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Abstract

In the current work, special subfamilies of holomorphic bi-univalent functions
based on quasi-subordination are introduced. Initial coefficient estimates
for functions belonging to these subfamilies are established. Several

consequences of our results and connections to known families are indicated.

1 Preliminaries

Let A be the set of normalized holomorphic functions that have the form
s(2) :z—}—dezk, (1.1)
k=2

in® ={z€C:|z| <1}. Let S be the set of all elements of A that are univalent
in ©. Let ¢(z) be holomorphic in ® with |¢(2)| <1, z € D, such that

§(z) = Ro+ Rz + Rp2® + -+ (1.2)

Received: February 25, 2021; Accepted: March 7, 2021
2010 Mathematics Subject Classification: 30C45, 30C50, 30D60.

Keywords and phrases: quasi-subordination, holomorphic function, coefficient estimates,
bi-univalent function.

*Corresponding author Copyright © 2021 Authors



226 S. R. Swamy and Y. Sailaja

where Ry, Ri, Ra,--- are real and let h(z) be holomorphic in ®, with §(0) =
1,5'(0) > 0, having positive real part, such that

h(z) =1+ Qiz+ Q2% + - - (1.3)

where )1, Q2, @3, - -+ arereal and Q1 > 0. Throughout this work we shall consider
¢ and b follow the above mentioned conditions unless otherwise mentioned. One
- quarter theorem of Koebe [6], assures that the image of © under every function
s € S contains a disc of radius 1/4. According to this, every function s € S has
an inverse g = s~! satisfying s71(s(2)) = 2,z € D and s(s }(w)) = w, |w| <

ro(s), ro(s) > 1/4 and is in fact given by
g(w) = 571 (w) = w — dow? + (2d3 — d3)w® — (5d3 — 5dadz + dy)w* + -+ (1.4)

A member s of A is bi-univalent in ® if both s and s~! are univalent in D.
We symbolize the set of bi-univalent functions of the form (L.1)), by >°. In [9],
Lewin examined the bound for |dz| of elements of the family ) and proved that
|da| < 1.51 and in [3], Brannan et al. conjectured that |dz| < v/2. Brannan and
Taha in [4], proposed bi-starlike and bi-convex functions which are similar to the
subfamilies of univalent functions. They have obtained non-sharp estimates on
|d2| and |ds| for members of such families. For various subfamilies of the class ),
coefficient estimates and other properties of functions in these subfamilies, one
can refer the works of [2], [5], [12], [17], and [22].

We recall the rule of subordination and also the rule of majorization, between
holomorphic functions s(z) and 7(z) in ®. We say that s(z) is subordinate to
7(z), indicated as s(z) < 7(z), z € D, if there is a ¢/(z) holomorphic in D, with
¥(0) =0 and |[¢(z)| < 1, z € D, such that s(z) = 7(1)(z)). Moreover s(z) < 7(z)
is equivalent to s(0) = 7(0) and s(®) C 7(®), if 7 is univalent in ®. We know
that s(z) is majorized by 7(2), indicated as s(z) << 7(z), z € D, if there exists a
¢(z) holomorphic in @, with |¢(z)] < 1, satisfying s(z) = ¢(2)7(2), z € D.

Robertson [I5] innovated a concept called quasi-subordination, which
generalizes both the concepts of majorization and subordination. For holomorphic

functions s(z) and 7(z), s(z) is quasi-subordinate to 7(z), indicated as s(z) <4
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7(2), z € D, if there exists two holomorphic functions ¢ and ¢ with |¢(z)] <
1,4(0) = 0 and |¢(z)| < 1 such that s(z) = ¢(2)7(¢(z)), z € ©. Observe that if
¢(z) =1, then s(z) = 7(¢(2)), z € D, so that s(z) < 7(z) in . Also note that
if ¢(z) = z, then s(z) = ¢(2)7(2), z € ® and hence s(z) << 7(z) in ©. There
are more studies related to quasi-subordination such as [1I, [7], [8], [11], [14], [16],
[19] and [21].

Motivated by the papers [18], [20] and earlier works on quasi-subordination,

we now define new special families 6‘12(% v,n,h) and S)ﬁqz (u,v,m, ).

Definition 1.1. For 0 <v <1, 4 >0, u > v, n € C— {0}, we say that s in ) _,

belongs to 6qz(u, v,m,h), if

1 ZS,(Z)—I—,U,ZzS//(Z) B o .
77((1_V)3(2)+st’(z) 1) <¢(b(z) —1), 2€D

and

1 wg/(UJ)—i—Nng”(w) B . N
n((l—u>g<w>+wg/<w> 1) <q (h(w) — 1), w €D,

where h and g(w) = s~ !(w) are as stated in (1.3)) and (1.4) respectively.

We observe that certain values of v and u lead the class qu(u, v,n,h) to the

following few subfamilies:
1. %/Zq: (n,h) = qu(%, 3.1, b) is the family of s € 3" of the form (L.1]) satisfying
1 ((2%5'(2)) ) 1 <(w2g'(W))' )
S22 ) <, (h(2) — 1) and = (L 1) < (hw) — 1),
(G 1) 06 -0 ma (R -1) < 66~
where z, w € D, h and g(w) = s~ !(w) are as stated in (1.3) and (1.4) respectively.
2. /i(n, h) = qu(%, 0,7, b) is the family of s € > of the form satisfying
1 ((2*5'(2) ) 1 ((w29'(W))’ )
S22 ) <, (h(z) — 1) and - (L 1) < (h(w) — 1),
(55 S0 1) and 1 (L0  (0() ~ 1)
where 2, w € D, h and g(w) = s~ (w) are as stated in (1.3) and respectively.
3. fi(n, h) = 6%(1, %, n,h) is the family of s € ) of the form satisfying

<2Z<ZW>> _ 1) 2y (=) — 1) and ;(W - 1) <4 (B(w) — 1),
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where z, w € D, b and g(w) = s !(w) are as stated in (1.3)) and (1.4)) respectively.
4. Rl (77 h) = (,u,, 0,7, h) is the family of s € > of the form (1.1)) satisfying

717<< > ( “((>)> - 1) <4 (h(z) = 1), 2 €D

() () oo

where b and g 57 Hw) are as stated in and (1.4) respectively.

and

Definition 1.2. For 0 <v < 1,4 > 0,u > v,n € C— {0}, we say that s in >
belongs to ML (u, v, n,b), if

>
1 28'(2) + p2?s"(2) o
Uj <(1_V)Z—|-VZS '(2) 1) <¢b(z)=1),2€D
and
1 (wyg'W) + pw’g"(w) o
Tl(( Vw + vwg'(w) 1) <q (h(w)—1),weD,
1

where b and g(w) = s71(w) are given by (1.3) and ((1.4) respectively.

It is easy to see that certain choices of v lead the family iqu (1, v,m,b) to the

following few subfamilies.

1. %qz(,u, n,h) = Sﬁqz(u,O,n, h) is the family of s € > of the form (1.1)
satisfying

;(sl(z) b pzs”(2)—1) <, (B(z)—1) and 717(9'@) 06" (@) = 1) =g (B(w) = 1),

where 2, w € D, h and g(w) = s~ (w) are as stated in (1.3)) and (1.4) respectively.

2. f)%qz(,u, n,h) = quz(u,l,n,h) is the family of s € > of the form (1.1)
satisfying

B () 105(2) <0

where z, w € D, h and g(w) = s~ !(w) are as stated in (1.3) and (1.4) respectively.
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In the second section, we find bounds on |dz| and |ds| in the Taylor-Maclaurin’s
expansion belonging to the family 6%:(;1, v,1,h). We also present results related
to four families defined above. In the third section, we obtain bounds on |d2| and
|ds| in the Taylor-Maclaurin‘s expansion belonging to the family S)ﬁqz (1, vym, h).

We also point out results related to two families defined above.

2 Initial Coefficients for the Family GQZ(,u, v, 1, h)

Theorem 2.1. Let p > 0, u > 1,0 < v <1 andn € C— {0}. If the function
s € A belongs to the class (‘qu(u, v,n,bh), then

nll Rol @1 V@ o)

|da| <
V002 =200+ @y + 1+ 4p)nRo@3 — (@2 — Q1) (1 — v+ 2u)2]]

and

nlQ1 2|n|(1 — v+ 3u)|Ro|Q1
‘d3‘§2(1_1/+31u){’R0‘ |:1+ (1—V‘|‘2M)2 :| -l-‘Rl‘}. (2.2)

Proof. Let s € GQZ(M, v,m,h). Then there exists a function ¢(z) holomorphic in
® and holomorphic functions u,v : ® — ® with u(0) = 0, |u(2)| < 1,v(0) =
0, |v(z)| < 1 satisfying

25'(z 224
1 ( ( ) +p ( ) _ 1) = C(Z)([](u(z)) — 1)7 (2.3)

n \(1=v)s(z) +vzs'(z)
1 wgw) + " (@) Y v helw)) -
(e a1 1) — b)) - 1) (2.4
Define M (z) and N(z) by
1 4u(z)
M(z)—m—1+m1z+m2z2+--- (2.5)
and . ()
+ v(z
N(z):l_iqj(z):l—i—mz—i—ngz?—i—--- (2.6)

Earthline J. Math. Sci. Vol. 6 No. 2 (2021), 225-237



230 S. R. Swamy and Y. Sailaja

or equivalently

u(z):m;:;[m1z+<m2—n§>z2+---] (2.7)
B CES Y FO AN N TR

It is apparent that two functions M (z) and N(z) are holomorphic having positive
real parts in ©® with M(0) = 1 = N(0). In view of (2.3) - (2.8), one gets

N0 ) —a s (M) ] e

;Qﬁﬂgﬁﬁﬁiﬁb‘”>=W@@(ﬁ$ﬁﬁ)—@- (2.10)

The Maclaurin series expansions of functions in (2.9)) and (2.10) provide us

and

717 {01 —v+2u)doz + 201 — v+ 3p)ds — (1 +v)(1 — v+ 2u)d3] 2% + - - }

(2.11)
~ RoQ1my RiQim1  Ro@x mi,  RoQami| ,
- 2Z+[2 Ty e )
and
1
p {—(1—v+2u)dow + [2(1 — v+ 3u)(2d5 — d3)

- (1+v)(1—v+2p)d3]w?+--} (2.12)
~ RoQ1my RiQin1 . Ro@q n? RoQan3]
_2°"+[2+2”22+4er

Comparing the coefficients in (2.11)) and (2.12)), we get
1—v+2u)d 1
(A=r 20y Ly, (2.13)

[2(1 —vT B'M)d?’ — (1 + V)(l —vt 2M)d%] _ RiQim RoQ1 mi
n - 2 + 2 2
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and (1—v+2u)ds 1
— VUV
- SIS ReQum, (2.15)

20 v+ 80 =) =040V 4] g, g (,, )
= 2 T2 2%
1
2
HoQent - (2.16)

Solving the equations (2.13), (2.14),(2.15), and (2.16]), we obtain

d2 _ T72R%Q:13(m2 + Tlg) (2 17)
24?200+ v + (1 +4p)nRoQ2 — (Q2 — Q1) (1 — v +2u)2} 7

Ui

n(l—v+3u)
41 —v+3p)

== (1—v+2u)?

R3Qtm3
(2.18)
Using well-known inequalities |m;] <2 and |n;| <2(i=1,2) [13] we get (2.1)

and (2.2) from ( and 8|) respectively. This ends the proof. O
Remark 2.1. For 4y = v = 0, in Theorem we get the estimates [10, Corollary

9] and for p = v, 0 < v <1, in Theorem we obtain [23] Theorem 2.1]. Also,
for v = =1, Theorem coincide with estimates [10, Corollary 11].

1
RiQimy + §ROQ1(m2 —ng) +

We now present below the four consequences of Theorem

Corollary 2.1. If the function s € e/”i/zq:(n, h), n € C— {0}, then

2|nl|Ro|Q1v/Q1

= VITRoQT — (Q2 — Q1]

and

ol < 2 (1ol (14 Sl ol ) + .

Corollary 2.2. If the function s € j%(n, h), n € C— {0}, then

do| < 17]| Ro|Q1vQ1
~ VIBnRoQ% — 4(Q2 — Q)]
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and

i) < 2 i (14 Spaliraie ) + il

Corollary 2.3. If the function s € fi(n, h), n € C—{0}, then

‘dg‘ < 2‘77||R0|Q1\/@
~ V1B ReQT — 25(Q2 — Q1))

and

’d3’ < |77|Q1

1ol (1+ S llRaler ) + 1|
Corollary 2.4. If the function s € %%(u,n, h), n € C— {0}, then

|| RolQ1v/Q1
N ¢ [1(1+ 4)nRoQ% — (Qa — Q1)(1 + 2u)?|]

|da| <

and

ds] < 2(|377|C_2:1) {!Ro [1+ |n|(3(/1i:121£)ﬁ;0|@1] N |R1’}'

3 Coefficient Estimates for the Family E)ﬁqz(,u, v, 1, bh)

Theorem 3.1. Let 0 < v < 1,u > 0,u > v and n € C — {0}. If the function
s € A belongs to ML (u,v,n,h), then

>
| 2| ROQl\/@Pﬂ
~ V@2 — (T4 4p)v +3(1+ 20)) nRoQF — 4(Q2 — Q1) (T — v + u)Q(\3 N
and
In|Q1 3[n|(1 — v+ 2u)|Rol@Qn
|d3|§m [‘R1|+\Ro|<1+ 0= v+ p)? >] : (3.2)

Proof. Let s € iqu(,u, v,n,h). Then there exists a function ¢(z) holomorphic in
® and holomorphic functions u,v : ® — © with «(0) = 0,|u(z)] < 1,v(0) =
0, |v(2)| < 1 satistying

http://www. earthlinepublishers.com
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1 28'(2) + pzs" () B b))
U <(1 —v)z +vzs/(z) 1) <(2)(b(u(2)) = 1) (3.3)
1 (wg'(w) + pw?g” (w) B ()

77 <(1 — V)w + vwg () 1> < s(@)b(v(w)) = 1) (3.4)

Following the steps of Theorem with M(z) and N(z) as defined in ({2.5) and
(2.6)), respectively, one gets in view of (3.3) and ([3.4)

g ) e Gn) ] e

(Rt ) e (d) . o

The Maclaurin series expansions of functions in (3.5) and (3.6|) provide us

and

1
5{(1 — v+ p)2doz + [3(1 — v+ 2u)ds — (1 — v+ p)dvd3]z* + - }

2 2
_ R0Q217nlz+ [Rl%lml N R02Q1 <m2 _ Ti;) 4 Rocizmq JE R

(3.7)

and

1
; {~(1 = v+ p)2dow + [3(1 — v+ 2u)(2d3 — d3) — (1 — v + p)dvds| w? + - }
_ Ro@im N [Rlle n RoQ1 <n2 B n%) n ROQZ"?] W2 4

2 2 2 2 4
(3.8)
Comparing the coefficients in (3.7) and (3.8]), we get
1—v+p)2d 1

(Z v p)2dy = §R0Q1m1 (3.9)

[3(1 —v+2u)ds—(1—v+ ,u)41/d%]  RyOvmi | RoO: m?

= 2 + 2 mo — 5

n
2

 HoQamy (3.10)

Earthline J. Math. Sci. Vol. 6 No. 2 (2021), 225-237
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and 1 2d 1
_ w = ZRoQim (3.11)
n 2
[3(1 — v +2u)(2d3 — d3) — (1 — v + p)dvd3] L RQim | RO (n B nj)
2 2 277
n
2
HoQeny (3.12)
From (3.9) and (3.11)), we have
mp = —ni. (3.13)
By adding (3.10)) and (3.12)), we obtain
v — (T+4p)v +3(1 42 R R —
[ ( /?7 ( 1)) 202 = 02Q1 (ma + ) + 0(@24 Q1) (m? + n?).
(3.14)
Using (3.9), (3.11) and (3.13) in (3.14), we get
2 R3Q1n*(ma + )
27 a{[4? —4(1+ pv +3(1 — v + 20)nRoQF — 4(Q2 — Qu)(1 — v + )2}
(3.15)
By subtracting (3.12]) from (3.10f), we get
n R1Q Ro1
ds = (my —mn1) + (mg — n2)
6(1 — 2 2 2
(1= v42p) (3.16)

+%(Q2 — Ql)(m% — n%) + d%.

By well-known inequalities |m;| < 2 and |n;| < 2(i = 1,2) [13], we get the

results (3.1)) and (3.2]) using (3.9)), (3.13)), (3.15)) and (3.16)) respectively. This ends

the proof. O

Remark 3.1. For ;4 = v = 0, in Theorem We get the estimates [10, Corollary
3] and for p = v, 0 < v <1, in Theorem [3.1, we obtain [16, Theorem 2.1]. Also,
for v = u =1, Theorem coincide with [I0, Corollary 11].

We now present below the two consequences of Theorem
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Corollary 3.1. If the function s € RL(u,n,bh), n € C— {0}, u >0, then

and

2

[nllRol@1vQ1
V(130 + 200 R0Q3 — 4(Q2 — Qu)(1 + )]

n|@1 3[n|(L + 2) | Ro|Qn
il = g {1 S )

|da| <

Corollary 3.2. If the function s € £L(u,n,bh), n € C— {0}, u > 1, then

=

V20mRe@3 = 4(Qa — Q)2

" e e
1 01«1
ds| < PEL S [ Rol |14 = + R ¢
6 2u
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