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Abstract

In this research article we consider two well known subclasses of starlike and
bounded turning functions associated with nephroid domain. Our aims to

find third Hankel determinant for these classes.

1 Introduction and Definitions

Let A be the collections of all normalized analytic functions defined in the unit
disc ® = {z € C: |z] < 1} and of the form

fz)=2z+ Zanz", (z € D). (1.1)
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Let us denote the most basic, well known and important subclass of class A by
S which consists of all univalent functions in ®. Since in the early stage of 20th
century, researchers have been interested in coefficients of function f in class A.
In year 1916, Bieberbach see [1] was first to discover a coefficient conjecture for
the function f € S and finally in year 1985 De-Branges [2] solved Bieberbach
coefficient conjecture. In era 1916 to 1985 many researcher have tried to prove
or disprove this conjecture and they discovered different subclasses of the class
S associated with different image domains. The definition of class S*, C and R

which are subclasses of class S can be written in terms of subordination

S = {f68:2;22§)<1tz, ze@}, (1.2)
_ ) 1+

C = {feS. ) <1_Z, ze”D},

R = {fES:f'(z)<ii_i, ze@},

where ” <" represent subordination. Two analytic functions f and g, a function
f is subordinate to g symbolically f < g if there exist an analytic function w (z)
with limitation w (0) = 0 and |w (2)| < |z| such that f(z) = g(w(z)).If g € S,

then equivalence conditions

f(0)=g(0) and f (D) C g(D).

Let P denote class of all analytic functions p such that Re (p (z)) > 0, and of the

form

p(z) =2+ chz”, (z €D). (1.3)

By changing the function right hand side of subordinations in (1.2)), we obtain
some subclasses of the class & which have interesting geometric properties, see
[3, 4, 5l 6, 7, [8, 9, 10, 11, 12 13]. From among these subfamilies we recall here
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the families that are associated with trigonometric function as follows;

* _ .zf/(z) 2_123 5
She = {feS. 5 <1+ 3 }, (z€9), (1.4)
Sye = {fES:f/(z)<1+z—;z3}, (z €D). (1.5)

Recently, authors in [I8], introduced the class S, which are associated with
nephriod domain.

The Hankel determinant H,, (f) where parameters ¢,n € N = {1,2,3,---}
for function f € S of the form was introduced by Pommerenke [14], [15] as;

(0799 n+1 -+ Opi4g—1
Ap+1 n4+2 ... Qniq

Hyn (f) =1 . : . ' (1.6)
an+g—1 Qntq --- QAp42¢—2

The growth of H,, (f) has been evaluated for different subcollections of univalent
functions.  Exceptionally, the sharp bound of the determinant Hys (f) =
lazas — a3| for class S8*, C and R were found by Janteng et al. [16, 17] while
for the family of close-to-convex functions the sharp estimation is still unknown
(see, [19]). On the other hand, for the set of Bazilevi¢ functions, the best estimate
of |Ha2 (f)| was proved by Krishna et al. [20]. For more work on Hy s (f), see
21, 22, 23, 24, 25].

1 as as
H31(f)=|a2 a3 a4 (1.7)
az a4 as

is known as third order Hankel determinant and the estimation of this determinant
|H3z1 (f)| is so hard. In 2010, the first article on Hs (f) by Babalola [26], in
which he obtained the upper bound of |Hs 1 (f)| for the groups of S*, K and R.
Later on, a few creators distributed their work regarding |Hs; (f)| for various
subcollections of holomorphic and univalent functions, see [34] [35] [36], 37, 38],
which served as a base for the research in this field. Recently various authors

explored some interesting classes for the said property of Hankel determinant.
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Srivastava et al. [27] discussed this result for a class of Bi-valent functions defined
by ¢-derivative and gave various interesting properties of it. Then he along with
coauthors in [28] investigated the class of close to convex functions associated
with lemniscate of Bernouli and evaluated its Hankel determinant. Continuing
the same trend he in [29] incorporated the research on Toeplitz forms and Hankel
determinant for some g-starlike functions associated with a generalized domain.
Many other domains were also investigated for its Hankel determinant like a class
of starlike functions associated with k-Fibonacci numbers. Whose third Hankel
was evaluated by Shafiq et al. [30]. Further related work on the subject the
reader is referred to [31, B2, B3]. Motivated from above discussed work on the

topic we investigate |Hg 1 (f)| for classes of functions defined in the relations (|1.4])
and (L5).
2 Sets of Lemma

The following lemmas are important as they help in our main results.

Lemma 1. If p(z) € P and it is of the form (1.3]), then

len] <2 forn>1, (2.1)
2 for 0 <6 <1,
|enak — Ocner| < (2.2)
2120 — 1|  elsewhere.
lenem — ekl < 4 forn+m=1+k, (2.3)
[ (5cnc%‘ < 2(1+426) ford eR, (2.4)
2 2
a 1
~a 9 1AL 9.
()] 9 >~ 9 ) ( 5)
and for £ € C
e — &cf| <2 max {1;[2¢ —1]}. (2.6)

For the results in (2.1)), (2.2), (2.3)), (2.4), (2.5) see [44]. Also see [[3] for (2.6).
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Lemma 2. [/6]. If p(z) € P and is represented by (1.3)), then

—4dv+2 (v<0),
‘CQ-VC%’S 2 (0<v<1),
v —2 (v>1).

Lemma 3. [[7]. If p(z) € P and is represented by (1.3)), then

‘aci’—bclcg+d03‘ <2lal+2|b—2al+2la—b+d|.

3 Bounds of |Hs3; (f)| for class Sy,

Theorem 1. Let f € Sy, of the form (L.1)). Then

|G/2‘ S 17
1

|(13‘ S 57
7

<
laa] = 755
5)

|CL5| S —.
12

The first two bounds are sharp.

Proof. Since f € Sj;,, there exists an analytic function s(z), |s(z)] < 1 and
s(0) =0, such that

zf’(z)_ wz—lwz3
B =1+w(z) -3 (w(z) (3.1)
Denote
U (s(2)) =1+ w(z) — 3 (w(2)°,
and
k(z) =1+ + 2+‘”:1+7w(z) (3.2)
z c12 oz 1—’UJ(Z) .

k(z)fi. This gives

Obviously, the function k(z) € P, and w(z) = ToT

k(z)—1 12 + coz? + 328 + - -

w(z) = k() +1 24ciz+cz®+eszdt -
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298 M. G. Khan, B. Ahmad, W. K. Mashwani, T. G. Shaba and M. Arif

And
1 3
1+ (w(z)) — 5 (w(2))
1 1 1 1 1 1
— 14 Lo L2).2 L 3_ 1 1 3
+2CIZ+ <202 401)2’ + (1261 2CQC1+203>Z
1, 1 1, 1\ 4
+ <4clcz - 26301 — 462 + 204) Z5 4+ . (3.3)
And other side,
z2f'(z
J{(i)) 14 asz + (2a3 — a%) 22 4 (a% — 3agas + 3ay4) 23+
(—aél + da3az — dagay — 2a3 + 4as) A (3.4)
On equating coefficients of (3.3)), and (3.4), we get
1
az = e, (3.5)
- 3 (3.6)
az = 4027 .
1 1 1
ay = —EC‘;’ — 57020t G, (3.7)
) 1 1 1
as = %Cil - ZSC%CZ T 50301~ @cg + 3 (3.8)

Now using (2.1]) in (3.5) and (3.6, we get
1
laz] <1 and |ag| < 3

Rearrange the equation (3.7), we may write

1 1 1 1,
las| = 15\ ez )+ e gl

Using triangle inequality along with (2.2) and (2.4)), we get
7

< —.
la] < 73

Now rearrange the (3.8), we may write

s 1 2 L 1, o 5 ,
as| = |—= | ca — zcic —lau—zc5 | ——=|ca— —c
ST\ T 31 T e\ T 22 ) T g \ P 12

http://www. earthlinepublishers.com
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Application of triangle inequality along with (2.1)) and (2.2)), we get

5

<=,
las] < 5

The first two bounds are sharp for function define as

23 23
f(z)=zexp|z— =) =z+2"+Z+--
9 2
O
Theorem 2. Let f(z) € Sy, be of the form (L.1)). Then
1—2)
= A0
‘ag—)\a%‘g %, 0<A<1
22—1
e
Proof. Since using (3.5)) and ({3.6]), we get
1
’ag - )\a%} =1 }CQ — )\cﬂ ,
applying Lemma |2, we get the required results. O
Theorem 3. Let f(z) € Si;, be of the form (L.1). Then for £ € C, we have
1
|lag — &a3| < 5 max {1, 26 — 1]}
Proof. Since using (3.5) and (3.6, we get
1
Jaa — €| = *Jew — 3.
applying Lemma [2.6] we get the required results. O

If we put & = 1, the above result become as:

Theorem 4. Let f(z) € Si;, be of the form (L.1). Then

1

‘ag - a%‘ < 5

This results is sharp.
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Theorem 5. Let f(z) € Sy, be of the form (L.1]). Then

| <
a2as3 a4 = 18.
Proof. Since using (3.5)), (3.6) and (3.7) also rearranging term, we get

asa3 — a4 = |——=I(c3 —c9c1) +— | c3— =c
243 4 12 3 2C1 12 3 61

)

Using triangle inequality along with (2.2) and (2.4)), we get

7
lagas — aq| < —.
18

Theorem 6. Let f(z) € Si;, be of the form (L1.1). Then

4
‘a2a4 — a%‘ < 9

Proof. Since using (3.5)), (3.6) and (3.7]), we get

1 1 1 1
‘—c‘f - —c?cz + —c3c1 — c%

|azas —a3| = 43 12 16

1

1 1
= TG (0163 — Cg) + 47801 (03 — 0102) — mcil

applying (2.1), (2.2)) and (2.3)), we get the required result. O

Theorem 7. Let f(z) € Sy, be of the form (L.1). Then

377
|Ha (f)] < g = 0.58179.

?

Proof. Since
Hs3i(f) =a3 (a2a4 — a%) — a4 (ag — agas) + as (ag — a%) ,
by applying triangle inequality, we obtain
|Hs1 (f)] < lag| [azas — a3] + |aa| las — asas| + |as| |as — a3].

Next, from Theorems [T}, [ [f] and [6] we get the required result. O

http://www. earthlinepublishers.com
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4 Bounds of |H;; (f)| for class Ry

Theorem 8. Let f € Ryre of the form (1.1). Then

1
|(12| S 55
1
‘(13’ S P
3
1
‘a4’ S Za
3
\a5] < -
)

Proof. Since f € Ry, there exists an analytic function w(z), |w(z)| < 1 and
w (0) = 0, such that

And
f'(2) =1+ 2a22 + 3a32® + 3a42® + dasz* + - - - . (4.1)
On equating coefficients of (3.3)), and (4.1)), we get (%02 - %C%)2 = Thc‘f—%c%cﬁ—
1
1 1,
_ 1 1 4.
as 502~ T3°1 (4.3)
1 1 1
ay = ZSC? —gea + 363 (4.4)
1 1 1 1
as = 2—06%02 - Ec;;cl — %cg + 1—064. (4.5)

Now using (2.1)) to (4.2), we get

1
|a2‘ S 5
Using (2.5)) to (4.3)), we obtain
1
NP
jas| < 3

Earthline J. Math. Sci. Vol. 6 No. 2 (2021), 293-308
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Application of Lemma 3| to , lead us to
asl < 3
ST

Rearranging the , we have

ol = |1 1,\ a 1
BT \* 7 2%2) T \® T 29

applying (2.1) and (2.2), we get

)

3
|a5‘ S g
O
Theorem 9. Let f(z) € Rare be of the form (1.1). Then for £ € C, we have
1 3
‘ag—ﬁa%‘ < 3max{ ,f‘}
Proof. Since using (4.2) and (4.3]), we get
1 44 3¢
’a3—§a§’:6 cy — 3 C%,
application of relation ({2.6]), we get the required results. ]
If we put & = 1, the above result become as:
Theorem 10. Let f(z) € Rnre be of the form (1.1)). Then
1
‘ag — a%‘ < §
Theorem 11. Let f(z) € Rue be of the form (L.1). Then
| <3
as0a3 aq| S 4.
Proof. Since using (4.2)), (4.3) and (4.4)), we get
| VS N
a2a3 — Q4| = 2461 66261 803 )
using Lemma [3] we have
1
lagas — ayq| < T
O

http://www. earthlinepublishers.com
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Theorem 12. Let f(z) € Ryre be of the form (1.1)). Then

‘a2a4 — a%‘ < E
72

Proof. Since using (4.2)), (4.3) and (4.4]), we get
L 4

‘a2a4 — aQ‘ = |—===cCy — L0202 + i0301 — —02
3 576 1 288 17 T 32 36
1 1 1
= '36 (cres — C%) + 2331 (c3 —c1c2) — %Cil ;
application of triangle inequality along with (2.1), (2.2) and (2.3)), we get the
required result. O

Theorem 13. Let f(z) € Rye be of the form (1.1)). Then

677
|H31 (f)] < S16g = 0-31343.

Proof. Since
Hs 1 (f) = a3 (acas — a3) — as (a4 — asaz) + a5 (a3 — a3) ,
by applying triangle inequality, we obtain
|Hs1 (f)] < |as||azas — a3| + |aa| las — azas| + |as| |as — a3| .

Next, from Theorems and [12], we get the required result. O
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