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Abstract

In this paper we study coupled anti @-fuzzy subgroups of G with respect to
t-conorm C'. We also discuss the union, normal and direct product of them.
Moreover, the homomorphic image and pre-image of them is investigated under

group homomorphisms and anti homomorphisms.

1 Some Old and New Notions and Notations

Remark 1.1. (a) In this paper we assume G is a group as defined in [I].

(b) We assume the notions of homomorphism and anti-homomorphism as defined
in [I].

(¢) We assume C': [0, 1] x [0,1] — [0, 1] is a t-conorm as defined in [I].
(d) By idempotent, we refer to t-conorm C' as defined in [1].

Definition 1.2. Let GG be an arbitrary group with multiplicative binary operation
and identity e. By a fuzzy subset of G x G we mean a function from G x G into [0, 1].
The set of all fuzzy subsets of G x G will be called the [0, 1]-power set of G x G, and
will be denoted by [0, 1]9*€.
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Definition 1.3. Let o : A — B be a function such that p € [0,1](A*4A*Q and
B € [0,1](BXB)XQ " The fuzzy image, a(u) of p under a, if a='(y),a " (v) # 0, is
defined as

a(p)(y, v, q) = inf{u(z,m, q)|(x,m,q) € (A x A) x Q,a(x) = y,(m) = v}
and if a~!(y),a"(v) = 0, then
a(p)(y,v,q) =0
and the fuzzy pre-image (or fuzzy inverse image) of 5 under « is
a1 (B)(x,m, q) = Bla(z),a(m),q)
for all (z,m,q) € (A x A) x Q.

Definition 1.4. Let (G,-) be a group and @ be a nonempty set. Then u €
[0,1](GXE)*Q will be called an anti Q-fuzzy subgroup of G x G with respect to

t-conorm C' if the following conditions are satisfied
(a) plzy,mv,q) < Clu(z,m,q), u(y, v, q)]
(b) p(™t,m™,q) < p(x,m, q)

for all (x,m), (y,v) € G x G, and q € Q.

Notation 1.5. The set of all anti @-fuzzy subgroups of G x G with respect to
t-conorm C' will be denoted by AQFSC(G x G).

Proposition 1.6. (Compare with Proposition 2.3[1]) Let G be a group, and H be

a nonempty subset of G x G. Then the following are equivalent
(a) H is a subgroup of G x G

(b) (z,m), (y,v) € H implies (xy~',mv~) € H for all (z,m), (y,v).
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Definition 1.7. Let p, 8 € [0,1](¢*&)*®@  The union of y and § is defined by

(kU B)(x,m,q) = Clu(z,m,q), B(x,m, q)]
for all (z,m) € G x G, and q € Q.

Definition 1.8. We say that p € AQFSC(G x G) is normal if

pzya~t mom=", q) = p(y, v, q) for all (z,m), (y,v) € G x G and ¢ € Q.

Notation 1.9. NAQFSC(G x G) will denote the set of all normal anti Q-fuzzy

subgroups of G x G with respect to t-conorm C.

2 Some Properties

Proposition 2.1. Let p € AQFSC(G x G), and C be idempotent t-conorm. Then,
pleg,eq,q) < p(xz,m,q) for all (x,m) € G x G, and q € Q.

Proof.
uleg, eq,q) = p(za™", mm=",q)
< Clp(z,m,q), m(z™"m™", q)]
= Clu(x,m, q), p(x,m, q)]
= ,u(xv m, Q)
for all (z,m) € G x G, and ¢ € Q. =

Proposition 2.2. Let p € AQFSC(G x G), and C be idempotent t-conorm. If

/’L('/I;yilvmvil7Q) = M(ereG7Q)7 then ,u,(x,m,q) = u(y,v,q) fOT all (x,m), (yvv) €

G x G, and q € Q.
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Proof.

p(z,m,q) = plzy ™y, mv v, q)
< Clp(zy™t,mo™, ), 1y, v, )]
= Clulea,ea: ), 1y, v, q)]
< Clu(y,v,q); 1wy, v, q)]
= w(y,v,q)
p(yz— om™", q), p(z, m, q)]
7L me ) ), plx, m, q)]
zy~ L mut ), p(x,m, q)]

Thus, p(z,m,q) = p(y, v, q). O

Proposition 2.3. Let C' be idempotent t-conorm. Then p € AQFSC(G x G) iff
play~tmo~tq) < Clu(z,m, q), wly, v, q)] for all (x,m), (y,v) € Gx G, and q € Q.
Proof. Let p € AQFSC(G x G), (z,m), (y,v) € G x G, q € Q. Then,

p(zy =t mot q) < Clu(z,m, q), p(y v, q)]

< Clu(z,m,q), u(y,v,q)].

Lmv™, q) < Clu(z,m, q), u(y, v, q)], then

-1

Conversely, let p(zy~

,m ) = plege™ ! eam™, q)
< Clulea,ea, q), m(x~
= Clu(ea,ea, q), u(x,m,q)]
< Clu(z,m, q), p(z, m, q)]
= p(z,m, q).

(@

Lm™q)]
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Thus, p(z~',m™",q) < p(z,m,q). Also

plzy,mu,q) = p(z(y= ")~ mv™) )

Thus, 4 € AQFSC(G x G). O

Proposition 2.4. Let p € [0, 1](GXG)XQ be such that pleg,eq,q) = 0 and
p(zy~t,mo~t, q) < Clu(z,m, q), p(y,v,q)] for all (x,m), (y,v) € G x G, and q € Q.
Then p € AQFSC(G x G).

Proof. Let (z,m), (y,v) € G x G, and ¢q € Q. Observe

plx=",m™, q) = plegr™ 7€Gm717Q)
< Cluleg, eq, q), pla™,m™", q)]
= Cluleg, ec; ), p(z,m, q)]
= C[0, u(z,m, q)]

w(x,m,q).

Now

p(zy,mo,q) = plz(y~") " me™ )7 g
< Clu(z,m,q), w(y~ " vt q))
< Clu(z,m,q), u(y,v,q)].

Thus, p € AQFSC(G x G). O

Proposition 2.5. If p € AQFSC(G x G), then H = {(z,m) € G x G|u(z,m,q) =
0} is a subgroup of G x G.
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Proof. Let (x,m), (y,v) € H, and q € Q. Since u € AQFSC(G x G),

plry ™t mo™q) < Clu(z,m, q), uly~" 07", q))
< Clu(z,m, q), w(y, v, q)]
= (C[0,0]
— 0.

Thus (zy~!',mv~!) € H, and by Proposition 1.6, H is a subgroup of G x G. O

Proposition 2.6. Let p € AQFSC(G x G) and C be idempotent t-conorm. Then
H = {(SU, m) € G‘:u(xvma Q) = M(eGa €G, Q)}
s a subgroup of G x G.

Proof. Let (z,m), (y,v) € H, q € Q, and u € AQFSC(G x G). Then,

p(zy~ "t mot q) < Clu(z,m, q), p(y~ 07", q)]

Cl
= Clu(z,m, q), p(y, v, q)]
Clulea, eq, q), ulea, eq, q)]

1

1

Thus p(zy~t,mv~t q) = u(eg,eq,q), which implies (zy~,mv=1) € H. So by

Proposition 1.6, H is a subgroup of G x G. O

Proposition 2.7. Let u € AQFSC(G x G), and u(zy=',mv='q) = 0. Then
pu(z,m, q) = p(y,v,q) for all (x,m),(y,v) € G x G, and q € Q.

http://www. earthlinepublishers.com



Coupled Anti Q-Fuzzy Subgroups using t-Conorms 245

Proof. Let p€ AQFSC(G x GQ), (z,m), (y,v) € G X G, ¢ € Q. Then

p(z,m,q) = plxy ™y, mo~"v,q)
< Clulzy™ mv~", ), u(y, v, q)]
= C10, u(y, v, q)]
= 1y, v, q)
=puly vt g)

1

< Clp(z™tm™, @), wlxy™ mu", q)]
[1(

~1,9),0]

Hence u(x,m,q) = u(y,v,q). O

Proposition 2.8. Let p € AQFSC(G x G). Then p(zy,mv,q) = u(yz,vm,q) iff
u(x,m,q) = p(y~ ey, v mo, q) for all (x,m), (y,v) € G x G, and q € Q.

Proof. Let (z,m), (y,v) € G x G, q € Q, and p(zy, mv,q) = u(yx,vm,q). Then

1 1

Conversely, let p(z,m,q) = pu(y~ ' zy, v~ muv), then we obtain

1 -1

;m(vm)m™", q)

w(xy, mv,q) = p(x(yz)r™
= p(yz,vm,q).
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Proposition 2.9. Let p € AQFSC(G x Q). If p(zy~!,mv=1 q) = 1, then either
(@ m,q) =1 or p(y,0,9) = 1 for all (z,m), (y,v) € G X G, and g € Q.

Proof. As p € AQFSC(G x G). So for all (x,m), (y,v) € G x G and ¢q € @, we have
1= p(zy™",mv™",q) < Clu(z,m,q), u(y,v,q)].

So either p(z,m,q) =1 or u(y,v,q) = 1. O

Proposition 2.10. Let p, 8 € AQFSC(G x G). Then pU S € AQFSC(G x G).

Proof.

(1 U B)(zy, mv, q) = Clu(zy, mv, q), B(zy, mv, q)]

[Clu(@, m, q), iy, v, q)], C[B(z, m, q), B(y, v, q)]]
[ B

[ a),

IN

Clu(z,m, q), B(z,m, q)], Cluly, v, q), By, v, q)]]

C
C
Cl(p Y B)(x,m,q), (U B)(y,v,q)].

Also

(pUB) (=~ ,m ' q) =Clu(z™", m™ ", q), Bz~ ,m ™", q)]
< Clu(z,m,q), Bz, m,q)]
= (pU B)(x,m,q).

Hence, pU B € AQFSC(G x G). O

Proposition 2.11. Let p € AQFSC(G x G) and (z,m),(y,v) € G x G, g€ Q. If
C' is idempotent t-conorm and pu(x,m,q) # pu(y,v,q), then

w(zy, mv, q) = Clu(x, m, q), u(y, v, q)].

Proof. Let p(z,m,q) < p(y,v,q) for all (z,m),(y,v) € G x G, and ¢ € @Q,
then p(z,m,q) < p(zy,mv,q), and so p(y,v,q) = Clu(z,m,q),u(y,v,q)] and
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w(zy, mv, q) = Clu(z,m,q), p(zy, mv, q)]. Now

w(zy, mv, q) < Clu(z,m,q), w(y,v,q)]
= u(y,v,q)

— (e oy, m!

muv, q)

< Clu(a™m™", q), play, mv, q)]

= Clu(z,m, q), p(zy, mv, )]

= p(zy, mv,q).
So, u(xy, mv,q) = p(y,v,q) = Clulx, m,q), u(y, v, q)]- O
Proposition 2.12. Let py, o € NAQFSC(GxG). Then puiUps € NAQFSC(G x
Q).
Proof.

(1 U p2) (wyz™! mom ™, q) = Ol (wya ™", mom™, q), pa(wya ™", mom™, q)]
= Clp1(y,v,q), p2(y, v, q)]
= (p1 U p2)(y, v, q).
]

Proposition 2.13. Let a be an epimorphism from group G into group H. If u €
AQFSC(G x G), then a(un) € AQFSC(H x H).

Proof. Let (h1,h}), (he,hy) € H x H and q € Q. Then,

/

a(p)(hiha, hihy, q) = inf{u(g192, 9195, 4)|91, 92, 91, 93 € G, a(g1) = h1, a(gh) = hi,
a(g2) = ha,algy) = hy}
inf{C[u(g1, g1, 9), (92, 92 D)]|91. 92, 91, 95 € G, (g1) = ha,
a(gy) = hy, algz) = ha, a(gh) = hy}
= O[(inf{u(g1,41, )91, 91 € G, a(g) = h1,a(gy) = h1}),
(inf{u(g2, 92, 9))|92, 92 € G, (g2) = ha, a(g3) = h3})]
= Cla(u) (b1, Y, q), a(p)(ha, by, q)].

IN
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Also

a(p)(hit, (B) 7Y q) = inf{u(gr ", (6) " D)lgr g1 € Gralgr ') = byt al(g) ™)
= ()"}
< inf{u(g1, 91,991, 91 € G, alg1,91,9) = h1,a(g1,91,9) = ha}
= a(p)(h1, he, q).

Therefore a(p) € AQFSC(H x H). O

Proposition 2.14. Let o be a homomorphism from group G into group H. If
B € AQFSC(H x H), then a=1(B8) € AQFSC(G x G).

Proof. Let (x,m), (y,v) € G x G, and q € Q. Then

Also,

Thus, a~1(B) € AQFSC(G x G). O

Proposition 2.15. Let a be an anti-homomorphism from group G into group H.
If € AQFSC(H x H), then a~'(B) € AQFSC(G x G).
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Proof. Let (z,m),(y,v) € G x G and q € Q. Then

mv),q)

s a(v)a(m), q)

[B(a(y), a(v), q), Bla(z), a(m), q)]
[ (B)(y, v, ), & (B) (z,m, )]
[ (B)(z,m, q),a” (B)(y,v, q)]-

o~ (B)(zy, mv, q) = Bla(zy), a
(a(y)a(z

I
™

(
)

A
Q Q Q

Also

Thus, a~1(B8) € AQFSC(G x G). O

Proposition 2.16. Let y € NAQFSC(G x G) and H be a group. Suppose that «
is an epimorphism of G into H. Then a(u) € NAQFSC(H x H).

Proof. By Proposition 2.13, we have a(u) € AQFSC(H x H). Let (z,m), (y,v) €
H x H and ¢ € Q. Since « is a surjection, a(u) = x and a(u’) = m for some

u,u’ € G. Now,

1 _I,Q) -1

a(p)(zyx™", mum = inf{u(w,w’, q)|w,w" € G,a(w) = zyz™", a(w') = mum™1}

(
= inf{s(
ol (u) 'y’ = v}

= inf{u(w, v, q)|w,w’ € G,a(w) =y, a(w’) = v}

uwlwu, (W) ' q)|w, v’ € G, aluT wu) =y,

= a(u)(y,v,q).

and the proof is finished. O
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Proposition 2.17. Let H be a group and 8 € NAQFSC(H x H). Suppose that «
is a homomorphism of G into H. Then a~*(B) € NAQFSC(G x G).

Proof. By Proposition 2.14, we obtain that a~!(3) € AQFSC(G x G). Now for any
(x,m), (y,v) € G x G, and q € Q, we obtain that

,q)
= Bla(z)a(y)a(z™h), a(m)a(v)a(m™),q]
= betala(z)a(y)a (z), af

= Bla(y), a(v), q)

=a™ (B)(y. v, q)-

Therefore, a~(8) € NAQFSC(G x G). O

a ™ (B)(zyz~! mom ™!, q) = B(a(eyr "), a(mum™")

m)a(v)a~ (m),q]

3 Open Problems

We begin with the following

Definition 3.1. Let (G, ) and (H, ) be any two groups such that u € AQFSC(G x
G) and § € AQFSC(H x H). The product of p and 8, denoted by pu x 5 €
[0, 1]{GXE)XHXH)XQ 5 defined as

(1 x B)[((z,m), (y,v)),q] = Clu(z, m, q), B(y,v,q)]
for all (x,m) e G x G, (y,v) € Hx H, q € Q.

Conjecture 3.2. If p € AQFSC(G x G) and € AQFSC(H x H), then ux p €
AQFSC(G? x H?).

Conjecture 3.3. Let i € [0,1)(GXG)*Q gnd g € [0, 1)H*H)*Q " [f C is idempotent
t-conorm and pu x B € AQFSC(G? x H?), then at least one of the following two

statements must hold

(a) ,B(GH,GH,(]) < M(xvmaQ) fOT’ all (a:,m) € G x G; and q € Q
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(b) wlenm,en,q) < B(y,v,q) for all (y,v) € H x H, and q € Q.

Conjecture 3.4. Let p € [0,1)(G**Q gnd g € [0, 1]HXH)*Q " [f C is idempotent
t-conorm and i x 3 € AQFSC(G? x H?), then we obtain the following statements

(a) If p(x,m,q) > Blem,em,q), then p € AQFSC(G x G) for all (x,m) € G x G
and q € Q.

(b) If B(x,m,q) > pleg,eq,q), then 5 € AQFSC(H x H) for all (x,m) € H and
q€ Q.
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