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Abstract

In the present investigation, we introduce the subclasses A¥ (9, X\, ¢) and
A% (n, N, 6) of m-fold symmetric bi-univalent function class ¥,,, which are
associated with the pseudo-starlike functions and defined in the open unit
disk U. Moreover, we obtain estimates on the initial coefficients |b,,+1| and
|bam 1] for the functions belong to these subclasses and identified correlations

with some of the earlier known classes.

1 Introduction

Let A= {f:U — C: fis analytic in U, f(0) = 0 = f'(0) — 1} be the class of

functions of the form

fe)=z+) apz” (1.1)
k=2

and S be the subclass of A consisting of all functions f univalent in U. The Koebe
one quarter theorem (see [0]) guarantee that every function f € S has an inverse
7Y, defined by f71(f(2)) = 2, (z € U) and

FFHw) = w, (Jw] < ro(f),ro(f) = 1/4).
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Indeed, the analytic extension of f~! to U is
fHw) = w — asw? + (243 — az)w® — (5a3 — Sagaz + ag)w +--- . (1.2)

Let ¥ = {f € A: f(z) and f~!(2) are univalent in the unit disk U} denote the
class of bi-univalent functions.

In 1967, Lewin [I2] introduced the class ¥ bi-univalent function and proved
that |aa| < 1.51 for the functions f € X. Afterverse, Brannan and Clunie [4]
conjectured that |az| < v/2 and at one instance Goodman [§] claimed that |a,| < 1
may be true for every f € ¥ and n € N. However, Netanyahu [I3] showed that
mazsexlaz| = 3§, Styer and Wright [27] showed existence of f € % for which
las| > % and Tan [28] proved that |az| < 1.485 for the functions in the class 3.

In 2010, Srivastava et al. [25] revived the concept of coefficient estimation
problem for the functions f € 3. Motivated by their work, many researchers (viz.
[, B, [7, [, [14], [17], [18], [20], [21], [22] etc.) obtained coefficient estimates for
the functions in several subclasses of . But still the sharp coefficient estimation
problem of |a,|, (n = 3,4,5,---) for the functions belong to the subclasses of ¥
is open.

Functions of the form:

9(z) =z + mekﬂzmk+l (z€eU;meN) (1.3)
k=1

are said to be m-fold symmetric functions (see [11], [16]). Further, any function
h(z) of the form:

h(z) = Y/ f(z™) (feS;2€eU;meN)

is univalent and maps the unit disk into a m-fold symmetric region.

Let S, denote the class of all m-fold symmetric univalent functions in U, which
are of the form and for m = 1, these functions reduces to functions of the
class S; (or simply S) and are known as one-fold symmetric univalent functions.

For each m € N, every bi-univalent function generates an m-fold symmetric

bi-univalent function. Srivastava et al. [20] showed that, for the function g as
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given in (1.3)), the extension of g~! to U is given by:
h(w) = w— b17’L—&-1wm—~_1 + [(m + 1) b?n—i—l — b2m+1] w2t

1
5 (m+1)(3m+2) b3 1 — (3m + 2) by 1bamit + bgmrr | W™ (1.4)

Clearly for m = 1, this equation reduces to the equation . So that the
bi-univalent function class 3 then generalized to the m-fold symmetric bi-univalent
function class X,,. See [206] for examples of m-fold symmetric bi-univalent
functions. Also see [2], [19], [23], [24], [29] etc. for coefficient problems of some
new subclasses of X,,.

In order to prove our main results, we need the following lemma [15].

Lemma 1.1. If w(z) € P, the class of functions which are analytic in U with
R(w(z)) > 0, (z € U) and have the form w(z) = 1 + wiz + waz? + wzz® + -+ -,
(z € U); then |wy,| < 2 for eachn € N.

We use the m-fold symmetric function w in the class P (see [16]) of the form:
w(z) = 1+ wpz™ 4+ won22™ + w32 + -+, (2 €U).

In the present investigation, with reference to the X-pseudo-starlike function
class defined by Babalola [3] and the work of Joshi and Yadav [I0], we obtain
estimates on the initial coefficients |by,+1| and |bey,+1]| for functions belong to the
new subclasses A¥(n, N\, ¢) and AF(n, X, ) of the function class X,,. Also, we
have pointed out connections with some of the earlier known subclasses of the

class Y.

2 Coefficient Bounds for the Function Class A¥ (7, X, ¢)

Definition 2.1. A function g(z) given by (1.3 is said to be in the class
AT (n, N, ¢) if the following conditions are fulfilled:

zlg'(2)] or
me [(1 —n)g(z) + nzg’(Z)} ‘ < el ®1)
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and
”ghvmﬁﬁﬁﬂ;wmﬂwyg

where g(2) €S, mEN, X >1,0<¢<1,0<n<land h=g L

we U, (2.2)

Theorem 2.2. Let g(z) given by (L.3) be in the class AF(n, N, ¢), 0 < ¢ < 1.
Then

e — a (23
(04 1)* 4+ o(n* +2n(1 —m= —m) —m+m(m+ 1)X)
+X(m+1)(N(m+1) —2n—2)
and
2¢ 2¢%(m +1)
boma1] < . 2.4
’2+1’_(2m+1)>\—277m—1+((m+1)>\777—1)2 (24)
Proof. Let g € A% (n, N, ¢). Then,
zlg' ()™ ¢
= T2 s 2.5
A= m9) +nzgm) ) (2
w[h’(w)]* &
= 2.
(T hw) + by O 20
where h = ¢! and r,u in P have the following forms:
r(z) =14+ rypz"+ Tamz2™ 4 Tgmz"™ 4 - - (2.7)
and
u(w) = 1+ Upw™ + Uz w?™ + uzmw™ + - - - . (2.8)
Clearly,

[r(2)])? =1+ drmz"+ (¢T2m + ¢(¢2_1)7“72n> 224

and

[me=1+WWMW+@Wm+“ﬂ;”@gwm+”.
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Also

zlg' ()]
(1 =mn)g(z) +nzg'(2)

=1+ ((m+1DXN-—"n—Dbpt12™+ <(2m + )X

NB+m)(m+1)
2

—2nm—1>b2m+122m+ <1+277+?72—77>\(m—|—1)—

N X2(m + 1)2)b2

2m

wlh! (w)*
(1 = mh(w) + nwh'(w)

=1—((m+DXN-—"n—1Dbppw™ — ((Qm + )X
—2nm — 1>b2m+1w2m + (1 +2n4+n° —(m+DXxn+ O —n)(m+1)2m+1)

—(m+ 11 —n) -

1 2 1)2
N(m + 2)(m—|—3)+>\ (m2+ ) >b2+1w L

Comparing the coefficients in and , we have:

(m+1)XN=n—1Dbmy1 = ¢rm, (2.9)

(3 1) X2 1)?
<1+27]+772—77>\(m+1)— B+ m)(m+ )—l— (m + )>b2+1+

2 2

((2m + 1) N —=2nm — 1)boyi1 = drom + gb(¢2_1)r,2n, (2.10)

= ((m+1) N = = Dbpi1 = Gum, (2.11)
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<1+27]+772—(m+1)>\n+(>\—n)(m+1)(2m+1)—(m+1)(1—n)

_almt 12)(m L) XQ(m; 1)2> B2, 1+ (1+29m — (2m+ 1)))bam 41
= Pugm + ¢(¢2— 1)u$n. (2.12)
From equations and we have:
P = —Um (2.13)
and
2((m + 1) N —n — 1)%02, 4 = ¢*(r2, + u2). (2.14)

By adding equations (2.10]) and (| we get

<>\2(m+ D2+2n* —2(m+DnX+X (m+1)(m —2) — (m+1)(2mn + 1)

$(¢—1)

+ 4n + 2) Ui = O(ram + uzm) +
By using (2.14]) and simplifying we get

(6 + 12+ o(n* +2n(1 —m? —m) —m+m(m+1DXN) + N(m+ 1) (N(m +1)

- 277 - 2) bm+1 ¢2(T2m + u2m)'

By applying Lemma for the coefficients 79, and wus,,, then we have

2¢

\/(¢+1) +o(n? +2n(1 —m? —m) —m +m(m+ 1)x)
Fx(m+ D) (N m+1) — 2= 2)

|brmt1] <

http://www. earthlinepublishers.com
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Further, to obtain |bay,+1|, we subtract (2.12)) from (2.10]), we get

(m+1)[(1=n)—On=n)2m + 1)] b2, 41 + 2[(2m + 1) N —2npm — 1]bam1
P(¢ —1)

= ¢(rom — U2m) + — s (rfn — ufn)

Then, in view of (2.13) and (2.14) and applying Lemma for coefficients

Ty T2m, Um, Uom, We have

2¢ N 2¢%(m + 1)
2m+ 1) X =2nmm—1  ((m+1) XN —n—1)2

|bam1| < (

which completes the proof of Theorem O

3 Coefficient Bounds for the Function Class AY(n, X\, 0)

Definition 3.1. A function g(z) given by (1.3) is said to be in the class A% (7, X, 9)
if the following condition are fulfilled:

zlg' ()]
" [(1 —n)g(z) +nzg'(2)

}>5 2eU (3.1)

and
wll ()
" [<1 “ ) h(w) + i (w)

where g(2) € S, mEN, XN >1,0<5<1,0<n<land h=g L

}>5 weT, (3.2)

Theorem 3.2. Let g(z) given by (1.3)) be in the class AF(n, N, d), 0 < § < 1.
Then,

2v1—9

bmt1] < > - - (3.3)
N(m+1)2+2n° =2(m+1)n XN+ X (m+1)(m —2)
\/ —(m+1)2mn+1)+4n+2
and
2(m +1)(1 —9)?2 2(1 —6)
bl S G N -2 T @mr s zgm 1 Y
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Proof. Let g € A%(n, X\, ). Then,
zlg' ()]
(1 —=n)g(z) +nzg'(2)
wlh (w)
(1 =n)h(w) + nwh'(w)

=0+ (1 —-9)r(z), (3.5)

=0+ (1 —9)u(z), (3.6)

where h = g~! and r,u in P have the following forms:
r(2) = 14 rp 2™ 4+ rom2®™ + 13 2™ + - -
and
u(w) =1+ uuw™ + U W™ + Usw ™ 4 - -
Clearly,

S+ (1 =0)r(z) =1+ (1 =8)rmz™+ (1 —0)romz®™ 4 -

and
S+ (1=0)u(w) =1+ (1 = &upw™ + (1 — 8)ugmw®™ + - --

Also

zlg' ()]
(1 =mng(z) +nzg'(2)

=1+ ((m+DXN—"n—Dbpt12™+ <(2m + )X

NB+m)(m+1)
2

—2nm—1>b2m+122m—|— <1+277+n2—77>\(m—|—1)—

N2 (m +1)?
+(2) b72’n+122m+.“

wlh (w)*
(1 = mh(w) + nwh'(w)

=1—((m+DXx-—n—Dbpp1w™ — ((Qm + X

— 2nym — 1>b2m+1w2m+ <1+2n+n2— (m4+DXxn+On=n)(m+1)(2m+1)

—(m+ 11 —n) -

N 1 3) X2 1)2
(m+ D(m+3) | X + ))bgnﬂwzm.._
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From (3.5) and (3.6]), we obtain

(m+1) X =1 — Dbyt = (1 — 8)rm, (3.7)

XN(3 + +1)  XZm+1)?
<1+277+772—17>\(m+1)— (34 m)(m )—i- (m )>bgn+1+

2 2
((2m + 1) N —2nm — 1)b2m+1 = (1 — 5)7‘2m, (3.8)

—((m4+1)N=—n—=1Dbmns1 = (1 = 0)um, (3.9)

<1+27]+7]2—(m+1)>\n+(>\—n)(m+1)(2m+1)—(m+1)(1—n)

N(m + 1 3) | XN2(m+1)?
_Am+D(m+3)  NHm ))bgn+1+(1+2nm—(2m+1)>\)b2m+1

2 2
= (1= )ugm. (3.10)
From (3.7) and (3.9)), we have
Tm = —Um (3.11)

and
2((m+ 1) XN = — 122, 4 = (1 = 8)2(r2, +ud). (3.12)

Adding (3.8)) and (3.10)), we have
O (m+1)2 4202 —2(m+ D)X +X) (m+1)(m—2) — (m+1)(2mn+1) +4n+2)
b72n+1 = (1= 9)(rom + uam)-
Therefore, we get

B (1 —=0)(r2m + uam)
LT 2(m 4+ 1)2 4202 = 2(m+ Dnp ) + X (m+1)(m — 2)
—(m+1)2mn+1)+4n+2

(3.13)

Earthline J. Math. Sci. Vol. 6 No. 2 (2021), 209-223
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By applying Lemma for the coefficients rs,, and usa,,, then we have

2v1 -9

bm+1| <
o1 Ne(m+ 12420 —=2(m+1)n X+ X (m+1)(m —2)
—(m+1)2mn+1)+4n+2

Also, to find the bound on |bgy,+1|, using the relations (3.8)) and ([3.10]), we obtain

—(m+1)[2m+ 1) N —2pm — 1]b2, 1 + 2[(2m + 1) X —2nm — 1]boy41
= (1 - 6)(T2m - U2m)'

Then, in view of (3.11)) and (3.12)), also applying Lemma for the coefficients

Tm, T2m, Um, U2m, WE have

2(m +1)(1 —9)? 2(1 —6)
bomi| < , 3.14
b2 +1’_((m+1)>\—n—1)2 (2m + 1) ~ —2nm — 1 (3:-14)
which completes the proof of Theorem O

Choosing n = 0 in Theorems and the classes A¥(n, N\, ¢) and
AT (1, N, §) reduces to classes AT (N, ¢) and AP (N, §) and thus we get the following

corollaries.

Corollary 3.3. Let g(z) given by (1.3)) be in the class AT (N, ¢), 0 < ¢ < 1. Then

2¢
Y e TN RS N E S N TE =S

|b

and
2¢ 2¢%(m + 1)
2m+ 1) N -1 ((m+1) N -1)%

Corollary 3.4. Let g(z) given by (1.3) be in the class AT (N, 9), 0 < 6 < 1. Then,

< 21 -6
TS SR m) AN+ L)(m —2) — (m+ 1) +2

|boam+1] < (

|b

and b < 2Am+ 11— 5)? 2(1 —0)
bmtl S i D 2 T @ s T

http://www. earthlinepublishers.com
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The following classes A¥ (N, ¢) and AY (N, 0) are defined as follows:

Definition 3.5. A function g(z) given by (1.3)) is said to be in the class A (N, @)
if the following condition are fulfilled:

and arg[W] <%7T we U,

where g(2) € B, me N, XN >1,0<¢p<land h=g "

Definition 3.6. A function g(z) given by (1.3) is said to be in the class A¥ (N, )
if the following condition are fulfilled:
/ N
R [Z[g(z)]] >0 z¢€U
9(2)

and

%[W]>5 we U,

where g(2) € X, meN, X >1,0<d<1land h=g L

For m = 1 (one-fold) symmetric bi-univalent function, Theorems and
gives Corollaries and respectively, which were investigated by Joshi and
Yadav [10].

Corollary 3.7. Let f(z) given by (1.1) be in the class Ax(n, N, ¢), 0 < ¢ < 1.

Then
2¢

\/ Z+om?—2n+2Xx-1)+4XNN—n—1)]

|ba| <
and

26 - 4¢?
= 3x-29 2x—n—1)2

Corollary 3.8. Let f(z) given by . ) be in the class Ax(n,N,0), 0 < 6 < 1.

Then,
2(1 — §)
bo| <
|2|—\/n2+2x2—2m7—x

Earthline J. Math. Sci. Vol. 6 No. 2 (2021), 209-223
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and
4(1 —6)? 2(1 —6)

2X-n—1)2 3x-2n—-1
Choosing n = 0 into Corollaries and we have:

|b3| <

Corollary 3.9. [9] Let f(z) given by (1.1)) be in the class As(N, ¢), 0 < ¢ < 1.

Then
2¢

2| <
V1I+0@2XN=1)+4X (N —1)

and )
2¢ 4¢

< .

bl < 359 + (2X —1)2

Corollary 3.10. [9] Let f(z) given by (1.1) be in the class Ax(X,0), 0 < § < 1.
Then,

2(1 - 0)
e Py
and 4(1-6)2  2(1-9)
bl < Xt an o
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