ−ρ Φ
σΓρΓ
λΓγΓ=  (3.16)  

Proof. Consider the left hand side of (3.15), then in view of (1.7), we have  

( )[ ( )]astzzD
wvrnmlkh

qp
z

lvl ,,,
;;:,;;:

;1;:,;1;:
,1 σρνµλγβα

−−
−γρ−γ Φ  

( ) ( )[ ] ( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ] ( )

.
!!0,

1

12

12















++σρνµ

λγβα
= ∑

∞

=

−+γ

−++

−++ρ−γ

ji
s

ji

jwivjirjin

jmiljikjih

z
qjpiaji

tz
D

l
vl       (3.17)  

Upon using the relation (3.1) readily leads to the right hand side of (3.15). Applying the 

similar procedure used in (3.15), we get the formula (3.16).  

4. Summation Formulas  

In this section, we obtain some sums for the generalized Hurwitz-Lerch zeta function 

( )astz
wvrnmlkh

qp ,,,
;;:,;;:

;;:,;;:
, σρνµλγβαΦ  as follows:  
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Theorem 4.1. The following summation formula hold true:  

( ) ( ) ( )∑
∞

=

σρνµλγβασρνµλγβα +Φ=−Φ
0

;;:,;;:
;;:,;;:

,;;:,;;:
;;:,;;:

, ,,,,
!

,,,

u

u
wvrnmlkh

qpu
wvrnmlkh

qp
xaustz

u

s
xastz  

( ).1; ≠< sax                                                    (4.1) 

Proof. Using (1.7), we get 

 ( )xastz
wvrnmlkh

qp −Φ σρνµλγβα
,,,

;;:,;;:
;;:,;;:

,  

( )[ ] ( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ] ( )∑

∞

= ++

++

−++σρνµ

λγβα
=

0, 2

2

!!ji
s

ji

jwivjirjin

jmiljikjih

xaqjpiji

tz
 

( )[ ] ( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ] ( )∑

∞

=

−

++

++









++
−

++σρνµ

λγβα
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0, 2

2
1

!!ji

s

s

ji

jwivjirjin

jmiljikjih

qjpia

x

qjpiaji

tz
 

( ) ( )[ ] ( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ] ( )∑ ∑

∞

=

∞

=
+

++

++















++σρνµ

λγβα
=

0 0, 2

2
,

!!!
u

u

ji
us

ji

jwivjirjin

jmiljikjihu x
qjpiaji

tz

u

s
 

which in view of definition (1.7), yields proof of (4.1).  

Theorem 4.2. Let { } 1,max <btbz  and ( ).ab R<  Then  

( ) ( ) ( )∑
∞

=′

′σρνµλγβα′ −′++Φ
′

η′η

0,

;;:,;;:
;;:,;;:

, ,,,
!!

uu

uu
wvrnmlkh

qpuu yxbauustz
uu

 

( )[ ] ( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ] ( )∑

∞

= ++

++

++σρνµ

λγβα
=

0, 2

2

!!ji
s

ji

jwivjirjin

jmiljikjih

qjpiaji

tz
 

( ) ( ) ( )
.,,;,,1;,,1,,, 








++++++
η′η×

qjpia

y

qjpia

x

qjpia

b
sssssFG       (4.2)  

Proof. We have  

( ) ( ) ( )∑
∞

=′

′σρνµλγβα′ −′++Φ
′

η′η

0,

;;:,;;:
;;:,;;:

, ,,,
!!

uu

uu
wvrnmlkh

qpuu yxbauustz
uu
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( )[ ] ( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ] ( )∑
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2

!!ji
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jwivjirjin

jmiljikjih

qjpiaji
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∞
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η′η

×
0,,

.
!!!

uuu

uuu

uu

uuuuu
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y

qjpia

x

qjpia

b

uuus

s
 

Now, by using Lauricella’s series of three variables GF  defined by (see [13, 20])  

( )321 ,,;,,;,,,,, xxxvvFG τη′′η′ηξξξ  

( ) ( ) ( ) ( )
( ) ( )∑

∞

=′′′

′′′

′′+′

′′′′′+′+
′′′τ

η′′η′ηξ
=

0,,

321 ,
!!!

uuu

uuu

uuu

uuuuuu

uuu

xxx

v
 

we get the required result. 

Theorem 4.3. The following relation holds true: 

( )astxz
wvrnmlkh

qp ,,,
;;:,;;:

;;:,;;:
, +Φ σρνµλγβα

 

( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ]∑

∞

=
σνµ
λβα

=
0u uvurun

ulukuh
 

( ) ,
!

,,,
;;:,;;:

;;:,;;:
,

u

x
quastz

u
uuuuuu

wvrnmlkh
qp +Φ× +σρ+ν+µ+λγ+β+α

    ( ).1<x           (4.3)  

Proof. The proof is a direct application of the formula (cf. [17, p.63, (2.8.8)]  

( ) ( )( )∑
∞

=
=+

0

.
!

u

u
u

u

y
xfyxf  

Theorem 4.4. The following summation formula for the generalized Hurwitz-Lerch 

zeta function (1.7) holds true for :...,2,1,0≠s   

( )∑
∞

=

σρνµλγβα −Φ
0

;;:,;;:
;;:,;;:

, ,,,
!

u

wvrnmlkh
qp

u

austz
u

x
 

( ) .,,,
;;:,;;:

;;:,;;:
, axqxpx

wvrnmlkh
qp

easteze
σρνµλγβαΦ=                                (4.4)  
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Proof. Replacing s by us −  in (1.7), multiply during by !ux
u  and then sum up, we 

obtain (4.4).  

Theorem 4.5. The following result holds true:  

( )[ ] ( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ]

( )
( )∑

∞

= ++

++

++
+

σρνµ

λγβα

0, 2

2

!!ji
s

ji

jwivjirjin

jmiljikjih

qjpiaji

tzqjpi
 

( ) ( ).,,,,1,,
;;:,;;:

;;:,;;:
,;;:,;;:

;;:,;;:
,

astzaastz
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qp
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qp σρνµλγβασρνµλγβα Φ−−Φ=       (4.5)  

Proof. Denote left hand side by Λ, so that  

( )[ ] ( )[ ] ( )[ ] ( )[ ]
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( ) ( )[ ]
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∞

= ++

++

++
+−++
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=Λ
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2

!!ji
s

ji

jwivjirjin

jmiljikjih

qjpiaji

tzqjpiqjpia
a  

( ) .,1,,
;;:,;;:

;;:,;;:
, Λ−−Φ= σρνµλγβα

astz
wvrnmlkh

qp  

yields the theorem.  
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