Earthline Journal of Mathematical Sciences
ISSN (Online): 2581-8147

Volume 3, Number 2, 2020, Pages 249-261
https://doi.org/10.34198/ejms.3220.249261

Differential Subordination Results for Holomorphic Functions
Associated with Wanas Operator

Abbas Kareem Wanas' and Sahsene Altinkaya®

1Department of Mathematics, College of Science, University of Al-Qadisiyah, Diwaniyah, Iraq

e-mail: abbas.kareem.w@qu.edu.iq

2Depaurtment of Mathematics, Faculty of Arts and Science, Uludag University, Bursa, Turkey

e-mail: sahsene @uludag.edu.tr

Abstract

In this investigation, we define a certain class of holomorphic functions defined by Wanas
operator in the open unit disk U. We establish some important geometric properties for

this class such as inclusion relationship, integral representation and argument estimate.

1. Introduction

Let A indicate the family of functions f which are holomorphic in the open unit disk
U ={z0C:|z| <1} and have the following form:

FR) =2+ a," (1.1)
n=2

For a OR, B20 witha +B >0, m, ANy, =NU{0} and f O.A, we consider

the differential operator Wolf é‘ : A - A, introduced by Wanas [11], where

Received: November 27, 2019; Accepted: February 18, 2020
2010 Mathematics Subject Classification: 30C45.
Keywords and phrases: holomorphic function, subordination, integral representation, Wanas operator.

Copyright © 2020 Abbas Kareem Wanas and Sahsene Altinkaya. This is an open access article distributed
under the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.



250 Abbas Kareem Wanas and Sahsene Altinkaya

o [k
ch,’éf(z)=z+Z[ZU 1’””(“ Lo H an?". (12)

=1 a + B
It is easily verified from (1.2) that

z(WO](‘,’é‘f(z))' = [i[i) (- 1)m+1[[%jm + 1)] Ol(c[;\ﬂf( )

m=1
_ [Z(i} (- 1)m+1[%Jm:|W§:é‘f(z). (1.3)

Some of the special cases of the operator defined by (1.2) can be found in [1, 2, 3, 8,
10].

Let T stand for the family of mapping 4 of the form:

h(z) =1+ Zhnz",
n=1

which are holomorphic and convex univalent in U and satisfy the condition:
Re{n(z)} >0, (zOU).

Given two functions f and g which are holomorphic in U, we say that fis subordinate

to g, written f < g or f(z) < g(z) (z DU), if there exists a Schwarz function w which
is holomorphic in U with w(0) =0 and | w(z)| <1 such that f(z) = g(w(z)), (zOU).
In particular, if the function g is univalent in U, then we have the following equivalent
(see [7D), f < g = f(0) = ¢(0) and f(U) O g(U).

To establish our main results, we require the following lemmas.

Lemma 1.1 [5]. Let u, v 0 C and suppose that | is convex and univalent in U with
P(0) =1 and Re{uW(z) +v} >0, (z OU). If q is holomorphic in U with q(0) =1, then
the subordination

24'(z)

q(z) + )+

< Y(z)

implies that q(z) < W(z).
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Lemma 1.2 [6]. Let h be convex univalent in U and T be holomorphic in U with
Re{T(z)} =20, (zOU). If q is holomorphic in U and ¢(0) = h(0), then the
subordination

q(z) + T (2)zq'(z) < h(2)
implies that q(z) < h(z).

Lemma 1.3 [4]. Let g be holomorphic in U with q(0) =1 and q(z) # 0 for all
z O U. Ifthere exists two points 71, zp QU such that

- Zby = argla(ar)) < argl(<) < arela(z2) = T 2.

| o

for some by and by (by >0, by >0) andforall z ([ z| <|z | =|z, ), then

219'(z1) _ _i(h +bz]n and 29(z2) _ i(bl +szn

q(z1) 2 q(z2) 2
where
n21_|8| and 8:itanﬂu.
1+ | 5| 4 bl + b2
2. Main Results

We begin this section by defining the function class W(3, a, B, k, A; h) as follows:
Definition 2.1. A function f 00 A is called in the family W(J, a, B, k, A; h) if it
satisfies the following differential subordination:
k,A !
1 [ dWe g f(2))
— k,A
-9 WG’B f(Z)

-3 | =< h(z), 2.1

where 0 DR, B=0 witha +B >0, m, A\ONy =NU{0}, 0<d<1and hOT.

In the following theorem, we establish the inclusion relationship for the class
W(, a, B, k, A; h).
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Theorem 2.1. Let Re{é +(1-0)h(z) + Z;:l(kj (- l)mH(%]m} > 0. Then

WS, o, B, k, A +1; k) OW(S, a, B, k, A; h).

Proof. Assume that f 0W(J, a, B, k, A +1; 1) and put

=] A6

= -5 2.2)
13| wrdr(z)

Then g is holomorphic in U with ¢(0) = 1. Making use of the identity (1.3), we find
from (2.2) that

S (o) e

k m
k
=5+ (-8)a(c) + X[ ) Jer 8] e
m B
m=1
Differentiating both sides of (2.3) with respect to z and multiplying by z, we have
q(z) + (2) p -
_ k _ymHl[ O
5+ -8+ X108
k, A+l '
Wy f(2)
= 1i5 &b ~5| < h(z). 2.4)
WC(:B f(Z)

m B
subordination (2.4), yields ¢(z) < h(z), which implies f OW(3, a, B, k, A; h).

k m
Since Re{é +(1-9)h(z) + an:l( ](— 1)m+1(ﬁj } > (), applying Lemma 1.1 to the

Next, we find integral representation of the class W(é, a, B, k, A; h).

Theorem 2.2. Let f OW(3, a, B, k, A; h). Then
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Z
h -1
Wi (o) = @xp[@ -9 ;&]
’ s
0
where w is holomorphic in U with w(0) = 0 and | w(z)| <1, (z O U).
Proof. Suppose that f OW(J, a, B, k, A; ). It is easy to see that subordination
condition (2.1) can be written as follows
k,A '
z(Wy'p f(2))
TOBI T < (1-8)n(w(2)) + &, 2.5)
WQ:B f(Z)
where w is holomorphic in U with w(0) = 0 and | w(z)| <1, (z OU).

From (2.5), we find that

Wepf() 1 h(w(z)) - 1
e 5w =1 (2.6)
Wedr) = z
After integrating both sides of (2.6), we have
k, A z
w -
log Lf(z) =(1- 5)‘[Md& 2.7)
b4 ) s

Therefore, from (2.7), we obtain the required result.
Theorem 2.3. Let f 0 A, 0<aj,a;<land 0<d<1.If

kA +1 !

(Wyg f(2))

Ty < VaBVD |
Wop 8(2)

for some g DW(& o, Bk, A+1; L+ AZ), (1< B<A<1), then
1+ Bz

k,\ !
2(Wy g £(2))

—Ebl < arg %—6 <1—Tb2,

2 Wy'p8(2) 2

where by and b,y (0 < by, by < 1) are the solutions of the equations:
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(1=[ )by +by)cos T

o = by + =tan , B# -1,
1= 1+A)(1-95 ko (k m "
2(1+|s|)[6+( +14)-(B )+zm:1(mj(-1) H(g) }
T
# (=[] +by)sin T
bl’ B=-1
(2.8)
and
(1=1&[) oy +by)cos -1
4 =12 +Ztan”! 2k , B# -1
2 = 1+A)(1-5 k m "
2(1+|s|)[6+( +14)-(B )+Zm=1[mj(—1) +1(gj J
. TU
+ (1= )y +by)sin T
bz, B=-1
2.9
with
Szltanﬂ[u]
2\ by + by
and
= 2gin”! (4-B)(1-9) (2.10)
]

[mzfn ZI(;j(—l)m+l[gjmJ+(1—BZ)+(1—6)(1—AB) |

Proof. Define the function G by
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k,)\ !
G(z) = — Wap /() -1, 2.11)

1-T aBg(Z)

1+ AZ
+ Bz

WheregDW(BaBk)\+1 )(—1SB<AS1)andOST<1.

Then G is holomorphic in U with G(0) =1. Thus in view of (1.3) and (2.11), we

observe that

(1 -16() + DWED e (2) = [ﬁ[;) - 1)'"“[(%]m I lﬂ L1

[mfl[f;] - 1)m+1[%]m]vv§;§f(z).

Differentiating above relation with respect to z and multiplying by z, we get

((1-1)G() + DzWy o 2()) +(1-1)G ()Wep2(2)

) [é[i) . 1)m+1(%j’"] Wy /() 2.12)

Suppose that

Using (1.3) again, we have

DR R e
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- 6+(1—6)H(z)+[2k:(:1](— 1)m+1(%]m}. 2.13)

m=1

From (2.12) and (2.13), we easily get

k,A\+1 !
6+ G/() L S
s+(-a)HE)+ Y _[“ (e mor wegtlel )
m=1 m B
(2.14)
. 1+ AZ L
Notice that from Theorem 2.1, gUOW|d a,B, k, A+1; [+ B implies
Z
g O W(& a, B, k, A; L+ AZ). Thus,
1+ Bz
+
H(z)<1 AZ (-F1sB<AZ<]).
1+ Bz
By applying the result of Silverman and Silvia [9], we have
‘H(z)—l_Af A_Ii (B # -1, z0U) (2.15)
1-B 1-B
and
1-A
Re{H(z)} > (B=-1,z0U). (2.16)

It follows from (2.15) and (2.16) that

{5 . Zizl(”;)(— 1)m+1(g)m](1 ~ B%)+(1-8)(1 - AB)

1- B?
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<%, (B#-1,z0U)
and
Re{6+ (1-8)H Zk:( ] ’"”(J}
> 5+ (L2 A0 A)2(1 ~9), m:[:;j (- 1)’"“(%)m, (B=-1,:00).
Putting
5+ (1-8)H(z) + i(i}( l)m”[Bj = peli(p
m=1
where
(4-B)(1-?) <o
[6+Zm 1( ] ’"”(B) J(l B%)+(1-3)(1- AB)
< (1-)01-9 ey
[5 N [:J - 1)m+1(‘é]mJ(1 ~B)+(1-8)(1 - AB)
and -1 <@<1, (B =-1), then
o e ) <
<5+ (LFrA0) +1AJ)r(;‘ ) ;[g( 1)’"”(Bjm (B % -1)

and

5+ 1-A)=0) zk:(:J (- l)mﬂ(%Jm <p<w, (B=-l).
m=1

1-B
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An application of Lemma 1.2 with

T(z) = —,

yields G(z) < h(z).

If there exist two points zj, zo U such that
Tt T
- b = arg(Gla)) < arg(G(2)) < are(G(22) = Tbo.

then by Lemma 1.3, we get

21G'(z1)

__ni 25G'(zp) _ni
= M +by) and 2228220 =N g,
(o)) 5 (by +by) an 5 (by +by)

G(z)

where

_l | and s—ztann[M]
+| g by +by

Now, for the case B # —1, we obtain

L (aWed @)

— k,A+1
1 T Wa B+g(zl)

21G'(z1)

5+(1-8)H(z) + Ziﬂ(i) . l)mﬂ(gjm

= arg G(z) +

71G'(z1)

{5 ELTIOES Wi (C 1)"1*1[2]?(;(@)

= arg(G(z;)) + arg| 1 +
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LTt
j “io9
= —1—2-[171 +arg[1 —2—;(1;1 +by)e "2 J
=T varg 13 0+ b)eos T - @)+ 2+ )sin T - )

| e +eo)sin J0-q)

Tt _
< —-—b —tan -
20+ (b +by)cos (1~ )

(1=[€[) by +by)cos s

T -1
< -—b —tan "
2 2(1+|s|)(5+W+Z;=1[§J(_l)m+l[g) J
+ (1= €]) (o +b2)sin s
__T[a
=-Ja

where a; and f are given by (2.8) and (2.10), respectively.

Also,

1 Zz(Wé{,’é\Hf(Zz)) ~

1_‘[ Wk,)\+1

arg
G’B g(ZZ)

(1=[[)(br +by)cos 7

2ot +[el)] o+ W * Zﬁ,zl (,I:J . l)mH(E)m}

+(1=|&]) (b +bo)sin

\Y
SR

by +tan~!
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ay,

0| o

where a, and ¢ are given by (2.9) and (2.10), respectively.

Similarly, for the case B = —1, we have

k,A+1 !
1 [ aWyg " f(@) n
arg - N -1 S_Ebl
T WG:B g(Zl)

and

B UAATEY)

— k,A+1
1 T WG:B+ g(ZZ)

T
ar -T||2—b.
g 5 2

The above two cases disagree with the assumptions. Therefore, the proof of the theorem

is complete.
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