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Abstract 

The degree subtraction adjacency matrix of a graph G is a square matrix 

( ) [ ],ijdGDSA =  in which ( ) ( ) ,jiij vdvdd −=  if the vertices iv  and jv  are adjacent 

and ,0=ijd  otherwise, where ( )ud  is the degree of a vertex u. The DSA energy of a 

graph is the sum of the absolute values of the eigenvalues of DSA matrix. In this paper, 

we obtain the characteristic polynomial of the DSA matrix of graphs obtained from the 

complete graph. Further we study the DSA energy of these graphs. 

1. Introduction  

Let G be a simple, undirected graph with vertex set ( ) { }nvvvGV ...,,, 21=  and edge 

set ( ) { }....,,, 21 meeeGE =  The degree of a vertex iv  denoted by ( )ivd  is the number of 

edges incident to it. If all vertices have same degree equal to r, then G is called an 

r-regular graph.  

The matrices of graphs based on sum of degrees and subtraction of degrees are 

studied in [5, 6, 9, 10, 11]. In [8] the degree subtraction adjacency (DSA) matrix is 
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defined as ( ) [ ],ijdGDSA =  where  

( ) ( )


 −

=
otherwise.,0

oadjacent tisif, jiji
ij

vvvdvd
d  

The characteristic polynomial of ( )GDSA  is called the DSA-polynomial and is 

denoted by ( ).: ξψ G  Thus ( ) ( )( ),det: GDSAIG −ξ=ξψ  where I is an identity matrix 

of order n.  

For any regular graph of order n, ( ) .:
n

G ξ=ξψ    

The eigenvalues of ( ),GDSA  denoted by nξξξ ...,,, 21  are called DSA-eigenvalues 

of G. Since ( )GDSA  is a skew-symmetric matrix, its eigenvalues are purely imaginary or 

zero.  

The DSA-energy of a graph G is defined as [8]  

 ( ) ∑
=

ξ=
n

i

iGDSAE

1

.   (1)  

The Eq. (1) is analogous to the ordinary energy of a graph defined as [2]  

( ) ∑
=

λ=
n

i

iA GE

1

,  

where nλλλ ...,,, 21  are the eigenvalues of the adjacency matrix of G.  

The floor function  x  is the greatest integer less than or equal to x and the ceiling 

function  x  is the least integer greater than or equal to x.  

In [8] the DSA-polynomial and DSA-energy of a path, complete bipartite graph, 

wheel, windmill graph and corona graph have been obtained, where as in [7] the DSA 

polynomial and DSA energy of graphs obtained from regular graphs are reported. 

Gutman and Pavlović [3] studied the ordinary energy of graphs obtained from complete 

graph. We obtain the DSA-polynomial and DSA energy of graphs obtained from 

complete graph. Further we find extremum values of DSA-energy within the class of 

graphs.  
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2. DSA-polynomial of Graphs obtained from Complete Graph  

Definition 2.1 [3]. Let 11,...,,2,1, −≤≤= nkkiei  be the distinct edges of a 

complete graph ,3, ≥nKn  all being incident to a single vertex. The graph ( )kKan  is 

obtained by deleting kiei ...,,2,1, =  from .nK  In addition ( ) .0 nn KKa ≅    

Definition 2.2 [3]. Let  21,...,,2,1, nkkifi ≤≤=  be independent edges of the 

complete graph .3, ≥nKn  The graph ( )kKbn  is obtained by deleting kifi ...,,2,1, =  

from .nK  In addition ( ) .0 nn KKb ≅  

Definition 2.3 [3]. Let kV  be a k-element subset of the vertex set of the complete 

graph .3,2, ≥≤≤ nnkKn  The graph ( )kKcn  is obtained by deleting from nK  all the 

edges connecting pairs of vertices from .kV  In addition ( ) ( ) .10 nnn KKcKc ≅≅   

Definition 2.4 [3]. Let .3,3 ≥≤≤ nnk  The graph ( )kKdn  is obtained by deleting 

from the complete graph ,nK  the edges belonging to a k-membered cycle.  

We need following lemma.  

Lemma 2.5 [1]. If M is a non-singular matrix, then  

.1
NPMQM

QP

NM −−=  

Theorem 2.6. For ,10,2 −≤≤≥ nkn  the DSA-polynomial of ( )kKan  is  

 ( )( ) [ ( ) ( )].11,
22 −−++ξξ=ξψ −

knkkkKa
n

n   (2)  

Proof. Let ( ) { }....,,, 21 nn vvvKV =  Without loss of generality, for ,11 −≤≤ nk  

let kivve ii ...,,2,1,11 == +  be the edges incident to .1v  Therefore DSA-polynomial of 

( )kKan  is  

( )( ) ( )( )kKaDSAIkKa nn −ξ=ξψ :  
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0011

0011

0011

11100

11100
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ξ−−−

ξ−−−
ξ−−−

ξ

ξ
ξ

=

⋯⋯

⋮⋱⋮⋮⋮⋱⋮⋮

⋯⋯

⋯⋯

⋯⋯

⋮⋱⋮⋮⋮⋱⋮⋮

⋯⋯

⋯⋯

k

k

k

kkk

 (3) 

Subtract ( )1+k -th row from the rows nkk ...,,3,2 ++  to get (4).  

 .

0000

0000

0011

11100

11100

00

ξξ−

ξξ−
ξ−−−

ξ

ξ
ξ

⋯⋯

⋮⋱⋮⋮⋮⋱⋮⋮

⋯⋯

⋯⋯

⋯⋯

⋮⋱⋮⋮⋮⋱⋮⋮

⋯⋯

⋯⋯

k

kkk

  (4) 

Adding columns nkk ...,,3,2 ++  to the column 1+k  in (4) we get (5).  

 

( )
( )

( )
.

00000

00000

0011

11100

11100

100

ξ

ξ
ξ−−−

−−ξ

−−ξ
−−ξ

⋯⋯

⋮⋱⋮⋮⋮⋱⋮⋮

⋯⋯

⋯⋯

⋯⋯

⋮⋱⋮⋮⋮⋱⋮⋮

⋯⋯

⋯⋯

k

kn

kn

kkkkn

  (5) 

Equation (5) reduces to (6).  
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( )
( )

( )
.

11

100

100

100

2

ξ−−−
−−ξ

−−ξ
−−ξ

ξ −−

⋯

⋯

⋮⋮⋱⋮⋮

⋯

⋯

k

kn

kn

kkn

kn  (6) 

By Lemma 2.5, the Eq. (6) reduces to  

( ) ( )
11

212 1
×

+−− −−+
ξ

+ξξξ knkk
I

I
kkn  

[ ( ) ( )].11
22 −−++ξξ= −

knkk
n  □ 

Theorem 2.7. For   ,20,2 nkn ≤≤≥  the DSA-polynomial of ( )kKbn  is  

 ( )( ) [ ( )].22:
22

knkkKb
n

n −+ξξ=ξψ −   (7)   

Proof. Let ( ) { }....,,, 21 nn vvvKV =  Without loss of generality, for   ,21 nk ≤≤  

let kivve iii ...,,2,1,212 == −  be the independent edges of .nK  Therefore DSA-

polynomial of ( )kKbn  is  

( )( ) ( )( )kKbDSAIkKb nn −ξ=ξψ :  

ξ−−−

ξ−−−
ξ−−−

ξ

ξ
ξ

=

⋯⋯

⋮⋱⋮⋮⋮⋱⋮⋮

⋯⋯

⋯⋯

⋯⋯

⋮⋱⋮⋮⋮⋱⋮⋮

⋯⋯

⋯⋯

00111

00111

00111

11100

11100

11100

 

 
( )

( ) ( ) ( )
,

2222

2222

knknkkn

knkkk

IJ

JI

−×−×−

−××
ξ−

ξ
=   (8)  

where I is an identity matrix and J is a matrix whose all entries are equal to 1. By Lemma 

2.5, the Eq. (8) reduces to  
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( ) ( )knkn

k
J

k
I

22

2 2

−×−ξ
+ξξ  

kJI
nk

2
24 +ξξ= −  

.

222

222

222

2

2

2

4

kkk

kkk

kkk

nk

+ξ

+ξ
+ξ

ξ= −

⋯

⋮⋱⋮⋮

⋯

⋯

 (9) 

Subtract first row from the rows kn 2...,,3,2 −  to get (10).  

 .

0

0

222

22

22

2

4

ξξ−

ξξ−
+ξ

ξ −

⋯

⋮⋱⋮⋮

⋯

⋯ kkk

nk   (10)  

Adding columns kn 2...,,3,2 −  to the first column in (10) we get  

( )

2

2

2

4

00

00

2222

ξ

ξ
−+ξ

ξ −

⋯

⋮⋱⋮⋮

⋯

⋯ kkknk

nk  

[ ( )]( ) 12224
22

−−− ξ−+ξξ= knnk
knk  

[ ( )].22
22

knk
n −+ξξ= −  

Theorem 2.8. For ,0,3 nkn ≤≤≥  the DSA-polynomial of ( )kKcn  is  

 ( )( ) [ ( ) ( )].1:
222

knkkkKc
n

n −−+ξξ=ξψ −   (11)  

Proof. Let ( ) { }....,,, 21 nn vvvKV =  Without loss of generality, for ,1 nk ≤≤  let 

{ }....,,, 21 kk vvvV =  Therefore DSA-polynomial of ( )kKcn  is  

( )( ) ( )( )kKcDSAIkKc nn −ξ=ξψ :  
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( ) ( ) ( )

( ) ( ) ( ) ξ−−−−−−

ξ−−−−−−
−−ξ

−−ξ
−−ξ

=

⋯⋯

⋮⋱⋮⋮⋱⋮⋮

⋯⋯

⋯⋯

⋮⋱⋮⋮⋱⋮⋮

⋯⋯

⋯⋯

0111

0111

1100

1100

1100

kkk

kkk

kk

kk

kk

 

( ) ( )
( ) ( ) ( ) ( )

,
1

1

knknkkn

knkkk

IJk

JkI

−×−×−

−××
ξ−−

−ξ
=  (12)  

where I is an identity matrix and J is a matrix whose all entries are equal to 1. By Lemma 

2.5, Eq. (12) reduces to  

( )

( ) ( )knkn

k
J

kk
I

−×−
ξ
−+ξξ

2
1

 

( ) JkkI
nk 222 1−+ξξ= −  

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

.

111

111

111

2222

2222

2222

2

−+ξ−−

−−+ξ−
−−−+ξ

ξ= −

kkkkkk

kkkkkk

kkkkkk

nk

⋯

⋮⋱⋮⋮

⋯

⋯

  (13) 

Subtract first row from the rows kn −...,,3,2  to get (14). 

 

( ) ( ) ( )

.

0

0

111

22

22

2222

2

ξξ−

ξξ−
−−−+ξ

ξ −

⋯

⋮⋱⋮⋮

⋯

⋯ kkkkkk

nk   (14)  

Adding columns kn −...,,3,2  to the first column in (14) we get  

( ) ( ) ( ) ( )

2

2

2222

2

00

00

111

ξ

ξ
−−−−+ξ

ξ −

⋯

⋮⋱⋮⋮

⋯

⋯ kkkkknkk

nk  
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[ ( ) ( )]( ) 12222
1

−−− ξ−−+ξξ= knnk
knkk  

[ ( ) ( )].1
222

knkk
n −−+ξξ= −  

Theorem 2.9. For ,0,3 nkn ≤≤≥  the DSA-polynomial of ( )kKdn  is  

 ( )( ) [ ( )].4:
22

knkkKd
n

n −+ξξ=ξψ −   (15)   

Proof. Let ( ) { }....,,, 21 nn vvvKV =  Without loss of generality, for ,3 nk ≤≤  let 

kvvv ...,,, 21  be the vertices of k-membered cycle of .nK  Therefore DSA-polynomial of 

( )kKdn  is  

( )( ) ( )( )kKdDSAIkKd nn −ξ=ξψ :  

ξ−−−

ξ−−−
ξ

ξ
ξ

=

⋯⋯

⋮⋱⋮⋮⋱⋮⋮

⋯⋯

⋯⋯

⋮⋱⋮⋮⋱⋮⋮

⋯⋯

⋯⋯

0222

0222

2200

2200

2200

 

( )
( ) ( ) ( )

,
2

2

knknkkn

knkkk

IJ

JI

−×−×−

−××
ξ−

ξ
=  (16)  

where I is an identity matrix and J is a matrix whose all entries are equal to 1. By Lemma 

2.5, the Eq. (16) reduces to  

( ) ( )knkn

k
J

k
I

−×−ξ
+ξξ 4

  

kJI
nk

4
22 +ξξ= −  

.

444

444

444

2

2

2

2

kkk

kkk

kkk
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+ξ

+ξ
+ξ

ξ= −

⋯

⋮⋱⋮⋮

⋯

⋯

  (17) 
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Subtract first row from the rows kn −...,,3,2  to get (18).  

 .

0

0

444

22

22

2

2

ξξ−

ξξ−
+ξ

ξ −

⋯

⋮⋱⋮⋮

⋯

⋯ kkk

nk   (18)  

Adding columns kn −...,,3,2  to the first column in (18) we get  

( )

2

2

2

2

00

00

444

ξ

ξ
−+ξ

ξ −

⋯

⋮⋱⋮⋮

⋯

⋯ kkknk

nk  

[ ( )]( ) 1222
4

−−− ξ−+ξξ= knnk
knk  

[ ( )].422
knk

n −+ξξ= −  

3. DSA-energy  

By Eqs. (2), (7), (11) and (15) and by the definition of DSA energy via Eq. (1), we 

get following propositions.  

Proposition 3.1. For 2≥n  and ,10 −≤≤ nk  

( )( ) ( ) ( ) .112 −−+= knkkkKaDSAE n  

Proposition 3.2. For 2≥n  and   ,20 nk ≤≤   

( )( ) ( ) .222 knkkKbDSAE n −=  

Proposition 3.3. For 3≥n  and ,0 nk ≤≤   

( )( ) ( ) ( ) .12 knkkkKcDSAE n −−=  

Proposition 3.4. For 3≥n  and ,0 nk ≤≤   

( )( ) ( ) .4 knkkKdDSAE n −=  

From Propositions 3.3 and 3.4 we have:  
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Corollary 3.5. For 3≥n  and ,0 nk ≤≤  

( )( )( ) ( ) ( )( )( ).12 kKdDSAEkkKcDSAE nn −=  

Corollary 3.6 follows from Propositions 3.2 and 3.4.  

Corollary 3.6. For 3≥n  and   ,20 nk ≤≤   

( )( ) ( )( ).kKdDSAEkKbDSAE nn <  

Theorem 3.7. For ,2≥n  

( )( ) ( )( )  ( )( )pKaDSAEKaDSAEKaDSAE nnn <<< ⋯10  

and  

 ( )( )  ( )( ) ( )( ),11 −>>+> nKaDSAEpKaDSAEpKaDSAE nnn ⋯  

where .
3

12 2 +−+−= nnn
p   

 

Figure 1. DSA energy of ( )kKan  for .14...,,4,3=n  

Proof. By Proposition 3.1, ( )( ) ( ) ( ) .112 −−+= knkkkKaDSAE n   
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Consider ( ) ( ) ( )11 −−+= xnxxxfa  

( ) ( ) 01223
2 =−+−+−=′ nxnxxfa  gives that  

.
3

12 2 +−±−= nnn
x  

The function ( )xfa  is increasing in the interval  


























 +−+−
3

12
,0

2
nnn

 and 

decreasing in the interval .1,
3

12 2














−













 +−+−
n

nnn
 Therefore result follows.  □ 

Theorem 3.8. For .2≥n  

( )( ) ( )( )  ( )( )410 nKbDSAEKbDSAEKbDSAE nnn <<< ⋯  

and 

 ( )( )  ( )( )  ( )( ).2144 nKbDSAEnKbDSAEnKbDSAE nnn >>+> ⋯   

 

Figure 2. DSA energy of ( )kKbn  for .14...,,4,3=n  
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Proof. By Proposition 3.2, ( )( ) ( ) .222 knkkKbDSAE n −=   

Consider ( ) ( )xnxxfb 22 −=  

( ) 082 =−=′ xnxfb  gives that .
4

n
x =   

The function ( )xfb  is increasing in the interval 











4

,0
n

 and decreasing in  

the interval .
2

,
4 
















 nn
 Therefore result follows.  □ 

Theorem 3.9. For ,3≥n   

( )( ) ( )( )  ( )( )qKcDSAEKcDSAEKcDSAE nnn <<< ⋯21  

and  

 ( )( )  ( )( ) ( )( ),1 nKcDSAEqKcDSAEqKcDSAE nnn >>+> ⋯  

where .
8

44923 2 +−++= nnn
q   

 

Figure 3. DSA energy of ( )kKcn  for .14...,,4,3=n  
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Proof. By Proposition 3.3, ( )( ) ( ) ( ) .12 knkkkKcDSAE n −−=   

Consider ( ) ( ) ( )xnxxxfc −−= 2
1   

( ) ( ) ( ( ) ) 02341
2 =−++−−=′ nxnxxxfc  gives that 1=x  and 

.
8

44923 2 +−±+= nnn
x  

The function ( )xfc  is increasing in the interval 


























 +−++
8

44923
,1

2
nnn

 and 

decreasing in the interval .,
8

44923 2



























 +−++
n

nnn
 Therefore result follows.  □ 

Theorem 3.10. For ,2≥n  

( )( ) ( )( )  ( )( )210 nKdDSAEKdDSAEKcDSAE nnd <<< ⋯  

and  

 ( )( )  ( )( ) ( )( ).122 nKdDSAEnKdDSAEnKdDSAE nnn >>+> ⋯  

 

Figure 4. DSA energy of ( )kKdn  for .14...,,4,3=n  
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Proof. By Proposition 3.4, ( )( ) ( ) .4 knkkKdDSAE n −=   

Consider ( ) ( )xnxxfd −=   

( ) 02 =−=′ xnxfd  gives that .
2

n
x =   

The function ( )xfd  is increasing in the interval 











2

,0
n

 and decreasing in the 

interval .,
2 











n

n
 Therefore result follows.  □ 

4. Conclusion  

The DSA spectra and DSA energy of graphs ( ),kKan ( ),kKbn ( )kKcn  and ( )kKdn  

are obtained. Figures 1, 2, 3 and 4 clearly show that the DSA energy of these graphs is 

increasing first and then decreasing as the number of removal of edges increases.  
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