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Abstract

The purpose of this article is to derive the necessary and sufficient conditions for the
power series Bk Y (%) whose coefficients are probabilities of the beta negative binomial

distribution to be in the family F(o,7,€,1,4, 3,¥) of holomorphic functions which are
defined in the open unit disk. We establish a number of important geometric properties,
such as, coefficient estimates, extreme points, neighborhood property, integral
representation, radii of starlikeness and convexity and Hadamard product properties for
functions belongs to this family. Also we determinate some differential subordination

properties of the power series ‘BgOf_ , ().

1. Introduction and Preliminaries

Indicate by A the family of all holomorphic functions U in the open unit disk
D = {¢ € C:|t| < 1} and having the type

UCE) = £ + Z ati, (1.1)
i=2
Also, let W indicate the subfamily of <A containing the functions of the type:

u)=t— ) atl  (a;=0). (1.2)
; i i
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A function U € W is said to be starlike of order m (0 < m < 1) if it fulfills the
condition:

{tll’(t)

0 }>m (t €eD),

and is said to be convex of order m(0 < m < 1) if it fulfills the condition:

R 41 ) b9)
{ +W}>m (t € D).

Denote by S*(m) and C(#m) the families of starlike and convex functions of order

m, respectively. These families were introduced and studied by Silverman [28].

For two functions & and Y, holomorphic in the unit disk O, we say that the function
F(IW) is subordinate to Y (W) in O, and write

T <YW @WeO),
if there exists a Schwarz function S(W), holomorphic in O, with
S(0)=0and |G(W)| <1 (WeD),
such that
FW) = Y(S(W)) (We 0).
In special, if the function Y is univalent in O, then
&(0) =Y(0) and F(O) c Y(O).
The Hadamard product * of & and Y in W is defined by

G+ Y@ =t - ) aptl,
i=2
where
X)) =1t— » atl and Y@)=1t— ) btl.
2 2

LetY:C3x 9D — Candlet $ be univalent in O. Assume that 7', Y are holomorphic
and univalent in O if T satisfies the differential subordination

YT ), tT' (1), £2T"(£); 1) < H(¢), (1.3)
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then T is named a solution of the differential subordination (1.3). The univalent function
£ is named a dominant of the solution of (1.3), or further simply dominant if 7 < £ for
all T satisfying (1.3). A dominant Q that satisfies € < € for all dominants £ of (1.3) is
said to be the best dominant of (1.3).

In recent years, various authors investigated many interesting results in differential
subordination (see for example [1,7,11,13,15,16,17,18,25,26,31,34]).

“The elementary distributions such as the Poisson, the Pascal, the Logarithmic, the
Binomial, the Borel have been partially studied in the Geometric Function Theory from a
theoretical point of view (see for example [2,10,23,24,33]).”

A discrete random variable x is said to have a beta negative binomial distribution if it

BO+uy)  BO+uy+1) 1
san 'H o 2
183+uy+243y,... respectively, where 1,7, are named the parameters.

takes the wvalues 0,1,2,3,.. with the probabilities

pulu+

+r—1 A+ uy+r
K )ﬁ(”—’/) r=0123, ...

BGy)

We can write the above probability as follows:

P(x=r)=(

u+r— 1)ﬁ(l+,u,y+r) _Tu+n)TQ+wl(ly +Mr@+y)
r BOY)  rIT@ TO+u+y+rTOIQF)

_ M @Wr@)r
O+ +r+y),rt’

P(x=r)=<

where (§); is the Pochhammer symbol defined by

()_F(6+j)_{ 1 (j=0),
TTEe) 86+ ..G+i-DGEN).

Now, we introduce a power series whose coefficients are probabilities of the beta
negative binomial distribution, that is

M Wi-1(1)j-1

x¥ (t)=t+z . th, teQ,
w S O+ 1)p 341G~ D!

where J,y and u are greater than zero. We see that, by using ratio test we conclude that
the radius of convergence of the above power series is infinity.
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We also define the series

) (Wi—1 ()1

t, reD. (14
Aty G—1)! (14

gogfy(t) =2t —ngy(t) =t —Z SRy
j=2 v

Now, we consider the linear operator ‘Bgogy(t): W — W defined by the

convolution (Hadamard product)

(J)y(ﬂ)i—1(7/)j—1
w3+ — D!

Bl (1) = p(u, 1) *U(L) = £ - Z G at!, (a;>0). (15)
=2

In our investigations we shall need the next lemmas:

Lemma 1.1 [22]. Let (%) # 0 be univalent in O. Let ¥ and @ be holomorphic in a
domain D containing (D) with @Ww) =0 when w € (D). Set Q%) =
tﬂ’(t)(p(ﬂ(t)) and H(t) = 19(53(45)) + Q(%). Suppose that

(1) Q(%) is starlike univalent in O,

t9'(t)
) m{%} >0 fort €0.

If T is holomorphic function in O and
I(T @) +tT' () (T (£)) < 9(2()) + 8" (H)p(8(1)), (1.6)
then T < £ and L is the best dominant of (1.6).

Lemma 1.2 [9]. Let u, v € C and suppose that J is convex and univalent in O with
3(0) =1 and R{uJ(t) + v} > 0,(# € O). If L is holomorphic in O with £(0) =1,

then the subordination

1R'(1)

&) + u(t) + v

<3(®)

implies that
L) <3(%), (1 €D0)

and 3 is the best dominant.

2. Main Results

We begin this section by defining the family F (o, T, €,1, 1, 3, ¥) as follows:

http:/fwww.earthlinepublishers.com
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Definition 2.1. A function ‘Bgoﬁf Y is said to be in the family F(o,t,€,n,u,3y) if it
fulfills
“, n “, n _ ﬂ !
[t (3L, ) | <nlot (Bel, ) +@-e+o)(Bet, )|, @D
where 0 <0<1,0<7<1,0<5e<1,0<n<1landt €.

Such type of study was carried out by numerous researchers for another families (see
for example [3,4,5,6,8,14,19,20,21,29,30,32,35]).

In the first theorem, we establish the necessary and sufficient conditions of the power

series ‘Bgoﬁf , (o be in the family F(o, T, €,1, 1,3, 7).

Theorem 2.1. A function ﬂ3go§‘_ y is in the family F (0,7, €,1, u,3,v) if and only if

ii(l)u(ﬂ)j—1()’)j—1[i(077 tD+n—e 1] <n(t—e+o0) (2.2)

G+y)u+3+y)-1G- D!
where 0 <0<1,0<7<1,0<5e<1,0<n<1, 2\y,u>0andt €0.
The result is sharp for iBgon y 8iven by

nc—e+a)A+y) (u+3+y) 1(1—1)'
iMuWi—1(Vj—1lilon + 1) +n(z —€) — 1]

Proof. Let us the inequality (2.2) holds true |£| = 1. Then, we conclude that

Pl (1) = £ , (22). (23)

¢ (302, ) | = ot (B, ) + @~ e +0) (B, ) |

Z iG— D@ (Wi-1()i-1 21
G+ u+r+y)i -0

oo ni(r — € + o)) (D), (1)i-1 (¥ )j-1
L O+ P+ 3+ 1) G- D!

—[nt—€e+0) - ati?

iG = DM @Wi-1 (i1
IR ISR MR R RS I

5 gltl™t —n(x—€e+o0)

o ni(r — € + o)) (D) L (Wi-1 (¥)j-1
= C+Vuu+3+y)-1G—1)!

aj ¢~
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a,—n(t—€e+0) <0,

_ i IO Wic1Wimalilon + D+ — ) — 1]
& O+ Y +3+y)i-1G— 1!

by hypothesis. Hence, by maximum modulus principle, we obtain ‘Bgoi‘_y €
F(o,t,6,n,127).

Conversely, let ‘Bgoé‘_ y € F(o,1,6,1,1,37). Then from (2.2), we obtain
[t (Bt ) | = n |0t (Bt () + (@ = € + o) (B, (0)) |

¢ (B, )"
ot (Bt (0) + (@~ e +0) (B0t 0))

i IG-DOpWi-1 W1 o1
O+ (34— G- 7
= <.

_ N e oD@ Wima g
(t—e+o) Z;« RYSS Ve ey 1

Since R(%) < |t| forall £ (£ € D), we get

i IG-DOuWia Wiz -1
O+P) p(uH3+p)i—1 G- )

<. (2.4)

)
I}
NN et DpWicaWim1 g
G+ D -0) 22 O+y)p(u+3+y)i—1 G-1)! altl J
p

(
I
"
(el ®) .
—— =~ is real. Upon clearing the

We select the value of £ on the real axis hence
(wﬁfy(t))

denominator of (2.4) and putting £ — 17, through real values, thus we can write (2.4) as

a; <n(t—e€+o0),

ii(ﬂﬂm)j_l(y)i_l[i(an +1) +n(x—e) —1]
Z G+ +3+1i1G- D!

which completes the proof.

Corollary 2.1. If B}, € F(0,7,€,1, 11,3, Y), then

http:/fwww.earthlinepublishers.com
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o < nc—e+o)A3+y)(u+3+y)-1G— 1!
" M@ic1 W= lilon + D) +n(t — ) — 1]

G=2).

Next, we obtain an extreme points of the family ‘Bgo; v € F(o, T, M 1M0Y).

Theorem 2.2. Suppose that ‘B@f_yl(t) =1 and

nc—e+o)A+y),(m+3+y)-1G—1D!
MW W)ialilon + D+t —€) — 1] '

%@ﬁfyi(t) = G = 2).

Then 513505 y € F(o,1,€6,1n,u,7Y) if and only if it can be expressed in the shape
Pl (t) = z 8B, (8, 2.5)
j=1

where 9; =20, j = landzl?ilﬂj =1

Proof. Suppose that 51350?_ , s expressed in the shape (2.5). Therefore

Bk, (6) = Y 5Rh, (6) = 0.k, (D) + ) 9Bek, (6)
i=1 i=2

1—2191 t
i=2

+Zﬁf(t nc—e+o)A+y),(+3+y);- 1(1_1)'45)
i=2

i) uWi—1 j-1lilon + 1D +n(z —e) — 1]

- t_i Ne—e+a)0+y),(p+3+y)-1(G—-1)!
i) (W1 (Nj-alilon + 1) + 1z —€) = 1] i

Now

) (Wi i lilon + 1) +1(x — €) — 1] y
L@ —e+ )0+ +3+7)1G - D!

y ne—e+o)A+y)(u+3+y)-1G— D!
iMNWi—1 Wi lilon+ D+ —e) —1]
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IA
[EEN

i=2

This shows that ‘Bpfy € F(o,T,6,1,L,17Y).
Conversely, assume that ‘Bgoﬁ‘_ Y given by (1.5) be in the family F(o,1,€,1,u,,7).

Then by Corollary 2.1, we find that

W < ne—e+o)A+y)(u+3+y)-1G— D!
PTIM@ica W= lilon + 1) +n(r — ) — 1]

we can set
1((1)M) (=) (M) Glon + 1) +n(x —€) — 1]
nt—e+0)(G+1),) (W+3+1-1) (G- 1)’

where 9; = 1 — 2, 9;. Thus

) 0 (i1 (Pt |
B, () = ¢ - IZZ SRR NS Wy w ey Th i

[ee)

3 ) (Wi—1 ()1
S O+ Y+ 347G - D!

nr—e+0)(G+1),) (w+3+11) (G- D)’

9.1
i((z)ﬂ)z((mj_l)z((y)i_l)z[i(on + 1)+ —e) —1]

1

_ TI(T—€+0)(J+V)H(H+3+V)I 1G— D! oyt
210, (W1 (Pj-1lion + 1) +n(z —€) — 1]

t— Z (t - SBgog‘_yi(t)> b;
=2

1- Z 9 |£ + Z 0j$p§fyi(t)
j=2 j=2
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= 9,50l (D + ) 0Bk, ()= ) Bk, (),
j=2 i=1

that is the required representation.

In view of the work of Goodman [12] and Ruscheweyh [27], we define the
p-neighborhood for the power series ‘,Bgoaf , by the definition below:

- M, (Wi M- :
No(B0l) =l < bl () = £ = > CEE R "t y)f-ll(i —y it
j=2

C JO) (W1 i
andz G+ y)ﬂ(:+unl+1y)i_lla e la;—b| <p,0<p<1;.(26)
j=2

In particular, for the identity function I(#) = £, we have

c ) W)i—1 ()= ~
Npli) = Ry () = €= ) s S e
=2

, 1A @Wi1 (i
and; A+ V) +3+y)-1 G- D! bl <p,0<p <1t

Definition 2.2. A function ‘,Bgoif Y is called in the family F3(o,1,€,7,1,3,7) if there

is a function hf_ y € F(o,1,€,1,U,3,7), such that

BpL, (1)

-1
hf_y ®)

<1-3(*e€eH0<I<).

Theorem 2.3. If hf_y € F(o,7,€6,1n,14,}Y) and

pl2(on+1) +n(—e)—1]

3:1_2[2(077+1)+r](‘r—6)—1]—77(‘r—6+a)'

2.7)

then Np(hf_y) c T3(a, T,6,1, 1L, 3Y).

Proof. Assume that 51350#_ = N, (hf y). Then we deduce from (2.6) that

Earthline J. Math. Sci. Vol. 6 No. 2 (2021), 271-292
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i(l)u(ﬂ)j—1()/)j—1

R b S ,
= (J+V)H(#+J+y)j_1(i_1)!|al 1| p
which implies
M Wi-1(1)i-1 o | < P
i=2 (J+‘y)“(#+l+)/)l_1(i—1)! 1 i —2-

Since hf_ y € F(o,1,€,1,1,37), by using Theorem 2.1, we have

(0]

M Wij—1 (-1 < n—e+o)
SO+ P34 - D 7 2020 + 1) + 0 —e) — 1]

So that

00

N (Wij-1(¥V)j-1 | i-1
z - ._ al- - b]lltl
ing;’y(t) 1‘ B = O+y) p(u+3+y)i—1 G-1)!

hﬁfy ®)

— ® (J)M(ﬂ)j—l(]/)j—1 ) -1
Z: (1+V)u(u+l+y)j_1(i—1)!bllﬂ

= M Wj-1¥)j-1 o
Z (J\+y),4(u+3\+y)i_1(i—1)!|ai bll

<

00

_ M) (Wij—1()j-1 '
1 Z O+ p(u+24+y)i—1 G- )

- pl2(on+1) +n(t—€) — 1]
“2[2(cn+ D) +n(t—€e)—1]—-n(t—€+o0)

=1-3.
Hence, by Definition 2.2, equivalently to ﬂ3go§‘_y € .7:3(0', T,6,1,4,3,y) for 3 given by

(2.7). This completes the proof of the theorem.

In the next theorem, we find integral representation of the power series 513505 ”
Theorem 2.4. Let B4}, , EF(a,7,61,127). Then

t t
Ko 1 — e+ (e
Bk (©)= | e Uo a1 —nop(e)

where |[YW(t)| < 1, € D.

http:/fwww.earthlinepublishers.com
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n

Bk, ()
Proof. By letting (J—y), = E(%) in (2.1), we have
(B, )

E(%)
cE(t)+T1—€+o0

<n,

or equivalently

E(t)
cE(t)+t1—¢€

o=@, (W) <Lt eD).
So
(B, @) _nG—e+ (@)
(et 00)  FAmmov®)

after integration, we obtain

! t —_
log ((‘Bsoﬁfy(t)) ) = fo niz 1 f;;)(lf)()t) dt.

Therefore

' “n(—e+o)p(t)
(‘Bgfaf_y(t)) = exT Uo T Cp— dt].

By integration once again, we get

t t
W n—e+a)p(t) ]
RUZ (D) —fo exT UO (L= 1ow() dt,|dt,,

and this gives the required result.

Theorem 2.5. If ‘Bgoﬁy € F(o,t,6,1n,u,3,y), then iBgoﬁ‘_y will be starlike of order
m (0 < m < 1) in the disk |t| < 1y, where

(- mlien+ D+ - — 1T
rl—mf{ (=M —c+0) } , (G=2).

i
Proof. It is enough to show that

£ (Pl )
By, ()

Earthline J. Math. Sci. Vol. 6 No. 2 (2021), 271-292
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We have
, i GDOuWia Wi ji-1
P (q;g/,)fy(;,g)) ) ) G-t
— 1< -
By, () T S NS ISP
O+ p (u+34+p)i—1 G- )
Thus (2.8) will be satisfied if
- 0, (W51 ¥); .
Z m)( )u(#)] 1()’)1 1 a-|t|1_1 <1. (29)
=2 ’m)(l'*')/)u(ll‘i‘l'*')/); 1(1_1)! !
Also from Theorem 2.1, if ‘Bgoé‘_ yEH (3,0,6,u), then
IO i lilon + 1D + 1@ — &) — 1] o<1 2.10)
(T_€+G)(J+V)M(H+J+y)1 1(1_1)| - .
In view of (2.10), we notice that (2.9) holds true if
G—m)R),(Wi—1()i-1 e

A =m)Q+p)uu+3+y)-1G- D!

i) Wi—1 Vi1 lilon + D + (T —e) — 1]
"N =€+ )0+ Y) A+ 3+y)i- G- D!

)

or equivalently

1

|t|<{1( —m)[1(0n+1)+n(r—6)—1]} -1

)

nG—m)(t—e+o)
this given the desired result.

Theorem 2.6. If ﬂ3go§‘_y € F(o,T,6,1, 1Y), then ‘Bgoﬁ‘_y will be convex of order
m(0 < m < 1) in the disk |t| < ry, where

) sz{(l m)[(an+1)+n<r—e)—1]}%
2 nG—m)(T—e+o0)

, G=2).

Proof. It is enough to show that

http:/fwww.earthlinepublishers.com
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£ (B, )"
(et

<1l-m for|t|<m,.

The result follows by application of arguments similar to the proof of Theorem 2.5.

Now, we consider the functions U, (n = 1,2) which defined by
U, (1) =1 - Z gt , (g, =0,n=12).
j=2

Then, by making use of (1.5), we have

N M @io1 (i
By, () = ‘Z CF a3+ NG - DI "

th, (a,=0,n=12). (211)

Theorem 2.7. Assume that the functions iBgoQ‘ Y (n = 1,2) defined by (2.11) be in
n

the family F (o, t,€,1,U,3, 7). Then ‘,Bgoﬁfyl * ‘Bgoﬁ‘_yz € F(o,1,&,n,U,),7), where

i+ )M (Wi—1 P=1lilon + D +n(r —€) — 1]°

= iMWi—1Wi—alilon+ D+ —e) =112 = 2@ — e+ 0)?Q+ )t + 3 + )1 G — D!

B N —e+0)?Q+y)(u+3+y)i- G — D! ilon + 1) + 97 — 1]
i Wim1Mizalilon + D+t —e) =112 =2 — e+ 0)20+ V) (u+ 3+ )i G — DY

Proof. We want find the largest £ such that

L (Wi N lilon + 1) +n(x — &) — 1]
& O+ Y@ +3+y)ia G- Dinr—$+0)

aj,lal-,z <1.

Since %@?y € T(O', T,€, 7’: u, l: Y) (n = 1:2)’ we get
'n

S IO Mialilon + D + 0 —e) —1]
£ O+ p@ 3471 (= Din —e+0) "

<1, (n=12).

By applying “Cauchy-Schwarz inequality”, we conclude that

N i Wi—1 Vj=1lilon + 1) +n(r —e) — 1]
L 0+ 4341 - DinG - e +0) Ja1a,<1.

(2.12)

Earthline J. Math. Sci. Vol. 6 No. 2 (2021), 271-292
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We want only to show that

i) (Wi—1 (-1 lilon + 1) +n(x = §) — 1]
Q+P)uu+3+y)i1G-Din(z—¢+0)

i) (Wi Wialion + 1) +1(r — €) — 1]
SO+ G- Dinit —e +0) V192

Q1442

This equivalently to

(= ¢+ 0ilon+ 1D +nG -~ 1]
Vit = @ e lion + DG -9 - 11

From (2.12), we have

0PI+ DG — e+ 0)
V%2 =30 L alilon + D 4 n—e) — 1]

Thus, it is sufficient to show that

C+Pput+3+PiaG-Din—e+o) (@—-¢+0)lilon+1) +nlr—e) 1]
IMuWim1Ni-alilon + D +n(t =€) =11~ (t =€+ 0)[j(on + 1) +n(z = &) — 1]

which implies to

< i+ )M Wi—1 Wi=1lilon + 1) +n(r —e) — 1]°
TIMWi—1 WM—alilon + D+t — ) =12 —n* (T — e + 0?0+ ¥)(u + 3+ ¥)j-1 G — D!

§

B nr—e+0)20+y)(u+3+Y)i-1G— D! ilon + 1) + 97— 1]
iMWi—1 Wi—alilon+ D+t —e) =112 =2 — e+ 0)?2Q+y) y(u + 3+ ¥)i G — DY

Theorem 2.8. Assume that the functions ‘/Bgoéf - (n = 1,2) defined by (2.11) be in
the family F (o, T, €,1, U, ), Y). Then the function X defined by

N M Wi Wi
O =€ ) a3 F a6

—1)! (aiz.l + ajz,z)tj (2.13)

belong to the family F(o,t,{,n, U, Y), where

[ < it +0)[ilon + 1) +n(t —€) — 11> = 2n(t — e + 0)*[i(on + 1) + nr — 1]
- ililon + 1) +n(t —€) — 1] = 2n%(r — € + 0)? '

Proof. We need find the largest { such that
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Zl(mﬂ)z((u)l D= lilon + 1) + 0t =) —
(G+P) (@+3+ 1) (G- D)’ 0@ - +0)

Since %@}y € T(O', T, €, 7’: u, l: Y) (n = 1:2)’ we get
'n

(11+a12)<1

i (I(Du(ﬂ)l L Wialilon + 1) +n(x—€) — 1]) 3
1 O+ +3+y)i1G—Din(t—e+o0)

2
ZI(D“(H)I L WMicalilon + 1) + 0@ =€) = 1] ><1 214)

G U3+ 1)iaG—Din(t—e+0) I

IA
/_\

i=2

and

i (mw)l L Mialilon + 1) +n(x—€) — 1]) :
1 QA+ +3+y)i1G-Din(z—€e+o)

2
I(R)M(H)I 1()/)1 1[](0'7] + 1) + r}(-[ — E) _ 1]
<< C+Vu+3+y)is1G-Din(t—€e+0) 12> <1. (215

Combining the inequalities (2.14) and (2.15), gives

o 1 (i, (Wi M1 lilon + 1) + 0z — ) — 1]\
ZE(O V) +3+y)i (- Din(T—e+ a)) (afy +al) < 1.

But, X € F(o,1,{,n, 1 3,7) if and only if

ZI((DH)Z((H)I D) (-0 Tilon + D+ =) =
(@ +7) (@+3+Pi) (G- DY 0@ =T +0)
The inequality (2.16) will be satisfied if

(a11 +al,)<1. (216)

(3,0 (i) (4-1) lilen + 1) +1(x = ) — 1]
(G+1) (@+3+ 1) (G- D)’ - +0)

2((3),) (=) (M=) o + 1) +1(x — €) — 1]
2((3"')’)#) (43 +1)21)" (G- 1)) n2(1 — € + 0)?

(G=23..)
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so that

it +0)[ilon + 1) +n(t —€) — 11> = 2n(t — e + 0)?[i(on + 1) + nr — 1]
ililen + 1) +n(t —€) —1]2 = 2n2(t — € + 0)? '

¢ =<

Theorem 2.9. Assume that the functions 51350?], (n = 1,2) defined by (2.11) be in
'n

the family F(o,t,€,n,1 3 y) and nag = —1. Then the function K defined by (2.13)
belongs to the family F(o,T,€,1, U, 3, 7).

Proof. Since B} y EF (0,7,€6,1,1,3,7), we have

I(R)u(ﬂ)l 1()/)1 1[1(0-77 + 1) + U(T - E) - 1]
= 3+ 1) +3+7)1 G- Din(@—e+o)

a, <1

and so

i (1(1),@)1 L Mialilon + D +1(x—€) — 1]) :
1 Q+y)uu+3+y)i-1G—Din(x—€e+0)

2
1(3);100I 1WMj-1lilon+ 1D +n(x—€) — 1]

<1.
= O+ ) +3+7)i- G-Dipt—c+o0)
Similarly, since ‘,Bgoéf Yy € F(o,1,6,1,U,),7), we have
z i), W1 M1 lilon + 1) + (T — ) — 11\ 2 <1
S\ O+ +3+ )i -Din—e+o) %2 =2

Hence

1 (i), Wi Micalilon + 1) + 1z — &) = 11\
Z_(Q*'Y)u(ﬂ"r“')/)] 1(1—1)'77(T—E+0')> (afy +az) <1

In light of Theorem 2.1, it is enough to show that

i () (i) (@i-1) lien + 1) + 7t =) -
L (0 (W3 +1) (G- DY) @ =T+ 0)

Thus the inequality (2.17) will be satisfied if

( aly +afy) <1. (217)
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(3,07 (@i-) (4-1) lilon + 1) + 1t —€) — 1]
(O+10) (e +3+P-) (G- D) 1 —e+0)

_ (@) (W5-1) (@)11) lilon + D) + 1 — &) — 1
" 2(04 ) (@) (G- DY - e+ o)

G=23,..)
orif
ililen+ V) +n(z—€)—1]1-2n(zr—€+0) =0, (G=23,..). (2.18)

The left hand side of (2.18) is increasing function of j, hence (2.18) is satisfied for all j if
no = —1. This completes the proof.

In the next theorems, we discuss some subordination results for the function ‘Bgoé‘ ”

Theorem 2.10. Let £ be univalent in O with 2(t) # 0 (+ € O) and assume that 8
Sulfills

m{l N Em N R+ 1) 8 (1) N tﬂ”(t)} 0,

20t) + (M~ 1 5 T (2.19)
where €, X, M € C,0o € C\ {0} and t € D.

Suppose that t(ﬁ(t))im_lﬁ' () is starlike univalent in O. If a function ‘Bgoéf y Julfills

the subordination

\ BM r\ BO+1) N BT
£ (Bt (1)) £ (Bpl, (1)) £ (Bel, (1))
——E TR ——— toB\ ——m
NG B (6) Tl (6
N (et @) (Bt )
T u
(Bt @) ¥
< (€ +xe@®)(2))” + ot(2(0)” '€ (o), (2.20)
then
INEA
M <L) (¢>0,te)
Bl (@) ’

and 8 is the best dominant.
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Proof. Assume that 7'be defined by

£
MpWi-1(0)i-1

"t 1-— i , a-ti_l\
t(q;@ﬂ (;,g)) / = Vo u@nen ot 4 |

T =\—"——="7"| = | . (2.21)
‘BSOM/('f) - M pWj—1 (Vi1 i—1
1-— z —— ;1]
= G+Y) pu(u3+y)i—1 -1)!

It can be easily observed that 7" is holomorphic in O.

By setting
Iw) = (€ + 8w)w™ and @(w) = ow™ L, w = 0,

we find that 9(w) is holomorphic in C, ¢ (w) is holomorphic in C \ {0} and that p(w) #
0,w € C\ {0}. Also, we obtain

0(t) = t2' (B)p(2(1)) = ot (2(H)" '€ (t)

and

H(8) = 0(2(8)) + 0(t) = (e + 8(®))(2(®)™ + ot(2()™ '€ (1).

It is obvious that Q (%) is starlike univalent in O and from (2.19), we conclude that

t9H' (1) _ @ R(EN+1) 3 Q' () 22"(1)
Sﬁ{m}—ﬂ%{1+ +—2(’£’)+(§Ut 1) 200 + (D) }>0.
By some calculation, we have
(€ +RTO)TD)" + 0t (T(®))" 7' ()
r\ EM \ £(M+1)
£ (Bpl, ) £ (Bpl, (1))
= N &~ T/ + 8= "7
By, (@) By, (1)

1\ " ’
t (Bt (©) Lt (el ) (Bl @)
B él.y(t) (ngggl (ﬂ)l ‘/Bz@ﬁfy(f)
'y

(2.22)

From (2.20) and (2.22), we find that
(€ + 87T )" + 0t (T(®))" ' T(8)
< (€ +8e(®)()” + ot (2(0)” "2 (0).
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Hence, by Lemma 1.1, we conclude that 7 (¢) < 2(%). From (2.21), we have the result.
Theorem 2.11. Let w, v € C and J be convex and univalent in O with 3(0) = 1 and
R{uJ(t) + v} >0, € D). If a function ‘BgOf’yfulfills the subordination
t(wﬁfy(t)) 1 t(moﬁfy(t))
D s

) t 2.23
<3®), :
WD 3@®) (2.23)

(et 0)

1+v+

u+ v

then
£ (Pl )
——a o <3@)
BT (©)
and 5§ is the best dominant.
Proof. Assume that be defined by

M) (Wij—1(¥)j-1 £i-1

t (ggpgy(t))' - JZ;‘ oG-t 4
By @ Z”: W Wiy g
= O+ (u+34+p)im1 G- )
It can be easily observed that £ is holomorphic in O and £(0) = 1.
After some computation, we obtain
pel @) e(pel )
1+v+(1.—y),+(u_1)%
)+ XY@ _ (wel, ) w (225
u(t) +v Pl (1) ' '
u+v———
t(wol, @)
From (2.23) and (2.25), we have
) + ) < 3(%)
ul(t) + v S

Hence, by Lemma 1.2, we conclude that () < J(%). From (2.24), we have the result.
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