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Abstract

In this paper, we investigate the recurrence properties of the generalized
Tribonacci sequence and present how the generalized Tribonacci sequence at

negative indices can be expressed by the sequence itself at positive indices.

1 Introduction

In 2021, Lin [8] stated on page 4 of 12 that “Recently, Professor Tianxin Cai
visited Northwest University and gave a talk about a series of linear recurrence
sequences and their properties, which incited our interest in this field. There
are many recursive identities concerning the Fibonacci, Tribonacci, and Lucas
sequences, etc. However, few studies have been conducted regarding the Narayana
sequence. Professor Cai proposed an open problem: Whether and how can the
Narayana sequence at negative indices be expressed by the sequence itself at
positive indices?” Then Lin presented the following theorem as a main result and

proved it:
Theorem 1. Forn € Z, we have

N_,, = 2N2? 4 Na, — 3N, 41 N,,.
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Here, Narayana’s cows sequence {N,} satisfies a third-order recurrence
relation:
N, =N,_1+ N,_3, forn>3

with the initial values Ng = 0, Ny = 1, Ny = 1. It can be extended to negative
indices by defining

N_, = —N,(n,Q) + N,(nfg), forn=1,2,3,....

Lin also stated on the same page that “Theorem [I| solves Professor Cai’s
problem completely. It illustrates the connection between the Narayana sequence
at the positive index and the negative index. By Theorem we obtain the
recurrence property of the sequence at the negative index, which deepens our
knowledge of the nature of the sequence.”

Now, we can propose an open problem as follows: Whether and how can
the generalized Tribonacci sequence W, at negative indices be expressed by the
sequence itself at positive indices?

We present our main result as follows which completely solves the above

problem for the generalized Tribonacci sequence W,,.

Theorem 2. Forn € Z, we have
_ 1
W_p =t "(Wan — H,W,, + 5(Hﬁ — Hy,)Wo).

Note that H, can be written in terms of W,, using Lemma |§| below. Next,
we recall the definitions of generalized Tribonacci sequence W, and its two
special cases, namely (7, s,t) sequence G,, and (r,s,t) Lucas sequence H,. The
generalized (r,s,t) sequence (or generalized Tribonacci sequence or generalized
3-step Fibonacci sequence) {W,,(Wy, W1, Wa;r, s,t)}n>0 (or shortly {W,}n>0) is

defined as follows:
Wo=rWy_1+ sWy,_o+tW, _3, Wo=a,Wi=bWy=¢, n>3 (1.1)

where Wy, Wi, Wy are arbitrary complex (or real) numbers and r,s,t are real

numbers. This sequence has been studied by many authors, see for example

B B B [ ) [10} L1} 3} 22} 4} 25
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The sequence {W,,},>0 can be extended to negative subscripts by defining

r

s 1
W_, = _wa(nfl) - ng(nfz) + ;Wf(nf?;)

for n =1,2,3,... when t # 0. Therefore, recurrence ((1.1)) holds for all integer n.
In the following Table 1 we present some special cases of generalized Tribonacci

sequence.

Table 1. A few special case of generalized Tribonacci sequences.

No Sequences (Numbers) Notation

1 Generalized Tribonacci {Vo} = {(W,,(Wo, Wy, Wo;1,1,1)}
2 Generalized Third Order Pell {Vo} = {(W,,(Wo, Wy, Wa; 2, 1, 1)}
3 Generalized Padovan {Vo} = {(W,,(Wo, Wy, Wo;0,1,1)}
4 Generalized Pell-Padovan {Vo} = {(W,,(Wo, Wy, Wo;0,2,1)}
5 Generalized Jacobsthal-Padovan {Vo} = {(W,,(Wo, Wy, Ws;0,1,2)}
6 Generalized Narayana {Vo} = {(W,,(Wo, Wy, Wo;1,0,1)}
7 Generalized Third Order Jacobsthal {(Vo} = {W,(Wo, W1, Wa;1,1,2)}
8 Generalized 3-primes {Vo} = {W,,(Wp, W1, Wo;2,3,5)}
9 Generalized Reverse 3-primes {Vo} = {W,(Wp, W1, Wo;5,3,2)}
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In literature, for example, the following names and notations (see Table 2)

are used for the special case of 7, s,t and initial values.

Table 2. A few special case of generalized (r, s,t) (generalized Tribonacci)

sequence
No Sequences (Numbers) Notation OEIS lE] References
1 Tribonacci {Tn} = {Wa(0,1,1;1,1,1)} _ A000073, A057597 [14]
2 Tribonacci-Lucas {Kn}={W,(3,1,3;1,1,1)} A001644, A073145 14}
3 Tribonacci-Perrin {M,} ={W,(3,0,2;1,1,1)} &
4 modified Tribonacci {Un} ={W,(1,1,1;1,1,1)} 14}
5 modified Tribonacci-Lucas {Gn} ={W,(4,4,10;1,1,1)} %
6 adjusted Tribonacci-Lucas {Hn} = {Wn(4,2,0;1,1,1)} (1]
7 third order Pell {P@®} = {W,(0,1,2;2,1,1)}  A077939, A0T7978 15]
8 third order Pell-Lucas {Q®Y = {(W,(3,2,6;2,1,1)}  A276225, A276228 15
9 third order modified Pell {EP@} = {(W,(0,1,1;2,1,1)}  A077997, A078049 15|
10 third order Pell-Perrin {R;g)} ={W,(3,0,2;2,1,1)} 2
11 Padovan (Cordonnier) {P,} = {W,(1,1,1;0,1,1)} A000931 E
12 Perrin (Padovan-Lucas) {E,} ={W,(3,0,2;0,1,1)} A001608, A078712 16}
13 Padovan-Perrin {Sn} = {W.(0,0,1;0,1,1)}  A000931, A176971 [16]
14 modified Padovan {A,} ={W,(3,1,3;0,1,1)} 16
15 adjusted Padovan {Un} = {Wx(0,1,0;0,1,1)} 22]
16 Pell-Padovan {Rn} = {W,(1,1,1;0,2,1)}  A066983, A128587 17]
17 Pell-Perrin {Cn} ={W,(3,0,2;0,2,1)} 17
18 third order Fibonacci-Pell {Gn} = {Wn(1,0,2;0,2,1)} E
19 third order Lucas-Pell {B,} ={W,(3,0,4;0,2,1)} 17}
20 adjusted Pell-Padovan {M,} ={W,(0,1,0;0,2,1)} 22]
21 Jacobsthal-Padovan {Qn} ={W,(1,1,1;0,1,2)} A159284 18]
22 Jacobsthal-Perrin (-Lucas) {Ln} ={Whn(3,0,2;0,1,2)} A072328 18]
23 adjusted Jacobsthal-Padovan {Kn} ={W.(0,1,0;0,1,2)} 18]
24 modified Jacobsthal-Padovan {M,} ={Wn(3,1,3;0,1,2)} 18]
25 Narayana {Nn} ={Wn(0,1,1;1,0,1)} A078012 119]
26 Narayana-Lucas {U,} ={W,(3,1,1;1,0,1)} A001609 E
27 Narayana-Perrin {H,}={W,(3,0,2;1,0,1)} j19]
28 third order Jacobsthal {IP} = (W, (0,1,1;1,1,2)} A077947 20]
29 third order Jacobsthal-Lucas i) = {Wa(2,1,5;1,1,2)} A226308 20]
30  modified third order Jacobsthal-Lucas  {K®} = {W,(3,1,3;1,1,2)} 20]
31 third order Jacobsthal-Perrin {QP} = {(W,(3,0,2;1,1,2)} 120]
32 3-primes {Gn} ={W,(0,1,2;2,3,5)} 21]
33 Lucas 3-primes {H,} ={W,(3,2,10;2,3,5)} 21]
34 modified 3-primes {En} ={Wn(0,1,1;2,3,5)} 21]
35 reverse 3-primes {N.} ={W,(0,1,5;5,3,2)} 23]
36 reverse Lucas 3-primes {Sn} ={W,.(3,5,31;5,3,2)} E
37 reverse modified 3-primes {U,} ={W,(0,1,4;5,3,2)} 23
Here, OEIS stands for On-line Encyclopedia of Integer Sequences. For easy

writing, from now on, we drop the superscripts from the sequences, for example

we write J,, for J,

(3)
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It is well known that the generalized (r,s,t) numbers (the generalized

Tribonacci numbers) can be expressed, for all integers n, using Binet’s formula

W, = Aja” + A" + Agy™ (1.2)
where
A = Wo — (B8 +7)W1 + ByWo Ay — Wy — (a+7)Wi + ayWo
(= B) (=) ’ (B—a)(B—n) ’
Ag = Wy — (a+ B)W1 + OZ,BWO'
(v=—a)(y=8)

and «a, 8, are the roots of characteristic equation of W,, which is given by
23 —rax? —szx—t=0 (1.3)
Note that we have the following identities
a+pB+y=m,

af +ay + By = —s, (1.4)
afy =t.

Note that the Binet form of a sequence satisfying for non-negative
integers is valid for all integers n. Now we define two special cases of the
generalized (r,s,t) sequence {W,}. (r,s,t) sequence {Gp,}n>0 and Lucas (r,s,t)
sequence {Hy, }n>0 are defined, respectively, by the third-order recurrence relations

Gnys = 1rGpyo+ sGuy1 +tGy, Go=0,G1=1,Gs =,
Hny3 = rHyio+sHy +tH,,  Ho=3 H =r Hy=2s+1r%

The sequences {Gp, }n>0 and {H, }n>0 can be extended to negative subscripts by

defining
] r 1
Gon = _;G—(n—l) - ;G—(n—Q) + ;G—(n—?))?
s r 1
H_, = _ZH—(n—l) - EH—(n—Q) + EH—(n—3)>
for n = 1,2,3,... respectively. = Some special cases of (r,s,t) sequence

{Gn(0,1,757,8,t) }n>0 and Lucas (r, s,t) sequence {H,,(3,7,2s+7%; 7, 8,t) }n>0 are

as follows:
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1. G»(0,1,1;1,1,1) = T,,, Tribonacci sequence,
2. H,(3,1,3;1,1,1) = K,,, Tribonacci-Lucas sequence,
3. Gp(0,1,2;2,1,1) = P,, third order Pell sequence,
4. Hp(3,2,6;2,1,1) = Qy, third order Pell-Lucas sequence,
5. Gn(0,1,0;0,1,1) = U,, adjusted Padovan sequence,
6. Hn(3,0,2;0,1,1) = E,,, Perrin (Padovan-Lucas) sequence,
7. G»(0,1,0;0,2,1) = M,, adjusted Pell-Padovan sequence
8. Hp(3,0,4;0,2,1) = By, third order Lucas-Pell sequence,
9. Gn(0,1,0;0,1,2) = K, adjusted Jacobsthal-Padovan sequence,
10. H,(3,0,2;0,1,2) = L, Jacobsthal-Perrin (-Lucas) sequence,
11. Gp(0,1,1;1,0,1) = N,,, Narayana sequence,
12. H,(3,1,1;1,0,1) = U,, Narayana-Lucas sequence,
13. G,(0,1,1;1,1,2) = J,, third order Jacobsthal sequence,
14. H,(3,1,3;1,1,2) = K,,, modified third order Jacobsthal-Lucas sequence,
15. G,(0,1,2;2,3,5) = Gy, 3-primes sequence,
16. H,(3,2,10;2,3,5) = H,, Lucas 3-primes sequence.
17. G,(0,1,5;5,3,2) = N, reverse 3-primes sequence,
18. H,(3,5,31;5,3,2) = Sy, reverse Lucas 3-primes sequence.

For all integers n, (r,s,t) and Lucas (r, s,t) numbers can be expressed using

Binet’s formulas as

an—‘rl ﬁn+1 ,yn—l—l

@—Ba-— G-aB-7 (G -a0-5)
H, = o"+p3"+9",

Gn

respectively.
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2 The Proof of Theorem [2

To prove Theorem 2, we need following lemma.
Lemma 3. Forn € Z, denote
Sp =a"B" + a"y" 4 g
where a, B and v are as in defined in Formula . Then the followings hold:
(a) Forn € Z, we have S, =t"H_,, and S_,, =t "H,,.
(b) S, has the recurrence relation so that
Sp = —8Sn_1 — 1tSn_o +t>Sp_3

with the initial conditions Sog = 3, S1 = —s, So = s> — 2rt. The sequence at
negative indices is given by

—rt -5 1
757(71,1) — tTS,(n,Q) + ?S,(nfg), fO’I" n = 17 2, 3,

Son=-—

(c) Sy has the identity so that

Proof.
(a) From the definition of S,, and H,,, we obtain
t"H_p=a ™"+ 7"+ " =a"f" + "y + " =5,
ie., S, =t"H_, and so S_,, =t "H,.

(b) With Formula (1.4) or using the formula S,, = (—u)"H_,,, we obtain initial
values of S,, as
Sy = t"Hy=3,
Sl = tlH,1 =1x (—;) = —S

1
Sy = t*H y=1t*x t—2(52 —2rt) = % — 2rt,

Earthline J. Math. Sci. Vol. 6 No. 2 (2021), 253-269
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or
Sy = ?B% +a?y? + 5297 = (af + av + B7)* = 2aBy(a + B +7) = &% — 2rt.
For n > 3, we have

S1Sn-1 = (a"B"+a"y" + ") + afy(a" 2" (o + B)
+a" P (a4 9) + BT (B +9))
= Sy, +rtS,_9— tZSn_g = (—S)Sn_l.

(c) From the definition of S,, we get
2Sn — (Oén+5n+’)/n)2 . (a2n+/82n+,)/2n) — H’IQL _HQn- O

Now, we shall complete the proof of Theorem [2]

The Proof of Theorem [2

Using our Lemma (i.e., S, =t"H_, = 2(H2 — H»,)) and taking m = —n in
Howard [6] Identity (1.5)] we obtain Theorem [2} For completeness, we give the
detailed proof. For n € Z, we have

Wan = (Alan + AQ/Bn + A37n)(an + Bn + ,yn)
= Wy, + (A1 + Ag + Ag)anﬂn + (Al + Az + Az)an’}/n
+(Ag + Az + A1) """ — (Aza"B" + Aza"y" + A1 8"Y")
= Wap + (A1 4+ Ax + A3) (" " + "y + "y")
—(A3a™B" + Aga”y" + A1 ")
= Wy, + WyS,, —t"W_,.
By Lemma 3| (¢), it follows that
1
WoH, = Wa, + 5(Hg — Hop)Wo — t"W_,,
and so )
W_p =t "(Wap — H, Wy, + §(H§ — Hyp,)Wp). O

Now, we present a basic relation between {H,,} and {W,,} which can be used

to write H,, in terms of W,,.
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Lemma 4. The following equality is true:

(W3 + (t+rs)WP +12W3 + (12 — s)WEWo — 2r Wi W2 — sWoW2 + rtWEWa +
(2 +rt)WoW2 +2stWEW1 + (rs — 3t)WoW1Wa) H,, = (3W2 + (r? — s) W2 +rtWE —
4r W Wo—25WoWat(rs—3t) WoW1 )Wy o+ (—2r Wi +3t W32 —2s W1 W —3tWoWa+
3rsWi + 2stWe + 2r° Wy Wa + 282 Wo Wi + rsWoWa + 2rtWoWi )W, 1 + (—sW3 +
(82 +rt)W2 + 32WE + (rs — 3t) W1 Wa + 2rtWoWa + 4stWoWq ) W,.

Proof. 1t is given in Soykan [22]. O
Next, we present a remark which presents how H,, can be written in terms of
W,.

Remark 5. To express W_,, by the sequence itself at positive indices we need

that H,, can be written in terms of W,,. For this, writing
H,=axWuio+bXx Wypi1+cx W,
and solving the system of equations

Hy = axWy+bx Wi +cx Wy
H = axWs+bxWy+ecx W
Hy = axWi+bxWs+ecx Wy

or _1
a W Wi Wy Hy
b = W3 W2 W1 H 1
C W4 W3 W2 H. 2

we find a, b, ¢ so that H,, can be written in terms of W,, and we can replace this
H,, in Theorem 2|

Using Theorem [2] and Lemma [4] or Remark 5] we have the following corollary.
Corollary 6. For n € Z, we have
(a) G-, = tn%((%t — 82)G? + tGayp + 8GpioGr — (3t +15)Gpi1Gr).

(b) H_p = 5= (HZ — Hoyp).

Earthline J. Math. Sci. Vol. 6 No. 2 (2021), 253-269
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Note that if we take r =1,s = 0,t = 1 and G,, = N,, in the above Corollary,
we obtain Lin’s Theorem Using Theorem [2[ and Lemma [4] or Remark |5| (or
using the last corollary for special cases), we can give some formulas for the special
cases of generalized Tribonacci sequence (generalized (r,s,t)-sequence) as follows.

We have the following corollary which gives the connection between the special
cases of generalized Tribonacci sequence at the positive index and the negative

index.

Corollary 7. Forn € Z, we have the following recurrence relations:

(a) Tribonacci sequence:

T =T? 4 Ty + TpyoTn — 4T 1T,

(b) Tribonacci-Lucas sequence:

K_, = 3(K2 — Kay,).

(c) Tribonacci-Perrin sequence:

M_p = 5355(243M2, 5 + 12M2, | + 805M2 — 1107Map 42 + 246Map 41 —

943Mso,, — 108 M 4o My 1 + 1152M,, 49 M, — 256Mn+1Mn).

(d) modified Tribonacci sequence:

Ufn = %(Ug+2+4Ug+1+UQn+2_2U2n+l _4Un+2Un+1 _2Un+2Un+4Un+lUn)-

(e) modified Tribonacci-Lucas sequence:

G_n = 3(G? ., +4G2% | — 2Gonta + 4Gont1 — 4G 12Gny1 + GriaGp —
2G11Gh)-

(f) adjusted Tribonacci-Lucas sequence:

H_, = %(Hq%_l,-l - 2H2n+1 + Hn+1Hn)-

The following corollary illustrates the connection between the special cases of

generalized third-order Pell sequence at the positive index and the negative index.

Corollary 8. Forn € Z, we have the following recurrence relations:
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(a) third order Pell sequence:

P, =3P?+ Py, + Py 2P, — 5P, 1P,.
(b) third order Pell-Lucas sequence:
Q-n = 3(Q} — Q2n)-
(c) third order modified Pell sequence:
E_, = 2(—=E%+3Es, — 11E, 1B, + 2E, 2 Ey,).

(d) third order Pell-Perrin sequence:

R_y = 5355 (972R2 ,+48R2 || +1081R2 —3186 Rop -2+ 708 Rop 41— 1357 Roy—
432Rn 9 Rnt1 + 2952Ry o Ry, — 656 Ry 1 Ry,).

The following corollary presents the connection between the special cases of

generalized Padovan sequence at the positive index and the negative index.

Corollary 9. Forn € Z, we have the following recurrence relations:

(a) Padovan (Cordonnier) sequence:
Py = 3(9P2 5+ 4P2 | + 8P2 4+ 3Paypi0 — 2Poni1 — 2Pay — 12P 9 Pyy1 —
18P, 2Py +12P, 1 Py).

(b) Perrin (Padovan-Lucas) sequence:

E_, = (B2 — Bs,).

(c) Padovan-Perrin sequence:

S_p = 52 + Sap — 3Sn12Sn.

(d) modified Padovan sequence:

Ay = =5(3A2 5 + 10842 | + 616A2 + 57 Agn49 + 34249, 11 — 53249, +

36An10Ans1 — 944,104, — 5644, 1 Ay).

(e) adjusted Padovan sequence:

U_p = —U3 + Uap, + Upi2Up — 3Up11Uy,.
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We have the following corollary which gives the connection between the special
cases of generalized Pell-Padovan sequence at the positive index and the negative

index.

Corollary 10. Forn € Z, we have the following recurrence relations:

(a) Pell-Padovan sequence:
R_, = £(16R2, +9R2  ,+5R2 4+ 6Rop 12— 8Ront1—2Ron — 24Rp o Ryy1 —
18R, 2Ry, + 24Rn+1Rn).

(b) Pell-Perrin sequence:
C_p = 555(432C2, , +972C2, | +665C2 + 396Ca 1.2 — 594Cap 1 — 385C, —
1296C2Cy 1 — 1104C;42Ch + 1656C,41Ch).

(c) third order Fibonacci-Pell sequence:
G_p = $(16G2 ,+4G? || +35G2% —4Gon+2+2G 211+ 7Gon—16Gr42Gpg1 —
48Gh 429Gy + 24G 1 Gh).

(d) third order Lucas-Pell sequence:
B_, = 5(B2 — Bo).

(e) adjusted Pell-Padovan sequence:

M_, = —4M1% + Mon + 2My 2 My — 3Mp 1 My,

The following corollary illustrates the connection between the special cases
of generalized generalized Jacobsthal-Padovan sequence at the positive index and

the negative index.

Corollary 11. For n € Z, we have the following recurrence relations:

(a) Jacobsthal-Padovan sequence:

Q-n = 7m(9Q%,, + 4Q2 1 + 21Q% + 6Qont2 — 4Q2n1 — 6Q2 —
12Qn+2Qn+1 - SOQnJrZQn + 20Qn+1Qn)'
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(b) Jacobsthal-Perrin (-Lucas) sequence:
L—n - 2n+1 (L - L2n)

(c) adjusted Jacobsthal-Padovan sequence:

K—n - 2n+1 ( K2 + 2K2n + K +2K 6Kn+1Kn)-

(d) modified Jacobsthal-Padovan sequence:

M_p, = g5gagmrs (L08MZ | + T5M2 5 + 3551 M2 + 690 Moy 4 + 828 Moy i1 —
3082M2n + 180Mn+2Mn+1 - 1130Mn+2Mn - 1356Mn+1Mn)

The following corollary presents the connection between the special cases of

generalized Narayana sequence at the positive index and the negative index.

Corollary 12. For n € Z, we have the following recurrence relations:

(a) Narayana sequence:

N_, = 2N3 + Nopy — 3Np+1 Ny

(b) Narayana-Lucas sequence:

U_n = 3(UZ = Unp).

(c) Narayana-Perrin sequence:

H_, = :35(2028H2 | + 1323H2 , + 429H?2 — 3339Hop 12 + 4134Ho, 41 —

583Hay — 3276 Hyy o Hyy1 + 2688H,y 4o H,, — 3328 H, 41 Hy,).

We have the following corollary which gives the connection between the special
cases of generalized third-order Jacobsthal sequence at the positive index and the

negative index.

Corollary 13. For n € Z, we have the following recurrence relations:

(a) third order Jacobsthal sequence:

Jon = 5t (3J2 + 2Jon + Jny2dn — TIni1n).
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(b) third order Jacobsthal-Lucas sequence:
Jon = gagrrs (121525 + 44152 | — 9552 — 264jjon42 + 504241 + 1202, —
462jn+2jn+1 + 154jn+2jn - 294jn+1jn)'

(c) modified third order Jacobsthal-Lucas sequence:

K*TL - 2n1+1 (K K2TL)

(d) third order Jacobsthal-Perrin sequence:

Q= W(M?’Q Lo+ 3Q%, +3328Q7 — 1890Q2n+2 + 210Q241 —
3640Q2n 54Qn+2Qn+1 + 2196Qn+2Qn — 244Qn+1Qn).

The following corollary illustrates the connection between the special cases of
generalized generalized 3-primes sequence at the positive index and the negative

index.
Corollary 14. For n € Z, we have the following recurrence relations:
(a) 3-primes sequence:

G_n =zt (11G2 + 5Ga2p + 3Gn12Gp — 21Gni1Gy).

(b) Lucas 3-primes sequence:

H_p, = 5= (H2 — Hap).

(c) modified 3-primes sequence:

E_, TE%2 +9Ey, +4E,2E, — 31E,1E,).

9><5"(

The following corollary presents the connection between the special cases of

generalized reverse 3-primes sequence at the positive index and the negative index.

Corollary 15. For n € Z, we have the following recurrence relations:

(a) reverse 3-primes sequence:

N_p = 57 (1IN2 + 2Nap, + 3Ny 2Ny — 21N, 11 N,).
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(b) reverse Lucas 3-primes sequence:

Sy = 5k (S2 = Sap).

(c) reverse modified 3-primes sequence:

U_pn = ggn (—TUZ + sy, + 10U 12Uy, — 67U 41 Un).
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