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Abstract

The aim of this paper is to introduce the concept of coupled anti fuzzy
subrings by using t-conorm C. By using t-conorm C'; we consider the
relationship between coupled subrings and coupled anti fuzzy subrings and
we prove that the intersection of two coupled anti fuzzy subrings are also
coupled anti fuzzy subring. Also we obtain some results for coupled anti
fuzzy subrings under the ring homomorphisms. Finally, we show that the
quotient of coupled anti fuzzy subring is also a coupled anti fuzzy subring

with respect to t-conorm C. Our work is inspired by [1].

1 Some Old and New Notions and Notations

Definition 1.1. Let X be a set. A fuzzy subset of X x X will be a function
from X x X into [0,1]. The set of all fuzzy subsets of X x X will be called the
[0, 1]-power set of X x X, and will be denoted by [0, 1]X*X.

Definition 1.2. [2] A ¢-conorm C' is a function C : [0, 1] x [0,1] — [0, 1] having

the following four properties:
(a) C(z,0) =,
(b) Cla,y) < Cla,2), ify < 2

(c) C(z,y) = C(y, z),
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(d) C(x,C’(y, Z)) = C(C($7y)7z)
for all x,y,z € [0, 1].

Example 1.3. The basic ¢-conorms are standard union, Cy,(z,y) = max{z,y}.
Bounded sum, Cy(z,y) = min{1, x4+ y}, and algebraic sum, Cp(z,y) =z +y—zy
for all z,y € [0, 1].

Definition 1.4. The ¢t-conorm C'is called idempotent if for all z € [0, 1], C(x,z) =

x.

Lemma 1.5. [3] Let C be a t-conorm. Then
C(C(z,y),C(w,2)) = C(C(z,w), C(y, 2))
for all z,y,z,w € [0,1].

Definition 1.6. (Compare with [4]) Let f be a mapping from ring R into S,
p € [0,1]FXE 3 € [0,1]5%%. Define f(u) € [0,1]°* and f~1(B) € [0,1]#*F such
that for all (y,v) € S x S, if f~1(y), f~1(v) # 0, then

f(u)(y,v) = sup{p(x, m)|[(z,m) € R x R, f(z) =y, f(m) = v}.

If f=Y(y), f~'(v) =0, then
f(u)(y,v) = 0.

Theorem 1.7. (Compare with [5]) Let R be a ring. A nonempty subset S of
R x R is a coupled subring of R x R iff (x —y,m —wv) € S and (xy,mv) € S for
all (x,m), (y,v) € S.

Definition 1.8. (Compare with [5]) Let R be a ring, and I be a nonempty subset
of R x R. We say I is a left(right) ideal of R x R if for all (z,m), (y,v) € I and
forallr € R, (vt —y,m —wv) € I,(rz,rm) € I[(x —y,m —v) € I, (xr,mr) € I].

Definition 1.9. Let R be a ring, and p be a fuzzy subset of R x R. We say pu is
an anti fuzzy subring of R x R under a t-conorm C' iff for all (z,m), (y,v) € RX R,

we have the following
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(@) plx —y,m—v) < Clu(z,m), u(y, v)};
(0) p(zy, mv) < Clu(z, m), u(y,v)].

Notation 1.10. By AF(R x R) we mean the set of all anti fuzzy subrings of

R x R under t-conorm C.

Definition 1.11. Let pi,pu2 € AF(R x R) and (x,m) € R x R. We define the

following
(@) pr C pg ifF g (2, m) < pp(z, m);
(b) py = pg iMf pa (2, m) = po(, m);
(c) (p1 N p2)(@,m) = Clui(z, m), pa(x, m)].
Remark 1.12. By (¢) and (d) of Definition 1.2, we also have
(a) w10 pg = p2 N p;
(b) p1Mpz Nps = (p1 Npo) N ps = w1 N (g2 N ps).

Definition 1.13. Let R be a ring, I be an ideal of R and u; € AF(R x R). If
£ # iym £ j, define oz B s [0,1] by (z+ Im + I) = Clug(w,m), pr(i, 1),
and if z = 7,m = j, deﬁne W % — [0,1] by p(z + I,m + I) = 1, for all
(x,m)€ Rx R,i,j €I

2 Some Properties

Proposition 2.1. Let pi,pu2 € AF(R x R). Then pi Npg € AF(R x R).

Proof. Let (x,m),(y,v) € R x R. Observe

(1 N p2)(z —y,m —v) = Clur(z — y,m —v), p2(x — y,m — v)]
< ClClu(z, m), iy, v)], Cluz(z, m), pa(y, v)]]
[Clpa(z,m), po(x,m)], Clua(y, v), p1(y, v)]]
(1 0 p2)(z,m), (1 N p2) (y, v)]-

I
Q Q
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Also
(11 N p2) (zy, mo) = Clua (zy, mv), po(zy, mo)]
< C[Clua(z,m), pa(y, v)], Cluz(z, m), pa(y, v)l]
= C[C[Ml (.73, m), NQ(xv m)]v C[:U’l (y’ U) H1 (y7 U)H
= C[(lu’l N MQ)(x’ m)7 H1 M ,LL2)(y, U)]
It follows that 1 Npe € AF(R x R). O]

Proposition 2.2. Let u € AF(RxR) and C be idempotent. Then for allt € [0, 1],
Ry = {(z,m) € R x R|p(x,m) <t} is a coupled subring of R x R.

Proof. Let (x,m), (y,v) € R¢. Then

which implies (x —y,m — v) € R;. Also

[z, m), p(y, v)]
(t,1)

p(ry, mv) < C
<C
=1

which implies (zy, mv) € R;. Thus R; is a coupled subring of R x R. O

Proposition 2.3. Let R be a ring, and p be a fuzzy subset of R x R, and C be
idempotent, such that for all (x,m), (y,v) € Rx R, andr € R, u(x —y,m—v) <
Clu(z,m), u(y, v)] and p(re,rm) < p(z,m). Then

(a) 1(0,0) < p(x,m), for all (x,m) € R x R;
(d) p(z,m) = u(—x,—m), for all (x,m) € R X R;

(¢) Forallt €[0,1], Ry = {(x,m) € Rx R|u(xz,m) <t} is a left ideal of R x R;
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(d) Ro={(x,m) € R x R|u(x,m) = pu(0,0)} is a left ideal of R X R.

Proof. Let (x,m) € R x R.

(a): /1’(070) = :U’(x —Z,m— m) < C[N(xvm)7ﬂ(xvm)] = :U’(xvm)'

(b):

pu(x,m) = p(0 = (=z),0 — (=m))
< Clu(0,0), p(—z, —m)]
< Clu(=z, —=m), p(—z, —m)]
= p(—z,—m)
=pu(0—2,0—m)
< Clu(0,0), p(z, m)]
< Clu(z, m), p(x, m)]
= p(x,m).

So u(x,m) = p(—z,—m).

c): If (z,m),(y,v) € R, r € R, then, pu(z —y,m —v) < Clu(z,m), (y,v)] <
?ﬁ,t] = t and p(rz,rm) < Clu(rz,rm),u(rz,rm)] < Clu(z,m), p(z,m)] <
C[t,t] =t. So, (x —y,m —v), (rz,rm) € R, thus R; is a left ideal of R x R.

(d): If (x,m),(y,v) € Ry, r € R, then, p(z —y,m —v) < Clu(xz,m), (y,v)] <
m(0,0),u(0,0)] = p(0,0) and p(rz,rm) < Clu(rz,rm),p(re,rm)] <
Clp, m), pl, m)] < Cla(0,0), 50, 0)] = u(0,0). So, (& — y,m —v), (rz, rm) €
Ry, thus Ry is a left ideal of R x R. ]

Proposition 2.4. Let p € AF(R x R) and C be idempotent. Then p(x —y,m —
v) = pu(—y, —v) iff p(x,m) = p(0,0) for all (x,m), (y,v) € R x R.

Proof. Let (x,m),(y,v) € R x R and pu(zx —y,m —v) = pu(—y,—v). By letting
y=v=0, we get u(x,m) = pu(0,0). Conversely, suppose that u(x, m) = u(0,0).
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Then from the previous Proposition u(x,m) < p(z —y,m —v), u(—y, —v). Now
wlx —y,m— ) Clu(z,m), p(y, v)]
Clu(=y, —v), uy, v)]
[:u( Y, — ) ( Y, _U)]
= M(_y7 —’U)

=pulz—y—x,m—v—m)

< Clu(z —y,m —v), p(z, m)]

< Clule —y,m —v), ulx —y,m —v)]

= p(x —y,m —v).
So, pu(x —y,m —v) = p(—y, —v). O
Proposition 2.5. Let p € AF(R x R) and S be a ring. Suppose that f is onto
homomorphism of R into S. Then f(u) € AF(S x 5).

Proof. Let s1, 2,583,854 € S, then there exists (z,m),(y,v) € R x R such that
s1= f(x), s2 = f(y), s3 = f(m), sa = f(v). Now
f(p)(s1— 52,83 — s4)

= sup{u(z —y,m —v)[s1 = f(x),s2 = f(y),s3 = f(m), 54 = f(v)}

< sup{Clu(z,m), p(y, v)l[s1 = f(x), s2 = f(y),s3 = f(m), 52 = f(v)}

= Clsup{u(z,m)[s1 = f(x),s3 = f(m)},sup{u(y, v)|s2 = f(y), 52 = f(v)}]

= Cf(n)(s1,83), f (1) (52, 54)].
Also

f(u)(s182,8354)

sup{p(zy, mv)|s1 = f(z),s2 = f(y),s3 = f(m),sa = f(v)}

sup{C'u(z,m), u(y, v)l|s1 = f(2), s2 = f(y), s3 = f(m), s = f(v)}
Clsup{p(z, m)[s1 = f(x),s3 = f(m)},sup{u(y, v)|s2 = f(y), sa = f(v)}]

= C[f(n)(s1,3), f (1) (52, 54)].

Therefore, f(pn) € AF(S x 5). O

IN
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Proposition 2.6. Let S be a ring, and § € AF(S x S). If f is a homomorphism
of R into S, then f~1(B) € AF(R x R).

Proof. Let (x,m), (y,v) € R x R. Observe

FHB)(@ —y,m—v) =

Q

Also

So, f7Y(B) € AF(R x R). O
Proposition 2.7. Let R be a ring, and I be an ideal of R. If C is idempotent,
then u € AF(R§R>.

Proof. Let (x+I,m+1),(y+1I,v+1) € R§R, and i,j € I, and u; € AF(R X R)
such that = # i # y, m # j # v. Observe

pll@+1)—(y+1),(m+1)— (v+1)]
(

=pllz—y)+1,(m—v)+ 1]

= Clur(x —y,m —v), ui (i, j)]

< ClClur(z,m), pr(y, v)], pr (i, )]

= C[Clur(z,m), pi(y,v)], Clur (i, 5), nr (i, 5)]]
= C[Clur(z,m), pr (i, 7)], Clur(y, v), pr (4, 5)]]
=Clu(z+I,m+1I),u(y+I,v+1I).
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Also

plle+ Dy + 1), (m+ (v + 1)] = pley + 1, mo + 1]

pr (xy, mv), pr (i, )]
pr(y,v)
1 (Y, v)
Clpr(x,m), pr (i, 3)], Clpr(y, v), pr (i, 5)]]
wax+I,m+1),uly+Iv+1))].

IN

]7 Ml(ivj)]
]’ C[ILLI(Z7])7ILLI(Z7])H

I

Cf )
ClClpr(x,m),
ClClur(z,m),
Cf
Cf

Finishing the proof. O

3 An Open Problem

We begin by introducing the following

Definition 3.1. Let R and S be two rings such that p € AF(R x R) and (3 €
AF(S x S). The direct product of p and 3, denoted by p x f3, is the fuzzy subset
of ring R? x S? such that for all (x,m) € R x R and (y,v) € S x S, we have

(1 x B)[(z,m), (y,v)] = Clu(z, m), By, v)].
Conjecture 3.2. If uy € AF(R; x R;) fori=1,2, then uy x us € AF(R? x R3).
Conjecture 3.3. Let u; € AF(R; X R;) fori=1,2,--- ,n. Then

1 X o X -+ X fi € AF(R? x R3 x --- x R2).
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