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Abstract

The degree subtraction adjacency matrix of a graph G is a square matrix
DSA(G) =[d;;], in which d;; =d(v;)=d(v;), if the vertices v; and v are adjacent
and d;; =0, otherwise, where d(u) is the degree of a vertex u. The DSA energy of a

graph is the sum of the absolute values of the eigenvalues of DSA matrix. In this paper,
we obtain the characteristic polynomial of the DSA matrix of graphs obtained from the

complete graph. Further we study the DSA energy of these graphs.

1. Introduction

Let G be a simple, undirected graph with vertex set V(G) ={v;, v,, ..., v,,} and edge
set E(G) ={e|, e, ..., e,,}. The degree of a vertex v; denoted by d(v;) is the number of
edges incident to it. If all vertices have same degree equal to r, then G is called an

r-regular graph.

The matrices of graphs based on sum of degrees and subtraction of degrees are
studied in [5, 6, 9, 10, 11]. In [8] the degree subtraction adjacency (DSA) matrix is
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defined as DSA(G) = [dij], where

g = d(v;) = d(v;), if v; is adjacentto v;
y 0, otherwise.

The characteristic polynomial of DSA(G) is called the DSA-polynomial and is

denoted by Y(G : &). Thus Y(G : &) = det(&/ — DSA(G)), where I is an identity matrix

of order n.
For any regular graph of order n, P(G : &) = &".

The eigenvalues of DSA(G), denoted by &, &5, ..., ,, are called DSA-eigenvalues
of G. Since DSA(G) is a skew-symmetric matrix, its eigenvalues are purely imaginary or

ZE10.

The DSA-energy of a graph G is defined as [8]
n
DSAE(G) = Y| &;|. (1)
i=1
The Eq. (1) is analogous to the ordinary energy of a graph defined as [2]
n
E4(6)= YN,
i=1

where Ay, A5, ..., A, are the eigenvalues of the adjacency matrix of G.

The floor function | x | is the greatest integer less than or equal to x and the ceiling

function [ x| is the least integer greater than or equal to x.

In [8] the DSA-polynomial and DSA-energy of a path, complete bipartite graph,
wheel, windmill graph and corona graph have been obtained, where as in [7] the DSA
polynomial and DSA energy of graphs obtained from regular graphs are reported.
Gutman and Pavlovi¢ [3] studied the ordinary energy of graphs obtained from complete
graph. We obtain the DSA-polynomial and DSA energy of graphs obtained from
complete graph. Further we find extremum values of DSA-energy within the class of
graphs.
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2. DSA-polynomial of Graphs obtained from Complete Graph

Definition 2.1 [3]. Let ¢;,i =1, 2, .., k,1<k <n—1 be the distinct edges of a
complete graph K, , n >3, all being incident to a single vertex. The graph Ka, (k) is
obtained by deleting ¢;, i =1, 2, ..., k from K,,. In addition Ka,(0) 0K,

Definition 2.2 [3]. Let f;,i =1, 2, .., k, 1 < k <|n/2] be independent edges of the
complete graph K,,, n = 3. The graph Kb, (k) is obtained by deleting f;,i =1, 2, ..., k
from K,,. In addition Kb, (0) OK,,.

Definition 2.3 [3]. Let V; be a k-element subset of the vertex set of the complete
graph K,, 2 < k < n, n = 3. The graph Kc, (k) is obtained by deleting from K, all the

edges connecting pairs of vertices from V}.. In addition Kc,(0) O Kc, (1) O K,,.

Definition 2.4 [3]. Let 3 < k < n, n = 3. The graph Kd,, (k) is obtained by deleting

from the complete graph K, the edges belonging to a k-membered cycle.
We need following lemma.
Lemma 2.5 [1]. If M is a non-singular matrix, then

M N

=|M|l0-pPM7N|.
P 0 |M |0 |

Theorem 2.6. For n > 2, 0 < k < n — 1, the DSA-polynomial of Ka, (k) is

W(Kay, (k), €) = E"2[€% + k(k +1)(n -k = 1)]. )

Proof. Let V(K,) ={v;, v, ..., v,}. Without loss of generality, for 1< k <n -1,
let e; = vv;41, i =1, 2, ..., k be the edges incident to v;. Therefore DSA-polynomial of
Ka, (k) is

qJ(Kan(k) : E) = | 9 DSA(Kan(k))l
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3 0O -+ 0 k k - k
0 ¢ 0 1
o o0 -~ & 11 -1
= : ()
-k -1 - -1¢& 0 -0
-k -1 - -10¢ -0
-k -1 - -1020 - &

Subtract (k + 1) -th row from the rows k + 2, k + 3, ..., n to get (4).

E 0 - 0 k k - k
0 ¢ 0 1
0 O 13 1
4
-k -1 -1 ¢ 0
0 O 0 -¢ ¢ 0
0O 0 - 0 -8 0 - E
Adding columns k + 2, k + 3, ..., n to the column & +1 in (4) we get (5).
E 0 - 0 (n—k-1k k k
0 & - 0 (n-k-1) 1 1
o 0 - & n—k-1 1 1
( ) . 5)
-k -1 -+ =1 ¢ 0O --- 0
O 0 - 0 0 E .- 0
0 O 0 0 0 13

Equation (5) reduces to (6).
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E 0 - 0 (n-k-1)k
0 & - 0 (n—k-1)
A I : : 6)
0 0 -« & (n-k-1)
-k -1 -+ -1 E
By Lemma 2.5, the Eq. (6) reduces to
e 2 g1+ L2 k) (n -k - 1)
3 1x1
=&"2[82 + k(k +1)(n - k = 1)). O
Theorem 2.7. For n = 2, 0 < k < |n/2]|, the DSA-polynomial of Kb, (k) is
W(Kb, (k) : &) = £"2[€2 + 2k(n - 2k)]. (7)

Proof. Let V(K,) ={v;, v, ..., v,}. Without loss of generality, for 1 < k < |n/2],
let e; =vy;_1vo;, i =1,2,.., k be the independent edges of K,. Therefore DSA-
polynomial of Kb, (k) is

W(Kb, (k) : ) = | &1 ~ DSA(Kb, (k)]

E 0 - 0 1 1 -1
0 & - 0 11 - 1
o o - &1
-1 -1 =1 80 -0
-1 -1 -10E& - 0
-1 =1 =100 - &
&l okxk J 2kx(n-2k)

= , 8
~J(n-2k)x2k & (n-2k)x(n-2k) ®)

where [ is an identity matrix and J is a matrix whose all entries are equal to 1. By Lemma
2.5, the Eq. (8) reduces to
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2k

g2k g+ 2k

(n=2k)x(n—2k)
= g1 g21 4 oy |
&2 +2k 2k - 2k
_ k| 2% g’ *2h 2k ©)
2.k 2.k g2 -;-2/(
Subtract first row from the rows 2, 3, ..., n — 2k to get (10).

£ +2k 2k - 2k

S22 g g

Adding columns 2, 3, ..., n — 2k to the first column in (10) we get
82 +2k(n —2k) 2k - 2k

e 0B

D e e

= gH7E? + 2k(n - 20)] (€7)"

= £"72[&% + 2k(n - 24)).
Theorem 2.8. For n = 3, 0 < k < n, the DSA-polynomial of Kc, (k) is
W(Key (k) : €) = €"7[€% + k(k = 1)*(n = K)]. (1n)

Proof. Let V(K,) ={v, va, ..., v,}. Without loss of generality, for 1 < k < n, let

Vi ={v}, v3, ..., v;}. Therefore DSA-polynomial of Kc, (k) is

lIJ(KCn(k) : E) = | EI - DSA(KCn(k))l
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g 0 -« 0 k=1 - k-1
H 0 k=1 - k-1
= 0 0 £ k=1 - k-1
(k=1 —(k=1) - -(k-1) & - 0
“(k=1) —(k=1) - —(k=1) 0 . &
&l i (k = 1)J gx(n—r)
= : 12
=k =Dtk =k )x(n-k) (12

where [ is an identity matrix and J is a matrix whose all entries are equal to 1. By Lemma

2.5, Eq. (12) reduces to

k(k - 1)
§

ekler + J

(n=k)x(n—k)

= 2272 + k(K - 1)% |

2 +kk -1 k(-1 - k(k-1)?
_g2ken| K(k ‘—1)2 82+ k(k -1)? - k(k -1) 13
k(k ;1)2 k(k —1)° g2 4 k('k -1)?
Subtract first row from the rows 2, 3, ..., n = k to get (14).
82 +k(k -1)% k(k-1?% - k(k-1)?
g2kn - ;2 E‘z 0 _ (14)

- &2 0 g2
Adding columns 2, 3, ..., n — k to the first column in (14) we get
82 +k(k -1)*(n-k) k(k-1% - k(k-1)?

EZk—n 0 EZ 0

0 0 g2
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= 718 + k(k — 1) (n - R)](82)"
= §"2[E% + k(k = 1)*(n k)],
Theorem 2.9. For n > 3, 0 < k < n, the DSA-polynomial of Kd,, (k) is

W(Kd, (k) : &) = E"2[E2 + 4k(n — k)]. (15)

Proof. Let V(K,) ={v|, v3, ..., v,}. Without loss of generality, for 3 < k < n, let
Vi, V2, ..., Vi be the vertices of k-membered cycle of K,. Therefore DSA-polynomial of

Kd, (k) is

lp(Kdn (k) : E) = | &l - DSA(Kdn (k))l

g 0 2 2
0 0 2 -2
-2 -2 -2 ¢ 0
-2 -2 -2 0 &
Elixi 2J kex(n-k)
_ ’ 16
- 2J(n_k)xk E.I(n—k)x(l’l‘k) ( )

where [ is an identity matrix and J is a matrix whose all entries are equal to 1. By Lemma
2.5, the Eq. (16) reduces to

4k

e+ —y

(n=k)x(n—k)

= 8257182 + 4kd |

82 +ak 4k - 4k
2
= g2k-n 4:k EJ:r4k ) 4:k (17)
4k 4k - &2+ 4k
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Subtract first row from the rows 2, 3, ..., n — k to get (18).

82 + 4k 4k - 4k
2 2

-2 0 ... &2
Adding columns 2, 3, ..., n — k to the first column in (18) we get
82 +4k(n - k) 4k - 4k
g2k=n 0 Ez - 0
0 0 ... &2
- EZk—n[E2 + 4k(n _ k)] (EZ )n—k—l
= £"72[&2 + 4k(n - K)].
3. DSA-energy

By Egs. (2), (7), (11) and (15) and by the definition of DSA energy via Eq. (1), we

get following propositions.

Proposition 3.1. For n 22 and 0 < k < n —1,

DSAE(Ka,, (k)) = 2/k(k +1)(n — k —1).
Proposition 3.2. For n 22 and 0 < k <|n/2],

DSAE(Kb, (k)) = 24/2k(n - 2k).

Proposition 3.3. For n =23 and 0 < k < n,

DSAE(Ke, (k)) = 2(k - 1)y/k(n — k).

Proposition 3.4. For n =3 and 0 < k < n,

DSAE(Kd, (k) = 4k(n - k).

From Propositions 3.3 and 3.4 we have:

Earthline J. Math. Sci. Vol. 3 No. 2 (2020), 263-277
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Corollary 3.5. For n 23 and 0 £ k < n,
2(DSAE(Ke, (k) = (k —1)(DSAE(Kd,, (k))).
Corollary 3.6 follows from Propositions 3.2 and 3.4.
Corollary 3.6. For n 23 and 0 < k < |n/2],
DSAE(Kb,, (k)) < DSAE(Kd,,(k)).
Theorem 3.7. For n 2 2,
DSAE(Ka, (0)) < DSAE(Ka, (1)) < --- < DSAE(Ka, (| p )
and

DSAE(Kay,([ p1)) > DSAE(Ka, ([ p]+1)) > --- > DSAE(Ka,(n - 1)),

n-2+Vn? —n+1

3

where p =

40
36

32
n;n=14

28

n=13

a

- 24 ; n=12
/ n=11

20

n=10

16 4 e
/ : /—Nﬂ
12 /

— DSAE(K_(k))—

o
~N

8 9 10 11 12 13 14

~
N

Figure 1. DSA energy of Ka, (k) for n =3, 4, ..., 14.

Proof. By Proposition 3.1, DSAE(Ka,,(k)) = 2\/k(k +1)(n —k —1).
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Consider f,(x) =x(x+1)(n-x-1)
fi(x)==3x2 +2(n-2)x+n-1=0 gives that

n-2+Vn? —n+1

3

X =

3

n—2+\/n2—n+1“ and

The function f,(x) is increasing in the interval [O{

n=2+Vn? —n+1

3

decreasing in the interval ” W n- 1]. Therefore result follows. [

Theorem 3.8. For n = 2.
DSAE(Kb,(0)) < DSAE(Kb, (1)) < --- < DSAE(Kb, (| n/4]))

and

DSAE(Kb, ((n/47)) > DSAE(Kb, ([n/4]+1)) > --- > DSAE(Kb, (| n/2])).

14 —

PN =1
o N
3
o
Sy

DSAE(K, (k) —»
oo

Figure 2. DSA energy of Kb, (k) for n =3, 4, ..., 14.
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Proof. By Proposition 3.2, DSAE(Kb,,(k)) = 24/2k(n — 2k).

Consider f,(x) = 2x(n - 2x)

fp(x) =2n—8x =0 gives that x = %
The function f;,(x) is increasing in the interval {0, {%ﬂ and decreasing in

the interval H%—‘, {gﬂ Therefore result follows. U

Theorem 3.9. For n = 3,

DSAE(Kc, (1)) < DSAE(Kc, (2)) < -+ < DSAE(Kc,(Lq]))

and

DSAE(Ke, ([q1)) > DSAE(Ke, ([ + 1)) > -+ > DSAE(Ke, (1)),

3n+2+Vn2 —4n+4

8

where q =

120

110 o et
100 ’

2
80 n=12
70 "

c
n

50 =10
/ n=9

40 y
30 y /SN

;/ n=7 \
20 Yy
\
10 y o=
_,,' =3 n=4 5 \ \
6 7

o 1 2 3 4 5

~ DSAE(K (K) .~

8 9 10 11 12 13 14

- k——

Figure 3. DSA energy of Kc, (k) for n =3, 4, ..., 14.
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Proof. By Proposition 3.3, DSAE(Kc,,(k)) = 2(k = 1)k(n - k).
Consider f.(x) = (x = 1)?x(n - x)

fi(x) = (x =1) (= 4x> + (3n + 2)x —n) = 0 gives that x =1 and

_3n+2+V9n? —dn+4

- 8

8

3n + 2 +V9n2 —4n+4“
and

The function f.(x) is increasing in the interval [1, {

3n+2+Vm% —4n+4

8

decreasing in the interval ” w, n] Therefore result follows. [

Theorem 3.10. For n = 2,

DSAE(Kc;(0)) < DSAE(Kd,,(1)) < -+- < DSAE(Kd,, (| n/2]))
and

DSAE(Kd,(n/27)) > DSAE(Kd,,([n/2]+1)) > --- > DSAE(Kd,,(n)).

28
26
24
14
22
‘ \
20
g 18 n=9
- 16
5 -
# 14 }
P 12 \
a 1o
8
6
4
2
0

7 8 9 10 11 12 13 14

k4>

Figure 4. DSA energy of Kd, (k) for n =3, 4, ..., 14.
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Proof. By Proposition 3.4, DSAE(Kd,,(k)) = 4k(n - k).

Consider f;(x) = x(n - x)

fy(x) =n-=2x =0 gives that x :%.

The function f;(x) is increasing in the interval [0, L%ﬂ and decreasing in the

interval Hg—‘ n}. Therefore result follows. O

4. Conclusion

The DSA spectra and DSA energy of graphs Ka,(k), Kb, (k), Kc, (k) and Kd,, (k)
are obtained. Figures 1, 2, 3 and 4 clearly show that the DSA energy of these graphs is

increasing first and then decreasing as the number of removal of edges increases.
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