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Abstract 

The purpose of this article is to derive the necessary and sufficient conditions for the 

power series �℘ℷ,�� ��	 whose coefficients are probabilities of the beta negative binomial 

distribution to be in the family ℱ��, �, , �, �, ℷ, �	 of holomorphic functions which are 

defined in the open unit disk. We establish a number of important geometric properties, 

such as, coefficient estimates, extreme points, neighborhood property, integral 

representation, radii of starlikeness and convexity and Hadamard product properties for 

functions belongs to this family. Also we determinate some differential subordination 

properties of the power series �℘ℷ,�� ��	. 

1. Introduction and Preliminaries 

Indicate by � the family of all holomorphic functions � in the open unit disk � = �� ∈ ℂ: |�| < 1� and having the type 

���	 = � + � � �  !
 "#  ,                                                �1.1	 

Also, let & indicate the subfamily of � containing the functions of the type: 

���	 = � − � � �  !
 "#       (� ≥ 0+.                                    �1.2	 
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A function � ∈ & is said to be starlike of order -�0 ≤ - < 1	 if it fulfills the 

condition: 

ℜ 0��1��	���	 2 > 4      �� ∈ �	 , 
and is said to be convex of order -�0 ≤ - < 1	 if it fulfills the condition: 

ℜ 01 + ��11��	�1��	 2 > 4      �� ∈ �	. 
Denote by 5∗�-	 and :�-	 the families of starlike and convex functions of order -, respectively. These families were introduced and studied by Silverman [28]. 

For two functions ; and <, holomorphic in the unit disk �, we say that the function ;�=	 is subordinate to  <�=	 in �, and write  ;�=	 ≺ <�=	      �= ∈ �	, 
if there exists a Schwarz function ?�=	, holomorphic in �, with ?�0	 = 0  and  |?�=	| < 1    �= ∈ �	,   
such that ;�=	 = <(?�=	+      �= ∈ �	.  
In special, if the function < is univalent in �, then  ;�0	 = <�0	  and  ;��	 ⊂ <��	. 

The Hadamard product ∗ of ; and < in & is defined by 

�; ∗ <	��	 = � − � � A �  !
 "#  , 

where 

;��	 = � − � � �  !
 "#    and   <��	 = � − � A �  !

 "#  . 
Let Υ ∶ ℂD × � ⟶  ℂ and let ℌ be univalent in �. Assume that H, Υ are holomorphic 

and univalent in � if H satisfies the differential subordination Υ�H��	, �H′��	, �#H′′��	; �	 ≺ ℌ��	,                                       �1.3	 
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then H is named a solution of the differential subordination (1.3). The univalent function L is named a dominant of the solution of (1.3), or further simply dominant if H ≺ L for 

all H satisfying (1.3). A dominant LM that satisfies LM ≺ L for all dominants L of (1.3) is 

said to be the best dominant of (1.3). 

In recent years, various authors investigated many interesting results in differential 

subordination (see for example [1,7,11,13,15,16,17,18,25,26,31,34]). 

“The elementary distributions such as the Poisson, the Pascal, the Logarithmic, the 

Binomial, the Borel have been partially studied in the Geometric Function Theory from a 

theoretical point of view (see for example [2,10,23,24,33]).” 

A discrete random variable N is said to have a beta negative binomial distribution if it 

takes the values 0, 1, 2, 3, … with the probabilities 
P�ℷQ�,�	P�ℷ,�	 , � P�ℷQ�,�QR	P�ℷ,�	 , R# ��� +1Sℷ+�,�+2Sℷ,�,… respectively, where ℷ,�,� are named the parameters. 

T�N = U	 = V� + U − 1U W S�ℷ + �, � + U	S�ℷ, �	 ,     U = 0,1,2,3, …  . 
We can write the above probability as follows: 

T�N = U	 = V� + U − 1U W S�ℷ + �, � + U	S�ℷ, �	 = Γ�� + U	U!  Γ��	 Γ�ℷ + �	Γ�� + U	Γ�ℷ + �	Γ�ℷ + � + � + U	Γ�ℷ	Γ��	 

= �ℷ	���	Z��	Z�ℷ + �	��� + ℷ + �	Z U! ,  
where �[	  is the Pochhammer symbol defined by 

�[	 = Γ�[ +  	Γ�[	 = \ 1                                   �  = 0 	 ,[�[ + 1	 … �[ +  − 1	�  ∈ ℕ 	 .      ̂
Now, we introduce a power series whose coefficients are probabilities of the beta 

negative binomial distribution, that is 

_ℷ,�� ��	 = � + � �ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	! �  !
 "# ,   � ∈ �, 

where ℷ, � and � are greater than zero. We see that, by using ratio test we conclude that 

the radius of convergence of the above power series is infinity. 
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We also define the series 

℘ℷ,�� ��	 = 2� − _ℷ,�� ��	 = � − � �ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	! �  !
 "# ,   � ∈ �.     �1.4	 

Now, we consider the linear operator �℘ℷ,�� ��	 ∶  & ⟶ & defined by the 

convolution (Hadamard product) 

�℘ℷ,�� ��	 = ℘��, �	 ∗ ���	 = � − � �ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	! � �  !
 "# ,   (� ≥ 0+.    �1.5	 

In our investigations we shall need the next lemmas: 

Lemma 1.1 [22]. Let L��	 ≠ 0 be univalent in �. Let d and e be holomorphic in a 

domain f containing L��	 with e�g	 ≠ 0 when g ∈ L��	. Set h��	 =  �L1��	e(L��	+ and ℌ��	 = d(L��	+ + h��	. Suppose that 

(1) h��	 is starlike univalent in �, 

(2) ℜ i�ℌj��	h��	 k > 0  for � ∈ �. 

If H is holomorphic function in � and d(H��	+ + �H 1��	e(H��	+ ≺ d(L��	+ + �L1��	e(L��	+,                    �1.6	 

then H ≺ L and L is the best dominant of (1.6). 

Lemma 1.2 [9]. Let m, n ∈ ℂ and suppose that o is convex and univalent in � with o�0	 = 1 and ℜ�mo��	 + n� > 0, �� ∈ �	. If L is holomorphic in � with L�0	 = 1, 

then the subordination 

L��	 + �L1��	mL��	 + n ≺ o��	 

implies that L��	 ≺ o��	,   �� ∈ �	 

and o is the best dominant. 

2. Main Results 

We begin this section by defining the family ℱ��, �, , �, �, ℷ, �	 as follows: 
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Definition 2.1. A function �℘ℷ,��
 is said to be in the family ℱ��, �, , �, �, ℷ, �	 if it 

fulfills p� q�℘ℷ,�� ��	r11p < � p�� q�℘ℷ,�� ��	r11 + �� −  + �	 q�℘ℷ,�� ��	r1p ,            �2.1	 

where 0 ≤ � < 1 , 0 < � ≤ 1, 0 ≤  < 1, 0 < � < 1 and � ∈ �. 

Such type of study was carried out by numerous researchers for another families (see 

for example [3,4,5,6,8,14,19,20,21,29,30,32,35]). 

In the first theorem, we establish the necessary and sufficient conditions of the power 

series �℘ℷ,��
 to be in the family ℱ��, �, , �, �, ℷ, �	. 

Theorem 2.1. A function �℘ℷ,��
 is in the family ℱ��, �, , �, �, ℷ, �	 if and only if 

�  �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! � 
!

 "# ≤ ��� −  + �	,           �2.2	 

where 0 ≤ � < 1 , 0 < � ≤ 1, 0 ≤  < 1, 0 < � < 1, ℷ, �, � > 0 and � ∈ �. 

The result is sharp for �℘ℷ,��
 given by 

�℘ℷ,�� ��	 = � − ��� −  + �	�ℷ + �	��� + ℷ + �	 `R� − 1	! �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t �    ,   � ≥ 2	.    �2.3	 

Proof. Let us the inequality (2.2) holds true |�| = 1. Then, we conclude that 

p� q�℘ℷ,�� ��	r11p − � p�� q�℘ℷ,�� ��	r11 + �� −  + �	 q�℘ℷ,�� ��	r1p 
= u− �  � − 1	�ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	! � �  `R!

 "# u 
− u��� −  + �	 − � � �� −  + � 	�ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	! � �  `R!

 "# u 
≤ �  � − 1	�ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	! � |�| `R!

 "# − ��� −  + �	 

+ � � �� −  + � 	�ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	! � |�| `R!
 "#  
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= �  �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! � 
∞

 "# − ��� −  + �	 ≤ 0, 
by hypothesis. Hence, by maximum modulus principle, we obtain �℘ℷ,�� ∈ ℱ��, �, , �, �, ℷ, �	. 

Conversely, let �℘ℷ,�� ∈ ℱ��, �, , �, �, ℷ, �	. Then from (2.2), we obtain 

p� q�℘ℷ,�� ��	r11p − � p�� q�℘ℷ,�� ��	r11 + �� −  + �	 q�℘ℷ,�� ��	r1p 
v � q�℘ℷ,�� ��	r11
�� V�℘ℷ,�� ��	W11 + �� −  + �	 V�℘ℷ,�� ��	W1v 

= vv


∞

=2j

 � `R	�ℷ	w��	 xy��	 xy�ℷQ�	w��QℷQ�	 xy� `R	! � �  `R
�� −  + �	 − ∞

=2j

 �z`{Q| 	�ℷ	w��	 xy��	 xy�ℷQ�	w��QℷQ�	 xy� `R	! � �  `Rvv < �. 
Since ℜ��	 ≤ |�| for all � � � ∈ � 	, we get 

ℜ
⎩⎪⎨
⎪⎧ 

∞

=2j

 � `R	�ℷ	w��	 xy��	 xy�ℷQ�	w��QℷQ�	 xy� `R	! � �  `R
�ℷ + 1	�1 − �	 − ∞

=2j

 �z`{Q| 	�ℷ	w��	 xy��	 xy�ℷQ�	w��QℷQ�	 xy� `R	! � �  `R⎭⎪⎬
⎪⎫ < �.             �2.4	 

We select the value of � on the real axis hence 
�V�℘ℷ,�w ��	Wjj

V�℘ℷ,�w ��	Wj  is real. Upon clearing the 

denominator of (2.4) and putting  � → 1`, through real values, thus we can write (2.4) as 

�  �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! � 
!

 "# ≤ ��� −  + �	, 
which completes the proof. 

Corollary 2.1. If �℘ℷ,�� ∈ ℱ��, �, , �, �, ℷ, �	, then 
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� ≤ ��� −  + �	�ℷ + �	��� + ℷ + �	 `R� − 1	! �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t ,   � ≥ 2	. 
Next, we obtain an extreme points of the family �℘ℷ,�� ∈ ℱ�σ, τ, ϵ, η, μ, ℷ, γ	. 

Theorem 2.2. Suppose that �℘ℷ,�� R��	 = � and 

�℘ℷ,��  ��	 = � − ��� −  + �	�ℷ + �	��� + ℷ + �	 `R� − 1	! �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t �     ,       � ≥ 2	. 
Then �℘ℷ,�� ∈ ℱ��, �, , �, �, ℷ, �	 if and only if it can be expressed in the shape 

�℘ℷ,�� ��	 = � d �� ��	!
 "R ,                                                         �2.5	 

where d ≥ 0 ,  ≥ 1 and ∑ d ! "R = 1. 

Proof. Suppose that �℘ℷ,��
 is expressed in the shape (2.5). Therefore 

�℘ℷ,�� ��	 = � d �℘ℷ,��  ��	!
 "R = dR�℘ℷ,�� R��	 + � d �℘ℷ,��  ��	!

 "#  

= �1 − � d 
!

 "# � � 

+ � d �� − ��� −  + �	�ℷ + �	��� + ℷ + �	 `R� − 1	! �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t �  �!
 "#  

= � − � ��� −  + �	�ℷ + �	��� + ℷ + �	 `R� − 1	! �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t d 
!

 "#  . 
Now 

�  �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t��� −  + �	�ℷ + �	��� + ℷ + �	 `R� − 1	!!
 "#  × 

×  ��� −  + �	�ℷ + �	��� + ℷ + �	 `R� − 1	! �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t d  
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= � d 
!

 "# = 1 − dR ≤ 1. 
This shows that �℘ℷ,�� ∈ ℱ��, �, , �, �, ℷ, �	. 

Conversely, assume that �℘ℷ,��
 given by (1.5) be in the family ℱ��, �, , �, �, ℷ, �	. 

Then by Corollary 2.1, we find that 

� ≤ ��� −  + �	�ℷ + �	��� + ℷ + �	 `R� − 1	! �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t . 
 we can set 

d =  (�ℷ	�+#(��	 `R+#(��	 `R+#s ��� + 1	 + ��� − 	 − 1t��� −  + �	(�ℷ + �	�+#(�� + ℷ + �	 `R+#(� − 1	!+# �       � ≥ 2	, 
where dR = 1 − ∑ d ! "# . Thus 

�℘ℷ,�� ��	 = � − � �ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	! � �  !
 "#  

= � − � �ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	!  × !
 "#  

× ��� −  + �	(�ℷ + �	�+#(�� + ℷ + �	 `R+#(� − 1	!+#
 (�ℷ	�+#(��	 `R+#(��	 `R+#s ��� + 1	 + ��� − 	 − 1t d �   

= � − � ��� −  + �	�ℷ + �	��� + ℷ + �	 `R� − 1	! �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t d �  !
 "#  

= � − � �� − �℘ℷ,��  ��	� d 
!

 "#  

= �1 − � d 
!

 "# � � + � d �℘ℷ,��  ��	!
 "#  
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= dR�℘ℷ,�� R��	 + � d �℘ℷ,��  ��	!
 "# = � d �℘ℷ,��  ��	!

 "R , 
that is the required representation. 

In view of the work of Goodman [12] and Ruscheweyh [27], we define the �-neighborhood for the power series �℘ℷ,��
 by the definition below: 

��(�℘ℷ,�� + = �ℎℷ,�� ∶ ℎℷ,�� ��	 = � − � �ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	! A �  !
 "#  ̂

^and �  �ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	! �� − A � ≤!
 "# � , 0 ≤ � < 1� . �2.6	 

In particular, for the identity function ���	 = �, we have 

��(�ℷ,�� + = �ℎℷ,�� ∶ ℎℷ,�� ��	 = � − � �ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	! A �  !
 "#  ̂

^and �  �ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	! �A � ≤!
 "# � , 0 ≤ � < 1�. 

Definition 2.2. A function �℘ℷ,��
 is called in the family ℱℨ��, �, , �, �, ℷ, �	 if there 

is a function ℎℷ,�� ∈ ℱ��, �, , �, �, ℷ, �	, such that 

��℘ℷ,�� ��	ℎℷ,�� ��	 − 1� < 1 − ℨ�� ∈ �, 0 ≤ ℨ < 1	 . 
Theorem 2.3. If  ℎℷ,�� ∈ ℱ��, �, , �, �, ℷ, �	 and 

ℨ = 1 − �s2��� + 1	 + ��� − 	 − 1t2s2��� + 1	 + ��� − 	 − 1t − ��� −  + �	 ,                    �2.7	 

then ��(ℎℷ,�� + ⊂ ℱℨ��, �, , �, �, ℷ, �	. 

Proof. Assume that �℘ℷ,�� ∈ ��(ℎℷ,�� +. Then we deduce from (2.6) that 
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�  �ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	! �� − A � ≤!
 "# �, 

which implies 

� �ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	! �� − A � ≤!
 "#

�2 . 
Since ℎℷ,�� ∈ ℱ��, �, , �, �, ℷ, �	, by using Theorem 2.1, we have 

� �ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	! A 
!

 "# ≤ ��� −  + �	2s2��� + 1	 + ��� − 	 − 1t. 
So that 

��℘ℷ,�� ��	ℎℷ,�� ��	 − 1� ≤ 
∞

=2j

�ℷ	w��	 xy��	 xy�ℷQ�	w��QℷQ�	 xy� `R	! �� − A �|�| `R
1 − ∞

=2j

�ℷ	w��	 xy��	 xy�ℷQ�	w��QℷQ�	 xy� `R	! A |�| `R

< 
∞

=2j

�ℷ	w��	 xy��	 xy�ℷQ�	w��QℷQ�	 xy� `R	! �� − A �
1 − ∞

=2j

�ℷ	w��	 xy��	 xy�ℷQ�	w��QℷQ�	 xy� `R	! A 
≤ �s2��� + 1	 + ��� − 	 − 1t2s2��� + 1	 + ��� − 	 − 1t − ��� −  + �	 

= 1 − ℨ. 
Hence, by Definition 2.2, equivalently to �℘ℷ,�� ∈ ℱℨ��, �, , �, �, ℷ, �	 for ℨ given by 

(2.7). This completes the proof of the theorem. 

In the next theorem, we find integral representation of the power series �℘ℷ,��
. 

Theorem 2.4. Let �℘ℷ,�� ∈ ℱ��, �, , �, �, ℷ, �	. Then 

�℘ℷ,�� ��	 = �  NH ¡� ��� −  + �	¢�£R	£R(1 − ��¢�£R	+ ¤£R�
¥ ¦�

¥ ¤£#, 
where |¢��	| < 1, � ∈ �. 
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Proof. By letting  
�V�℘ℷ,�w ��	Wjj

V�℘ℷ,�w ��	Wj = §��	 in (2.1), we have 

¨ §��	�§��	 + � −  + �¨ < �, 
or equivalently 

§��	�§��	 + � −  + � = �¢��	,       �|¢��	| < 1, � ∈ �	. 
So q�℘ℷ,�� ��	r11

V�℘ℷ,�� ��	W1 = ��� −  + �	¢��	�(1 − ��¢��	+  , 
after integration, we obtain 

log qq�℘ℷ,�� ��	r1r = � ��� −  + �	¢�£	£(1 − ��¢�£	+ ¤£�
¥ . 

Therefore 

q�℘ℷ,�� ��	r1 =  NH ¡� ��� −  + �	¢�£	£(1 − ��¢�£	+ ¤£�
¥ ¦. 

By integration once again, we get 

�℘ℷ,�� ��	 = �  NH ¡� ��� −  + �	¢�£R	£R(1 − ��¢�£R	+ ¤£R�
¥ ¦�

¥ ¤£#, 
and this gives the required result. 

Theorem 2.5. If �℘ℷ,�� ∈ ℱ��, �, , �, �, ℷ, �	, then �℘ℷ,��
 will be starlike of order -�0 ≤ - < 1	 in the disk |�| < UR , where 

UR = ¬® 0 �1 − -	s ��� + 1	 + ��� − 	 − 1t�� − -	�� −  + �	 2 y xy ,     � ≥ 2	. 
Proof. It is enough to show that 

u� q�℘ℷ,�� ��	r1
�℘ℷ,�� ��	 − 1u ≤ 1 − -      for |�| < UR.                                 �2.8	 
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We have 

u� q�℘ℷ,�� ��	r1
�℘ℷ,�� ��	 − 1u ≤ 

∞

=2j

� `R	�ℷ	w��	 xy��	 xy�ℷQ�	w��QℷQ�	 xy� `R	! � |�| `R
1 − ∞

=2j

�ℷ	w��	 xy��	 xy�ℷQ�	w��QℷQ�	 xy� `R	! � |�| `R . 
Thus (2.8) will be satisfied if 

� � − -	�ℷ	���	 `R��	 `R�1 − -	�ℷ + �	��� + ℷ + �	 `R� − 1	! � |�| `R ≤ 1!
 "# .                         �2.9	 

Also from Theorem 2.1, if �℘ℷ,�� ∈ ℋ�ℷ, �, [, �	, then 

�  �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t��� −  + �	�ℷ + �	��� + ℷ + �	 `R� − 1	!!
 "# � ≤ 1.                    �2.10	 

In view of (2.10), we notice that (2.9) holds true if � − -	�ℷ	���	 `R��	 `R�1 − -	�ℷ + �	��� + ℷ + �	 `R� − 1	! |�| `R 

≤  �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t��� −  + �	�ℷ + �	��� + ℷ + �	 `R� − 1	! , 
or equivalently 

|�| ≤ 0 �1 − -	s ��� + 1	 + ��� − 	 − 1t�� − -	�� −  + �	 2 y xy  , 
this given the desired result. 

Theorem 2.6. If  �℘ℷ,�� ∈ ℱ��, �, , �, �, ℷ, �	, then �℘ℷ,��
 will be convex of order -�0 ≤ - < 1	 in the disk |�| < U#, where 

U# = ¬® 0�1 − -	s ��� + 1	 + ��� − 	 − 1t�� − -	�� −  + �	 2 y xy ,     � ≥ 2	. 
Proof. It is enough to show that 
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v� q�℘ℷ,�� ��	r11
V�℘ℷ,�� ��	W1 v ≤ 1 − -      for |�| < U#. 

The result follows by application of arguments similar to the proof of Theorem 2.5. 

Now, we consider the functions �´ � = 1,2	 which defined by 

�´��	 = � − � � ,´�  !
 "#   ,   (� ,´ ≥ 0 ,  = 1,2+. 

Then, by making use of (1.5), we have 

�℘ℷ,�� ´��	 = � − � �ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	! � ,´� !
 "# ,   (� ,´ ≥ 0 ,  = 1,2+.     �2.11	 

Theorem 2.7. Assume that the functions �℘ℷ,�� ´ � = 1,2	 defined by (2.11) be in 

the family ℱ��, �, , �, �, ℷ, �	. Then �℘ℷ,�� R ∗ �℘ℷ,�� # ∈ ℱ��, �, µ, �, �, ℷ, �	, where 

µ ≤  �� + �	�ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t# �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t# − �#�� −  + �	#�ℷ + �	��� + ℷ + �	 `R� − 1	! 
− ��� −  + �	#�ℷ + �	��� + ℷ + �	 `R� − 1	! s ��� + 1	 + �� − 1t �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t# − �#�� −  + �	#�ℷ + �	��� + ℷ + �	 `R� − 1	!. 
Proof. We want find the largest µ such that 

�  �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − µ	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! ��� − µ + �	 � ,R� ,#
!

 "# ≤ 1 . 
Since �℘ℷ,�� ´ ∈ ℱ��, �, , �, �, ℷ, �	� = 1,2	, we get 

�  �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! ��� −  + �	 � ,´
!

 "# ≤ 1  ,    � = 1,2	. 
By applying “Cauchy-Schwarz inequality”, we conclude that 

�  �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! ��� −  + �	 ¶� ,R� ,#
!

 "# ≤ 1  .                  �2.12	 
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We want only to show that  �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − µ	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! ��� − µ + �	 � ,R� ,# 
≤  �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! ��� −  + �	 ¶� ,R� ,#  . 

This equivalently to 

¶� ,R� ,# ≤ �� − µ + �	s ��� + 1	 + ��� − 	 − 1t�� −  + �	s ��� + 1	 + ��� − µ	 − 1t . 
From (2.12), we have 

¶� ,R� ,# ≤ �ℷ + �	��� + ℷ + �	 `R� − 1	! ��� −  + �	 �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t . 
Thus, it is sufficient to show that �ℷ + �	��� + ℷ + �	 `R� − 1	! ��� −  + �	 �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t ≤ �� − µ + �	s ��� + 1	 + ��� − 	 − 1t�� −  + �	s ��� + 1	 + ��� − µ	 − 1t 
which implies to  

µ ≤  �� + �	�ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t# �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t# − �#�� −  + �	#�ℷ + �	��� + ℷ + �	 `R� − 1	! 
− ��� −  + �	#�ℷ + �	��� + ℷ + �	 `R� − 1	! s ��� + 1	 + �� − 1t �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t# − �#�� −  + �	#�ℷ + �	��� + ℷ + �	 `R� − 1	!. 
Theorem 2.8. Assume that the functions �℘ℷ,�� ´ � = 1,2	 defined by (2.11) be in 

the family ℱ��, �, , �, �, ℷ, �	. Then the function · defined by 

·��	 = � − � �ℷ	���	 `R��	 `R�ℷ + �	��� + ℷ + �	 `R� − 1	! (� ,R# + � ,## +�  !
 "#                �2.13	 

belong to the family ℱ��, �, ¸, �, �, ℷ, �	, where 

¸ ≤  �� + �	s ��� + 1	 + ��� − 	 − 1t# − 2��� −  + �	#s ��� + 1	 + �� − 1t s ��� + 1	 + ��� − 	 − 1t# − 2�#�� −  + �	#  . 
Proof. We need find the largest ¸ such that 
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�  (�ℷ	�+#(��	 `R+#(��	 `R+#s ��� + 1	 + ��� − ¸	 − 1t(�ℷ + �	�+#(�� + ℷ + �	 `R+#(� − 1	!+#��� − ¸ + �	 (� ,R# + � ,## +!
 "# ≤ 1 . 

Since �℘ℷ,�� ´ ∈ ℱ��, �, , �, �, ℷ, �	� = 1,2	, we get 

� � �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! ��� −  + �	 �# � ,R#!
 "#  

≤ ��  �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! ��� −  + �	!
 "# � ,R�# ≤ 1        �2.14	 

and  

� � �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! ��� −  + �	 �# � ,##!
 "#  

≤ ��  �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! ��� −  + �	!
 "# � ,#�# ≤ 1  .      �2.15	 

Combining the inequalities (2.14) and (2.15), gives 

� 12 � �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! ��� −  + �	 �# (� ,R# + � ,## +!
 "# ≤ 1. 

But, · ∈ ℱ��, �, ¸, �, �, ℷ, �	 if and only if 

�  (�ℷ	�+#(��	 `R+#(��	 `R+#s ��� + 1	 + ��� − ¸	 − 1t(�ℷ + �	�+#(�� + ℷ + �	 `R+#(� − 1	!+#��� − ¸ + �	 (� ,R# + � ,## +!
 "# ≤ 1 .     �2.16	 

The inequality (2.16) will be satisfied if 

 (�ℷ	�+#(��	 `R+#(��	 `R+#s ��� + 1	 + ��� − ¸	 − 1t(�ℷ + �	�+#(�� + ℷ + �	 `R+#(� − 1	!+#��� − ¸ + �	  

≤  #(�ℷ	�+#(��	 `R+#(��	 `R+#s ��� + 1	 + ��� − 	 − 1t#2(�ℷ + �	�+#(�� + ℷ + �	 `R+#(� − 1	!+#�#�� −  + �	#  , � = 2,3, … 	 
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so that 

¸ ≤  �� + �	s ��� + 1	 + ��� − 	 − 1t# − 2��� −  + �	#s ��� + 1	 + �� − 1t s ��� + 1	 + ��� − 	 − 1t# − 2�#�� −  + �	#  . 
Theorem 2.9. Assume that the functions �℘ℷ,�� ´ � = 1,2	 defined by (2.11) be in 

the family ℱ��, �, , �, �, ℷ, �	 and �� ≥ −1. Then the function · defined by (2.13) 

belongs to the family ℱ��, �, , �, �, ℷ, �	. 

Proof. Since �℘ℷ,�� R ∈ ℱ��, �, , �, �, ℷ, �	, we have  

�  �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! ��� −  + �	 � ,R
!

 "# ≤ 1    
and so 

� � �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! ��� −  + �	 �# � ,R#!
 "#  

≤ ��  �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! ��� −  + �	!
 "# � ,R�# ≤ 1 . 

Similarly, since �℘ℷ,�� # ∈ ℱ��, �, , �, �, ℷ, �	, we have 

� � �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! ��� −  + �	 �# � ,##!
 "# ≤ 1 . 

Hence 

� 12 � �ℷ	���	 `R��	 `Rs ��� + 1	 + ��� − 	 − 1t�ℷ + �	��� + ℷ + �	 `R� − 1	! ��� −  + �	 �# (� ,R# + � ,## +!
 "# ≤ 1. 

In light of Theorem 2.1, it is enough to show that 

�  (�ℷ	�+#(��	 `R+#(��	 `R+#s ��� + 1	 + ��� − ¸	 − 1t(�ℷ + �	�+#(�� + ℷ + �	 `R+#(� − 1	!+#��� − ¸ + �	 (� ,R# + � ,## +!
 "¹QR ≤ 1 .   �2.17	 

Thus the inequality (2.17) will be satisfied if 
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 (�ℷ	�+#(��	 `R+#(��	 `R+#s ��� + 1	 + ��� − 	 − 1t(�ℷ + �	�+#(�� + ℷ + �	 `R+#(� − 1	!+#��� −  + �	  

≤  #(�ℷ	�+#(��	 `R+#(��	 `R+#s ��� + 1	 + ��� − 	 − 1t#2(�ℷ + �	�+#(�� + ℷ + �	 `R+#(� − 1	!+#�#�� −  + �	#  ,    � = 2,3, … 	 

or if   s ��� + 1	 + ��� − 	 − 1t − 2��� −  + �	 ≥ 0,    � = 2,3, … 	.               �2.18	 

The left hand side of (2.18) is increasing function of  , hence (2.18) is satisfied for all   if �� ≥ −1. This completes the proof. 

In the next theorems, we discuss some subordination results for the function �℘ℷ,��
. 

Theorem 2.10. Let L be univalent in � with L��	 ≠ 0 �� ∈ �	 and assume that L 

fulfills 

ℜ 01 + º»¼ + ℵ�» + 1	¼ L��	 + �» − 1	 �L1��	L��	 + �L11��	L1��	 2 > 0,             �2.19	 

where º, ℵ, » ∈ ℂ, ¼ ∈ ℂ ∖ �0� and � ∈ �. 

Suppose that �(L��	+»`RL1��	 is starlike univalent in �. If a function �℘ℷ,��
 fulfills 

the subordination 

º �� q�℘ℷ,�� ��	r1
�℘ℷ,�� ��	 �P» + ℵ �� q�℘ℷ,�� ��	r1

�℘ℷ,�� ��	 �P�»QR	 + ¼S �� q�℘ℷ,�� ��	r1
�℘ℷ,�� ��	 �P»

 

× ¿1 + � q�℘ℷ,�� ��	r11
V�℘ℷ,�� ��	W1 − � q�℘ℷ,�� ��	r1

�℘ℷ,�� ��	 À 

≺ (º + ℵL��	+(L��	+» + ¼�(L��	+»`RL1��	,                              �2.20	 

then 

�� q�℘ℷ,�� ��	r1
�℘ℷ,�� ��	 �ℓ ≺ L��	    �ℓ > 0, � ∈ �	 

and L is the best dominant. 
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Proof. Assume that Hbe defined by 

H��	 = �� q�℘ℷ,�� ��	r1
�℘ℷ,�� ��	 �ℓ =

⎝
⎜⎜⎛

1 − ∞
=2j

 �ℷ	w��	 xy��	 xy�ℷQ�	w��QℷQ�	 xy� `R	! � �  `R
1 − ∞

=2jn

�ℷ	w��	 xy��	 xy�ℷQ�	w��QℷQ�	 xy� `R	! � �  `R ⎠
⎟⎟⎞

ℓ
.     �2.21	 

It can be easily observed that H is holomorphic in �. 

By setting d�g	 = �º + ℵg	g»   �¤   e�g	 = ¼g»`R, g ≠ 0, 
we find that d�g	 is holomorphic in ℂ, e�g	 is holomorphic in ℂ ∖ �0� and that e�g	 ≠0, g ∈ ℂ ∖ �0�. Also, we obtain 

h��	 = �L1��	e(L��	+ = ¼�(L��	+»`RL1��	 

and ℌ��	 = d(L��	+ + h��	 = ( + ℵL��	+(L��	+» + ¼�(L��	+»`RL1��	. 
It is obvious that h��	 is starlike univalent in � and from (2.19), we conclude that 

ℜ 0�ℌ1��	h��	 2 = ℜ 01 + º»¼ + ℵ�» + 1	¼ L��	 + �» − 1	 �L1��	L��	 + �L11��	L1��	 2 > 0. 
By some calculation, we have 

(º + ℵH��	+(H��	+» + ¼�(H��	+»`RH1��	 

= º �� q�℘ℷ,�� ��	r1
�℘ℷ,�� ��	 �ℓ» + ℵ �� q�℘ℷ,�� ��	r1

�℘ℷ,�� ��	 �ℓ�»QR	
 

+¼ℓ �� q�℘ℷ,�� ��	r1
�℘ℷ,�� ��	 �ℓ» ¿1 + � q�℘ℷ,�� ��	r11

V�℘ℷ,�� ��	W1 − � q�℘ℷ,�� ��	r1
�℘ℷ,�� ��	 À.       �2.22	 

From (2.20) and (2.22), we find that (º + ℵH��	+(H��	+» + ¼�(H��	+»`RH1��	≺ (º + ℵL��	+(L��	+» + ¼�(L��	+»`RL1��	. 
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Hence, by Lemma 1.1, we conclude that H��	 ≺ L��	. From (2.21), we have the result. 

Theorem 2.11. Let m, n ∈ ℂ and o be convex and univalent in � with o�0	 = 1 and ℜ�mo��	 + n� > 0, �� ∈ �	. If a function �℘ℷ,��
 fulfills the subordination 

1 + n + �V�℘ℷ,�w ��	Wjj
V�℘ℷ,�w ��	Wj + �m − 1	 �V�℘ℷ,�w ��	Wj

�℘ℷ,�w ��	
m + n �℘ℷ,�w ��	

�V�℘ℷ,�w ��	Wj
≺ o��	,                    �2.23	 

then 

� q�℘ℷ,�� ��	r1
�℘ℷ,�� ��	 ≺ o��	 

and o is the best dominant. 

Proof. Assume that Lbe defined by 

L��	 = � q�℘ℷ,�� ��	r1
�℘ℷ,�� ��	 = 1 − ∞

=2j

 �ℷ	w��	 xy��	 xy�ℷQ�	w��QℷQ�	 xy� `R	! � �  `R
1 − ∞

=2j

�ℷ	w��	 xy��	 xy�ℷQ�	w��QℷQ�	 xy� `R	! � �  `R .             �2.24	 

It can be easily observed that L is holomorphic in � and L�0	 = 1. 

After some computation, we obtain 

L��	 + �L1��	mL��	 + n = 1 + n + �V�℘ℷ,�w ��	Wjj
V�℘ℷ,�w ��	Wj + �m − 1	 �V�℘ℷ,�w ��	Wj

�℘ℷ,�w ��	
m + n �℘ℷ,�w ��	

�V�℘ℷ,�w ��	Wj
 .          �2.25	 

From (2.23) and (2.25), we have 

L��	 + �L1��	mL��	 + n ≺ o��	. 
Hence, by Lemma 1.2, we conclude that L��	 ≺ o��	. From (2.24), we have the result. 
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