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Abstract

In the current work, special subfamilies of holomorphic bi-univalent functions

based on quasi-subordination are introduced. Initial coefficient estimates

for functions belonging to these subfamilies are established. Several

consequences of our results and connections to known families are indicated.

1 Preliminaries

Let A be the set of normalized holomorphic functions that have the form

s(z) = z +
∞∑
k=2

dkz
k, (1.1)

in D = {z ∈ C : |z| < 1}. Let S be the set of all elements of A that are univalent

in D. Let ς(z) be holomorphic in D with |ς(z)| ≤ 1, z ∈ D, such that

ς(z) = R0 +R1z +R2z
2 + · · · (1.2)
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where R0, R1, R2, · · · are real and let h(z) be holomorphic in D, with h(0) =

1, h′(0) > 0, having positive real part, such that

h(z) = 1 +Q1z +Q2z
2 + · · · (1.3)

where Q1, Q2, Q3, · · · are real and Q1 > 0. Throughout this work we shall consider

ς and h follow the above mentioned conditions unless otherwise mentioned. One

- quarter theorem of Koebe [6], assures that the image of D under every function

s ∈ S contains a disc of radius 1/4. According to this, every function s ∈ S has

an inverse g = s−1 satisfying s−1(s(z)) = z, z ∈ D and s(s−1(ω)) = ω, |ω| <
r0(s), r0(s) ≥ 1/4 and is in fact given by

g(ω) = s−1(ω) = ω − d2ω2 + (2d22 − d3)ω3 − (5d32 − 5d2d3 + d4)ω
4 + · · · (1.4)

A member s of A is bi-univalent in D if both s and s−1 are univalent in D.

We symbolize the set of bi-univalent functions of the form (1.1), by
∑

. In [9],

Lewin examined the bound for |d2| of elements of the family
∑

and proved that

|d2| < 1.51 and in [3], Brannan et al. conjectured that |d2| <
√

2. Brannan and

Taha in [4], proposed bi-starlike and bi-convex functions which are similar to the

subfamilies of univalent functions. They have obtained non-sharp estimates on

|d2| and |d3| for members of such families. For various subfamilies of the class
∑

,

coefficient estimates and other properties of functions in these subfamilies, one

can refer the works of [2], [5], [12], [17], and [22].

We recall the rule of subordination and also the rule of majorization, between

holomorphic functions s(z) and τ(z) in D. We say that s(z) is subordinate to

τ(z), indicated as s(z) ≺ τ(z), z ∈ D, if there is a ψ(z) holomorphic in D, with

ψ(0) = 0 and |ψ(z)| < 1, z ∈ D, such that s(z) = τ(ψ(z)). Moreover s(z) ≺ τ(z)

is equivalent to s(0) = τ(0) and s(D) ⊂ τ(D), if τ is univalent in D. We know

that s(z) is majorized by τ(z), indicated as s(z) ≺≺ τ(z), z ∈ D, if there exists a

ς(z) holomorphic in D, with |ς(z)| ≤ 1, satisfying s(z) = ς(z)τ(z), z ∈ D.

Robertson [15] innovated a concept called quasi-subordination, which

generalizes both the concepts of majorization and subordination. For holomorphic

functions s(z) and τ(z), s(z) is quasi-subordinate to τ(z), indicated as s(z) ≺q
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τ(z), z ∈ D, if there exists two holomorphic functions ς and ψ with |ς(z)| ≤
1, ψ(0) = 0 and |ψ(z)| < 1 such that s(z) = ς(z)τ(ψ(z)), z ∈ D. Observe that if

ς(z) = 1, then s(z) = τ(ψ(z)), z ∈ D, so that s(z) ≺ τ(z) in D. Also note that

if ψ(z) = z, then s(z) = ς(z)τ(z), z ∈ D and hence s(z) ≺≺ τ(z) in D. There

are more studies related to quasi-subordination such as [1], [7], [8], [11], [14], [16],

[19] and [21].

Motivated by the papers [18], [20] and earlier works on quasi-subordination,

we now define new special families Sq∑(µ, ν, η, h) and Mq∑(µ, ν, η, h).

Definition 1.1. For 0 ≤ ν ≤ 1, µ ≥ 0, µ ≥ ν, η ∈ C − {0}, we say that s in
∑

,

belongs to Sq∑(µ, ν, η, h), if

1

η

(
zs′(z) + µz2s′′(z)

(1− ν)s(z) + νzs′(z)
− 1

)
≺q (h(z)− 1), z ∈ D

and
1

η

(
ωg′(ω) + µω2g′′(ω)

(1− ν)g(ω) + νωg′(ω)
− 1

)
≺q (h(ω)− 1), ω ∈ D,

where h and g(ω) = s−1(ω) are as stated in (1.3) and (1.4) respectively.

We observe that certain values of ν and µ lead the class Sq∑(µ, ν, η, h) to the

following few subfamilies:

1. K q∑(η, h) = Sq∑(12 ,
1
2 , η, h) is the family of s ∈

∑
of the form (1.1) satisfying

1

η

(
(z2s′(z))′

(zs(z))′
− 1

)
≺q (h(z)− 1) and

1

η

(
(w2g′(ω))′

(ωg(ω))′
− 1

)
≺q (h(ω)− 1),

where z, ω ∈ D, h and g(ω) = s−1(ω) are as stated in (1.3) and (1.4) respectively.

2. J q∑(η, h) = Sq∑(12 , 0, η, h) is the family of s ∈
∑

of the form (1.1) satisfying

1

η

(
(z2s′(z))′

2s(z)
− 1

)
≺q (h(z)− 1) and

1

η

(
(ω2g′(ω))′

2g(ω)
− 1

)
≺q (h(ω)− 1),

where z, ω ∈ D, h and g(ω) = s−1(ω) are as stated in (1.3) and (1.4) respectively.

3. L q∑(η, h) = Sq∑(1, 12 , η, h) is the family of s ∈
∑

of the form (1.1) satisfying

1

η

(
2z(zs′(z))′

(zs(z))′
− 1

)
≺q (h(z)− 1) and

1

η

(
2ω(ωg′(ω))′

(ωg(ω))′
− 1

)
≺q (h(ω)− 1),
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where z, ω ∈ D, h and g(ω) = s−1(ω) are as stated in (1.3) and (1.4) respectively.

4. Rq∑(η, h) = Sq∑(µ, 0, η, h) is the family of s ∈
∑

of the form (1.1) satisfying

1

η

((
zs′(z)

s(z)

)(
1 + µ

zs′′(z)

s′(z)

)
− 1

)
≺q (h(z)− 1), z ∈ D

and
1

η

((
ωg′(ω

g(ω)

)(
1 + µ

ωg′′(ω)

g′(ω)

)
− 1

)
≺q (h(ω)− 1), ω ∈ D,

where h and g(ω) = s−1(ω) are as stated in (1.3) and (1.4) respectively.

Definition 1.2. For 0 ≤ ν ≤ 1, µ ≥ 0, µ ≥ ν, η ∈ C − {0}, we say that s in
∑

belongs to Mq∑(µ, ν, η, h), if

1

η

(
zs′(z) + µz2s′′(z)

(1− ν)z + νzs′(z)
− 1

)
≺q h(z)− 1), z ∈ D

and
1

η

(
ωg′(ω) + µω2g′′(ω)

(1− ν)ω + νωg′(ω)
− 1

)
≺q (h(ω)− 1), ω ∈ D,

where h and g(ω) = s−1(ω) are given by (1.3) and (1.4) respectively.

It is easy to see that certain choices of ν lead the family Mq∑(µ, ν, η, h) to the

following few subfamilies.

1. Rq∑(µ, η, h) = Mq∑(µ, 0, η, h) is the family of s ∈
∑

of the form (1.1)

satisfying

1

η
(s′(z) +µzs′′(z)−1) ≺q (h(z)−1) and

1

η
(g′(ω) +µωg′′(ω)−1) ≺q (h(ω)−1),

where z, ω ∈ D, h and g(ω) = s−1(ω) are as stated in (1.3) and (1.4) respectively.

2. Rq∑(µ, η, h) = Mq∑(µ, 1, η, h) is the family of s ∈
∑

of the form (1.1)

satisfying

1 +
µ

η

(
zs′′(z)

s′(z)

)
≺q h(z) and 1 +

µ

η

(
ωg′′(ω)

s′(ω)

)
≺q h(ω),

where z, ω ∈ D, h and g(ω) = s−1(ω) are as stated in (1.3) and (1.4) respectively.
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In the second section, we find bounds on |d2| and |d3| in the Taylor-Maclaurin’s

expansion belonging to the family Sq∑(µ, ν, η, h). We also present results related

to four families defined above. In the third section, we obtain bounds on |d2| and

|d3| in the Taylor-Maclaurin‘s expansion belonging to the family Mq∑(µ, ν, η, h).

We also point out results related to two families defined above.

2 Initial Coefficients for the Family Sq∑(µ, ν, η, h)

Theorem 2.1. Let µ ≥ 0, µ ≥ ν, 0 ≤ ν ≤ 1 and η ∈ C − {0}. If the function

s ∈ A belongs to the class Sq∑(µ, ν, η, h), then

|d2| ≤
|η||R0|Q1

√
Q1√[

|(ν2 − 2(1 + µ)ν + 1 + 4µ)ηR0Q2
1 − (Q2 −Q1)(1− ν + 2µ)2|

] (2.1)

and

|d3| ≤
|η|Q1

2(1− ν + 3µ)

{
|R0|

[
1 +

2|η|(1− ν + 3µ)|R0|Q1

(1− ν + 2µ)2

]
+ |R1|

}
. (2.2)

Proof. Let s ∈ Sq∑(µ, ν, η, h). Then there exists a function ς(z) holomorphic in

D and holomorphic functions u, v : D → D with u(0) = 0, |u(z)| < 1, v(0) =

0, |v(z)| < 1 satisfying

1

η

(
zs′(z) + µz2s′′(z)

(1− ν)s(z) + νzs′(z)
− 1

)
= ς(z)(h(u(z))− 1), (2.3)

1

η

(
ωg′ω) + µω2g′′(ω)

(1− ν)g(ω) + νωg′ω)
− 1

)
= ς(ω)(h(v(ω))− 1). (2.4)

Define M (z) and N (z) by

M (z) =
1 + u(z)

1− u(z)
= 1 +m1z +m2z

2 + · · · (2.5)

and

N (z) =
1 + v(z)

1− v(z)
= 1 + n1z + n2z

2 + · · · (2.6)
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or equivalently

u(z) =
M (z)− 1

M (z) + 1
=

1

2

[
m1z +

(
m2 −

m2
1

2

)
z2 + · · ·

]
(2.7)

and

v(z) =
N (z)− 1

N (z) + 1
=

1

2

[
n1z +

(
n2 −

n21
2

)
z2 + · · ·

]
. (2.8)

It is apparent that two functions M (z) and N (z) are holomorphic having positive

real parts in D with M(0) = 1 = N(0). In view of (2.3) - (2.8), one gets

1

η

(
zs′(z) + µz2s′′(z)

(1− ν)s(z) + νzs′(z)
− 1

)
= ς(z)

[
h

(
M (z)− 1

M (z) + 1

)
− 1

]
(2.9)

and

1

η

(
ωg′(ω) + µω2g′′(ω)

(1− ν)g(ω) + νωg′(ω)
− 1

)
= ς(ω)

[
h

(
N (ω)− 1

N (ω) + 1

)
− 1

]
. (2.10)

The Maclaurin series expansions of functions in (2.9) and (2.10) provide us

1

η

{
(1− ν + 2µ)d2z + [2(1− ν + 3µ)d3 − (1 + ν)(1− ν + 2µ)d22]z

2 + · · ·
}

=
R0Q1m1

2
z +

[
R1Q1m1

2
+
R0Q1

2
(m2 −

m2
1

2
) +

R0Q2m
2
1

4

]
z2 + · · ·

(2.11)

and

1

η

{
−(1− ν + 2µ)d2ω +

[
2(1− ν + 3µ)(2d22 − d3)

− (1 + ν)(1− ν + 2µ)d22
]
ω2 + · · ·

}
=
R0Q1n1

2
ω +

[
R1Q1n1

2
+
R0Q1

2

(
n2 −

n21
2

)
+
R0Q2n

2
1

4

]
ω2 + · · · .

(2.12)

Comparing the coefficients in (2.11) and (2.12), we get

(1− ν + 2µ)d2
η

=
1

2
R0Q1m1, (2.13)

[
2(1− ν + 3µ)d3 − (1 + ν)(1− ν + 2µ)d22

]
η

= R1Q1m1

2 + R0Q1

2

(
m2 −

m2
1
2

)
+

R0Q2m2
1

4 (2.14)
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and

− (1− ν + 2µ)d2
η

=
1

2
R0Q1n1, (2.15)

[
2(1− ν + 3µ)(2d22 − d3)− (1 + ν)(1− ν + 2µ)d22

]
η

= R1Q1n1

2 + R0Q1

2

(
n2 −

n2
1
2

)
+

R0Q2n2
1

4 . (2.16)

Solving the equations (2.13), (2.14),(2.15), and (2.16), we obtain

d22 =
η2R2

0Q
3
1(m2 + n2)

4
{

[ν2 − 2(1 + µ)ν + (1 + 4µ)]ηR0Q2
1 − (Q2 −Q1)(1− ν + 2µ)2

} (2.17)

and

d3 =
η

4(1− ν + 3µ)

[
R1Q1m1 +

1

2
R0Q1(m2 − n2) +

η(1− ν + 3µ)

(1− ν + 2µ)2
R2

0Q
2
1m

2
1

]
.

(2.18)

Using well-known inequalities |mi| ≤ 2 and |ni| ≤ 2 (i = 1, 2) [13] we get (2.1)

and (2.2) from (2.17) and (2.18) respectively. This ends the proof.

Remark 2.1. For µ = ν = 0, in Theorem 2.1 we get the estimates [10, Corollary

9] and for µ = ν, 0 ≤ ν ≤ 1, in Theorem 2.1, we obtain [23, Theorem 2.1]. Also,

for γ = µ = 1, Theorem 2.1 coincide with estimates [10, Corollary 11].

We now present below the four consequences of Theorem 2.1.

Corollary 2.1. If the function s ∈ K q∑(η, h), η ∈ C− {0}, then

|d2| ≤
2|η||R0|Q1

√
Q1√

[|7ηR0Q2
1 − (Q2 −Q1)|]

and

|d3| ≤
|η|Q1

4

[
|R0|

(
1 +

8

9
|η||R0|Q1

)
+ |R1|

]
.

Corollary 2.2. If the function s ∈J q∑(η, h), η ∈ C− {0}, then

|d2| ≤
|η||R0|Q1

√
Q1√

[|3ηR0Q2
1 − 4(Q2 −Q1)|]
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and

|d3| ≤
|η|Q1

5

[
|R0|

(
1 +

5

4
|η||R0|Q1

)
+ |R1|

]
.

Corollary 2.3. If the function s ∈ L q∑(η, h), η ∈ C− {0}, then

|d2| ≤
2|η||R0|Q1

√
Q1√

[|13ηR0Q2
1 − 25(Q2 −Q1)|]

and

|d3| ≤
|η|Q1

7

[
|R0|

(
1 +

28

25
|η||R0|Q1

)
+ |R1|

]
.

Corollary 2.4. If the function s ∈ Rq∑(µ, η, h), η ∈ C− {0}, then

|d2| ≤
|η||R0|Q1

√
Q1√[

|(1 + 4µ)ηR0Q2
1 − (Q2 −Q1)(1 + 2µ)2|

]
and

|d3| ≤
|η|Q1

2(3µ+ 1)

{
|R0|

[
1 +
|η|(3µ+ 1)|R0|Q1

(1 + 2µ)2

]
+ |R1|

}
.

3 Coefficient Estimates for the Family Mq∑(µ, ν, η, h)

Theorem 3.1. Let 0 ≤ ν ≤ 1, µ ≥ 0, µ ≥ ν and η ∈ C − {0}. If the function

s ∈ A belongs to Mq∑(µ, ν, η, h), then

|d2| ≤
R0Q1

√
Q1|η|√

| (4ν2 − (7 + 4µ)ν + 3(1 + 2µ)) ηR0Q2
1 − 4(Q2 −Q1)(1− ν + µ)2|

(3.1)

and

|d3| ≤
|η|Q1

3(1− ν + 2µ)

[
|R1|+ |R0|

(
1 +

3|η|(1− ν + 2µ)|R0|Q1

4(1− ν + µ)2

)]
. (3.2)

Proof. Let s ∈ Mq∑(µ, ν, η, h). Then there exists a function ς(z) holomorphic in

D and holomorphic functions u, v : D → D with u(0) = 0, |u(z)| < 1, v(0) =

0, |v(z)| < 1 satisfying
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1

η

(
zs′(z) + µz2s′′(z)

(1− ν)z + νzs′(z)
− 1

)
≺ ς(z)(h(u(z))− 1) (3.3)

1

η

(
ωg′(ω) + µω2g′′(ω)

(1− ν)ω + νωg′(ω)
− 1

)
≺ ς(ω)(h(v(ω))− 1). (3.4)

Following the steps of Theorem 2.1, with M(z) and N(z) as defined in (2.5) and

(2.6), respectively, one gets in view of (3.3) and (3.4)

1

η

(
zs′(z) + µz2s′′(z)

(1− ν)z + νzs′(z)
− 1

)
= ς(z)

[
h

(
M (z)− 1

M (z) + 1

)
− 1

]
(3.5)

and
1

η

(
ωg′(ω) + µω2g′′(ω)

(1− ν)ω + νωg′(ω)
− 1

)
= ς(ω)

[
h

(
N (ω)− 1

N (ω) + 1

)
− 1

]
. (3.6)

The Maclaurin series expansions of functions in (3.5) and (3.6) provide us

1

η

{
(1− ν + µ)2d2z + [3(1− ν + 2µ)d3 − (1− ν + µ)4νd22]z

2 + · · ·
}

=
R0Q1m1

2
z +

[
R1Q1m1

2
+
R0Q1

2

(
m2 −

m2
1

2

)
+
R0Q2m

2
1

4

]
z2 + · · ·

(3.7)

and

1

η

{
−(1− ν + µ)2d2ω +

[
3(1− ν + 2µ)(2d22 − d3)− (1− ν + µ)4νd22

]
ω2 + · · ·

}
=
R0Q1n1

2
ω +

[
R1Q1n1

2
+
R0Q1

2

(
n2 −

n21
2

)
+
R0Q2n

2
1

4

]
ω2 + · · · .

(3.8)

Comparing the coefficients in (3.7) and (3.8), we get

(1− ν + µ)2d2
η

=
1

2
R0Q1m1 (3.9)

[
3(1− ν + 2µ)d3 − (1− ν + µ)4νd22

]
η

= R1Q1m1

2 + R0Q1

2

(
m2 −

m2
1
2

)
+

R0Q2m2
1

4 (3.10)
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and

− (1− ν + µ)2d2
η

=
1

2
R0Q1n1 (3.11)

[
3(1− ν + 2µ)(2d22 − d3)− (1− ν + µ)4νd22

]
η

= R1Q1n1

2 + R0Q1

2

(
n2 −

n2
1
2

)
+

R0Q2n2
1

4 . (3.12)

From (3.9) and (3.11), we have

m1 = −n1. (3.13)

By adding (3.10) and (3.12), we obtain[
4ν2 − (7 + 4µ)ν + 3(1 + 2µ)

]
η

2d22 =
R0Q1

2
(m2 + n2) +

R0(Q2 −Q1)

4
(m2

1 + n21).

(3.14)

Using (3.9), (3.11) and (3.13) in (3.14), we get

d22 =
R2

0Q
3
1η

2(m2 + n2)

4{[4ν2 − 4(1 + µ)ν + 3(1− ν + 2µ)]ηR0Q2
1 − 4(Q2 −Q1)(1− ν + µ)2}

.

(3.15)

By subtracting (3.12) from (3.10), we get

d3 =
η

6(1− ν + 2µ)

[
R1Q1

2
(m1 − n1) +

R0Q1

2
(m2 − n2)

+
R0

4
(Q2 −Q1)(m

2
1 − n21)

]
+ d22.

(3.16)

By well-known inequalities |mi| ≤ 2 and |ni| ≤ 2 (i = 1, 2) [13], we get the

results (3.1) and (3.2) using (3.9), (3.13), (3.15) and (3.16) respectively. This ends

the proof.

Remark 3.1. For µ = ν = 0, in Theorem 3.1 we get the estimates [10, Corollary

3] and for µ = ν, 0 ≤ ν ≤ 1, in Theorem 3.1, we obtain [16, Theorem 2.1]. Also,

for γ = µ = 1, Theorem 3.1 coincide with [10, Corollary 11].

We now present below the two consequences of Theorem 3.1.
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Corollary 3.1. If the function s ∈ Rq∑(µ, η, h), η ∈ C− {0}, µ ≥ 0, then

|d2| ≤
|η||R0|Q1

√
Q1√[

|3(1 + 2µ)ηR0Q2
1 − 4(Q2 −Q1)(1 + µ)2|

]
and

|d3| ≤
|η|Q1

3(1 + 2µ)

{
|R0|

[
1 +

3|η|(1 + 2µ)|R0|Q1

4(1 + µ)2

]
+ |R1|

}
.

Corollary 3.2. If the function s ∈ Lq∑(µ, η, h), η ∈ C− {0}, µ ≥ 1, then

|d2| ≤
|η||R0|Q1

√
Q1√[

|2µ ηR0Q2
1 − 4(Q2 −Q1)µ2|

]
and

|d3| ≤
|η|Q1

6µ

{
|R0|

[
1 +

3|η||R0|Q1

2µ

]
+ |R1|

}
.
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