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Abstract

In this paper, we obtain explicit Euclidean norm, eigenvalues, spectral

norm and determinant of circulant matrix with the generalized Tribonacci

(generalized (r, s, t)) numbers. We also present the sum of entries, the

maximum column sum matrix norm and the maximum row sum matrix norm

of this circulant matrix. Moreover, we give some bounds for the spectral

norms of Kronecker and Hadamard products of circulant matrices of (r, s, t)

and Lucas (r, s, t) numbers.

1 Introduction

The generalized (r, s, t) sequence (or generalized Tribonacci sequence or

generalized 3-step Fibonacci sequence)

{Wn(W0,W1,W2; r, s, t)}n≥0

(or shortly {Wn}n≥0) is defined as follows:

Wn = rWn−1 + sWn−2 + tWn−3, W0 = a,W1 = b,W2 = c, n ≥ 3 (1.1)

where W0,W1,W2 are arbitrary complex (or real) numbers and r, s, t are real

numbers.
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This sequence has been studied by many authors, see for example [2, 3, 4, 10,

11, 18, 22, 28, 30, 44, 41, 45, 51, 52].

The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n = −s
t
W−(n−1) −

r

t
W−(n−2) +

1

t
W−(n−3)

for n = 1, 2, 3, ... when t 6= 0. Therefore, recurrence (1.1) holds for all integer n.

As {Wn} is a third-order recurrence sequence (difference equation), its

characteristic equation is

x3 − rx2 − sx− t = 0 (1.2)

whose roots α, β, γ satisfy the following identities:

α+ β + γ = r,

αβ + αγ + βγ = −s,

αβγ = t.

It is well known that the generalized (r, s, t) numbers (the generalized Tribonacci

numbers) can be expressed, for all integers n, using Binet’s formula

Wn =
p1α

n

(α− β)(α− γ)
+

p2β
n

(β − α)(β − γ)
+

p3γ
n

(γ − α)(γ − β)
, (1.3)

where

p1 = W2 − (β + γ)W1 + βγW0, p2 = W2 − (α+ γ)W1 + αγW0,

p3 = W2 − (α+ β)W1 + αβW0.

We need the special cases of the generalized (r, s, t) sequence {Wn} which are

called (r, s, t) and Lucas (r, s, t) sequences. (r, s, t) sequence{Gn}n≥0 and Lucas

(r, s, t) sequence {Hn}n≥0 are defined, respectively, by the third-order recurrence

relations

Gn+3 = rGn+2 + sGn+1 + tGn, G0 = 0, G1 = 1, G2 = r, (1.4)

Hn+3 = rHn+2 + sHn+1 + tHn, H0 = 3, H1 = r,H2 = 2s+ r2. (1.5)
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The sequences {Gn}n≥0 and {Hn}n≥0 can be extended to negative subscripts

by defining

G−n = −s
t
G−(n−1) −

r

t
G−(n−2) +

1

t
G−(n−3),

H−n = −s
t
H−(n−1) −

r

t
H−(n−2) +

1

t
H−(n−3)

for n = 1, 2, 3, ... respectively. Therefore, recurrences (1.4) and (1.5) hold for all

integers n.

Some special cases of (r, s, t) sequence {Gn(0, 1, r; r, s, t)}n≥0 and Lucas (r, s, t)

sequence {Hn(3, r, 2s+ r2; r, s, t)}n≥0 are as follows:

1. Gn(0, 1, 1; 1, 1, 1) = Tn, Tribonacci sequence,

2. Hn(3, 1, 3; 1, 1, 1) = Kn, Tribonacci-Lucas sequence,

3. Gn(0, 1, 2; 2, 1, 1) = Pn, third order Pell sequence,

4. Hn(3, 2, 6; 2, 1, 1) = Qn, third order Pell-Lucas sequence,

5. Gn(0, 1, 0; 0, 1, 1) = Un, adjusted Padovan sequence,

6. Hn(3, 0, 2; 0, 1, 1) = En, Perrin (Padovan-Lucas) sequence.

Note that we use the Lucas (r, s, t) numbers in Lemma 2.13 for calculating the

determinants.

The following Theorem presents a summing formula of generalized Tribonacci

numbers with positive subscripts.

Theorem 1.1. Let x be a real or complex number. For n ≥ 0, we have the

following formula: If tx3 + sx2 + rx− 1 6= 0, then

n∑
k=0

xkWk =
Θ1(x)

Θ(x)
,

where

Θ1(x) = xn+3Wn+3 − (rx− 1)xn+2Wn+2 − (sx2 + rx− 1)xn+1Wn+1

−x2W2 + x (rx− 1)W1 + (sx2 + rx− 1)W0,

Θ(x) = tx3 + sx2 + rx− 1.
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Proof. It is given in [40].

Now, we give an alternative proof. By using Binet’s formula of generalized

Tribonacci numbers and the following identities

α+ β + γ = r,

αβ + αγ + βγ = −s,

αβγ = t,

we obtain

n−1∑
k=0

xkWk =
n−1∑
k=0

xk
(

p1α
k

(α− β)(α− γ)
+

p2β
k

(β − α)(β − γ)
+

p3γ
k

(γ − α)(γ − β)

)
=

p1

(α− β)(α− γ)

(
(αx)n − 1

αx− 1

)
+

p2

(β − α)(β − γ)

(
(βx)n − 1

βx− 1

)
+

p3

(γ − α)(γ − β)

(
(γx)n − 1

γx− 1

)

=

p1((αx)n − 1)(βx− 1)(γx− 1)(β − γ)

+p2((βx)n − 1)(αx− 1)(γx− 1)(γ − α)

+p3((γx)n − 1)(βx− 1)(αx− 1)(α− β)

(α− β)(α− γ)(β − γ)(αx− 1)(βx− 1)(γx− 1)

=

xn+2Wn+2 − xn+1(rx− 1)Wn+1 − xn(sx2 + rx− 1)Wn

−x2W2 + x(rx− 1)W1 + (sx2 + rx− 1)W0

tx3 + sx2 + rx− 1
.

Now, from the equality

n∑
k=0

xkWk = xnWn +
n−1∑
k=0

xkWk,

the claim of the theorem follows. �

Note that
n−1∑
k=0

xkWk =
∂

tx3 + sx2 + rx− 1
, (1.6)

where
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∂ = xn+2Wn+2 − xn+1(rx− 1)Wn+1 − xn(sx2 + rx− 1)Wn − x2W2

+x(rx− 1)W1 + (sx2 + rx− 1)W0.

The case x = 1 of the above theorem can be given as follows.

Theorem 1.2. For n ≥ 0, we have the following formula: If t + s + r − 1 6= 0,

then
n∑

k=0

Wk =
Θ1

Θ
,

where

Θ1 = Wn+3−(r − 1)Wn+2−(s+r−1)Wn+1−W2 +(r − 1)W1 +(s+r−1)W0,

Θ = t+ s+ r − 1.

Let

∆ = (s+ rt− t2 + 1)(r + s+ t− 1)(r − s+ t+ 1).

Theorem 1.3. If ∆ 6= 0, then

n∑
k=1

W 2
k =

∆1

∆
,

where

∆1 = −(t2 + rt+ s− 1)W 2
n+3 − (r3t+ r2t2 + r2s+ r2 + t2 + 2rst+ rt+ s− 1)W 2

n+2

−(r3t+ r2t2 + s2t2 − rs2t− s3 + r2s+ 4rst+ r2 + s2 + t2 + rt+ s− 1)W 2
n+1

+2 (r + t) (s+ rt)Wn+3Wn+2 + 2t (r + st)Wn+3Wn+1 − 2t (s− 1) (s+ rt)Wn+2Wn+1

+(2rst+ 2r2 + t2 + rt+ s− 1)W 2
3 + (r3t+ r2t2 + r2s+ 2rst+ r2 + t2 + rt+ s− 1)W 2

2

+(r3t+ r2t2 + s2t2 − rs2t− s3 + r2s+ 4rst+ r2 + s2 + t2 + rt+ s− 1)W 2
1

−2 (r + st)W4W3 − 2t(r2 − s2 + rt+ s)W3W2 + 2t (s− 1) (s+ rt)W2W1.

Proof. It is given in Soykan [42, Theorem 2.1]. See also Soykan [43, Theorem

3.1].

Remark 1.4. Using Theorems 1.1, 1.2 and 1.3, we give relatively short proofs

for our results which are given in the next section.
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136 Yüksel Soykan

2 Main Results

In this section, we obtain explicit Euclidean norm, eigenvalues, spectral norm

and determinant of circulant matrix with the generalized Tribonacci (generalized

(r, s, t)) numbers. We also present the sum of entries, the maximum column sum

matrix norm and the maximum row sum matrix norm of this circulant matrix.

Moreover, we give some bounds for the spectral norms of Kronecker and Hadamard

products of circulant matrices of (r, s, t) and Lucas (r, s, t) numbers. For our work,

we need to recall a n×n circulant matrix and various norm on matrices and their

properties.

Let n ≥ 2 be an integer. An n × n matrix C = (cij) ∈ Mn×n(C) is called a

circulant matrix if it is of the form

C =



c0 c1 c2 · · · cn−2 cn−1

cn−1 c0 c1 · · · cn−3 cn−2

cn−2 cn−1 c0 · · · cn−4 cn−3

...
...

...
...

...

c1 c2 c3 · · · cn−1 c0


n×n

i.e.

cij =

{
cj−i , j ≥ i
cn+j−i , j < i

and the circulant matrix C is denoted by C = Circ(c0, c1, ..., cn−1). Circulant

matrix was first proposed by Davis in [7]. This matrix has many interesting

properties, and it is one of the most important research subject in the field of the

computational and pure mathematics (see for example references given in Table

1).

For a m× n matrix A = (aij) ∈Mm×n(C), the spectral norm of A is given by

‖A‖2 =

(
max

1≤i≤n
|λi(A∗A)|

)1/2

where λi(A
∗A) ’s are the eigenvalues of the matrix A∗A and A∗ is the conjugate

of transpose of the matrix A. The Frobenius (or Euclidean) norm a m×n matrix
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A = (aij)m×n ∈Mm×n(C) is as follows:

‖A‖F =

 m∑
i=1

n∑
j=1

|aij |2
1/2

.

The following inequality holds for any matrix A = (aij)m×n ∈Mn×n(C) (see [53,

Theorem 1 and Table 1]):

1√
n
‖A‖F ≤ ‖A‖2 ≤ ‖A‖F . (2.1)

It follows that

‖A‖2 ≤ ‖A‖F ≤
√
n ‖A‖2 .

In literature there are other types of norms of matrices. The maximum column

sum matrix norm of n × n matrix A = (aij) is ‖A‖1 = max
1≤j≤n

∑n
i=1 |aij | and the

maximum row sum matrix norm is ‖A‖∞ = max
1≤i≤n

∑n
j=1 |aij | .

The maximum column length norm c1(.) and the maximum row length norm

r1(.) of an matrix of order m× n are defined as follows:

c1(A) = max
1≤j≤n

(
n∑

i=1

|aij |2
)1/2

and r1(A) = max
1≤i≤n

 n∑
j=1

|aij |2
1/2

.

There is a relation between ‖.‖2 , c1(.) and r1(.) norms:

Lemma 2.1. [15] For any matrices A = (aij)m×n ∈ Mm×n(C) and B =

(bij)m×n ∈Mm×n(C), we have

‖A ◦B‖2 ≤ r1(A)c1(B)

and

‖A ◦B‖2 ≤ ‖A‖2 ‖B‖2

and

‖A⊗B‖2 = ‖A‖2 ‖B‖2
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where A ◦B is the Hadamard product which is defined by

A ◦B = (aijbij),

A⊗B is the Kronecker product which is defined by

A⊗B = (aijB),

and r1(A) = max1≤i≤n

(∑n
j=1 |aij |

2
)1/2

, c1(B) = max1≤j≤n

(∑n
i=1 |bij |

2
)1/2

.

The Kronecker product is also sometimes called matrix direct product.

For more details on norm of matrices, see for example [14]. In the following

Table 1, we present a few special study on the Frobenius norm, spectral norm,

maximum column length norm and maximum row length norm of circulant

(r-circulant, geometric circulant, semicirculant) matrices with the generalized

m-step Fibonacci sequences which require sum formulas of second powers of

numbers in m-step Fibonacci sequences (m = 2, 3, 4). For m-step Fibonacci

sequences, see, for example, [39].

Table 1. Papers on the norms.

Name of sequence Papers

second order↓ second order↓
Fibonacci, Lucas [8, 9, 13, 17, 19, 27, 31, 32, 33, 34, 36, 37, 38, 46]

Pell, Pell-Lucas [1, 47]

Jacobsthal, Jacobsthal-Lucas [24, 48, 49, 50]

third order↓ third order↓
Tribonacci, Tribonacci-Lucas [16, 25, 26]

Padovan, Perrin [6, 21, 29]

fourth order↓ fourth order↓
Tetranacci, Tetranacci-Lucas [20]

See also Polatlı [23] for the spectral norms of k-circulant matrices with a type

of Catalan triangle numbers.

We need the following three lemmas for our calculations.
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Lemma 2.2. [7, 5] Let C = Circ(c0, c1, ..., cn−1) be a n × n circulant matrix.

Then the eigenvalues of C are

λj(C) =

n−1∑
k=0

ω−jkck (2.2)

and the corresponding eigenvectors are

vj = (1, ω−j , ω−2j , ω−3j , ..., ω−(n−1)j)T

where ω = exp(2πi/n), i =
√
−1, j = 0, 1, 2, ..., n− 1.

Note that (2.2) is equivalent to

λn−j(C) =

n−1∑
p=0

ωjpcp, j = 0, 1, 2, ..., n− 1

or

λm(C) =

n−1∑
p=0

ωmpcp, m = n, n− 1, ..., 2, 1

or

µj(C) =
n−1∑
p=0

ωjpcp, j = 0, 1, ..., n− 1 (µj = λn−j).

We have the determinants and inverses of nonsingular circulant matrices [35,

12, 7, 5]:

Lemma 2.3. Determinant of a circulant matrix C is

det(C) =
n−1∏
j=0

λj(C) =
n−1∏
j=0

n−1∑
p=0

ω−jpcp

 =
n−1∏
j=0

n−1∑
p=0

ωjpcp


and if C is nonsingular circulant matrix then its inverse is

C−1 = Circ(a0, a1, ..., an−1)

where

an−p =
1

n

n−1∑
j=0

(
n−1∑
k=0

ω−jkWk

)−1

ω−pj =
1

n

n−1∑
j=0

λ−1
j ω−pj , p = 1, 2, 3, ..., n

Earthline J. Math. Sci. Vol. 6 No. 1 (2021), 131-151
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or

ap =
1

n

n−1∑
j=0

(
n−1∑
k=0

ωjkWk

)−1

ω−pj , p = 0, 1, 2, ..., n− 1.

Lemma 2.4. [14] Let A be a n × n matrix with eigenvalues λ1, λ2, λ3, ..., λn.

Then, A is a normal matrix if and only if the eigenvalues of AA∗ are

|λ1|2 , |λ2|2 , |λ3|2 , ..., |λn|2 where A∗ is the conjugate of transpose of the matrix

A.

Next, we define circulant matrix with generalized (r, s, t) numbers entries.

Definition 2.5. A n × n circulant matrix with generalized (r, s, t) (generalized

Tribonacci) numbers entries is defined by

Cn(W ) =



W0 W1 W2 · · · Wn−2 Wn−1

Wn−1 W0 W1 · · · Wn−3 Wn−2

Wn−2 Wn−1 W0 · · · Wn−4 Wn−3

...
...

...
...

...

W1 W2 W3 · · · Wn−1 W0


n×n

= Circ(W0,W1, ...,Wn−1).

(2.3)

We call this matrix as generalized Tribonacci (generalized (r, s, t)) circulant

matrix.

We consider two special cases of generalized Tribonacci (generalized

(r, s, t)) circulant matrix, namely (r, s, t)) circulant matrix: Cn(G) =

Circ(G0, G1, ..., Gn−1) and Lucas (r, s, t) circulant matrix: Cn(H) =

Circ(H0, H1, ...,Hn−1).

We denote the sum of entries of Cn(W ) as S(Cn(W )).

Lemma 2.6. The sum of entries of Cn(W ) is

S(Cn(W )) = n

(
−Wn +

Θ1

Θ

)
where Θ1 and Θ are as in Theorem 1.2.
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Proof. From the definition of Cn(W ), using Theorem 1.2, we obtain

S(Cn(W )) = n

n−1∑
i=0

Wi = n

(
−Wn +

n∑
i=0

Wi

)
= n

(
−Wn +

Θ1

Θ

)
.

Next, we present the maximum column sum matrix norm ‖Cn(W )‖1 and the

maximum row sum matrix norm ‖Cn(W )‖∞ of matrix Cn(W ) = (aij) under

certain condition on the generalized Tribonaci sequence Wn.

Theorem 2.7. Suppose that Wp ≥ 0 for all the nonnegative integers p. Then we

have the following formula:

‖Cn(W )‖1 = ‖Cn(W )‖∞ = −Wn +
Θ1

Θ
.

Proof. From the definition of the matrix Cn(W ) = (aij) we can write

‖Cn(W )‖1 = max
1≤j≤n

n∑
i=1

|aij | = max
1≤j≤n

{|a1j |+ |a2j |+ |a3j |+ ...+ |anj |}

= |a1n|+ |a2n|+ |a3n|+ ...+ |ann|

= Wn−1 +Wn−2 + ...+W3 +W2 +W1 +W0

= −Wn +
n∑

i=0

Wi

= −Wn +
Θ1

Θ

Similarly, we have

‖Cn(W )k‖∞ = −Wn +
Θ1

Θ
.

The following theorem gives the Euclidean (Frobenius) norm of circulant

matrix Cn(W ).
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Theorem 2.8. The Euclidean norm of circulant matrix Cn(W ) is:

‖Cn(W )‖F =

√
n

(
W 2

0 −W 2
n +

∆1

∆

)
where ∆ and ∆1 are as in Theorem 1.3.

Proof. From the definition of the Euclidean norm of a matrix, using Theorem 1.3,

we obtain

(‖Cn(W )‖F )2 = n

n−1∑
i=0

W 2
i = n

(
W 2

0 −W 2
n +

n∑
i=1

W 2
i

)
= n

(
W 2

0 −W 2
n +

∆1

∆

)
.

It follows that

‖Cn(W )‖F =

√
n

(
W 2

0 −W 2
n +

∆1

∆

)
.

The following theorem gives us the eigenvalues of the matrix in (2.3).

Theorem 2.9. The eigenvalues of Cn(W ) are

λj(Cn(W )) =
Φj

rω−j + sω−2j + tω−3j − 1

where Φj = (Wn −W0) − (−Wn+1 + rWn + W1 − rW0)ω−j + (Wn+2 − rWn+1 −
sWn −W2 + rW1 + sW0)ω−2j , and

ω = exp(2πi/n),

j = 0, 1, 2, 3, ..., n− 1.

Proof. By using (1.6) or Theorem 1.1 (by putting x = ω−j), we obtain

λj(Cn(W ))

=
n−1∑
k=0

ω−jkWk

= −ω−jnWn +

n∑
k=0

(ω−j)kWk

=

ω−j(n+2)Wn+2 − ω−j(n+1)(rω−j − 1)Wn+1 − ω−jn(sω−2j + rω−j − 1)Wn

−ω−2jW2 + ω−j
(
rω−j − 1

)
W1 + (sω−2j + rω−j − 1)W0

tω−3j + sω−2j + rω−j − 1
.
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By simplifying the last equality, we get

λj(Cn(W )) =
Φj

rω−j + sω−2j + tω−3j − 1
.

The following theorem presents the spectral norm of Cn(W ).

Theorem 2.10. Suppose that Wp ≥ 0 for all the nonnegative integers p. The

spectral norm of Cn(W ) is

‖Cn(W )‖2 =
Wn+2 − (r − 1)Wn+1 − (s+ r − 1)Wn −W2 + (r − 1)W1 + (s+ r − 1)W0

t+ s+ r − 1
.

Proof. For j = 0, we have

λ0(Cn(W )) =
n−1∑
p=0

ω−0×kWk =
n−1∑
p=0

Wp.

Note that the matrix Cn(W ) is a normal matrix since

Cn(W )∗Cn(W ) = Cn(W )Cn(W )∗.

Now, using Lemma 2.4, we see that

‖Cn(W )‖2 =

(
max

1≤j≤n
|λj(Cn(W )|2

)1/2

.

In the last equality, if we take j = 0, then λ0 becomes the maximum eigenvalue

because

‖Cn(W )‖2 =

(
max

1≤j≤n
|λj(Cn(W ))|2

)1/2

=

(
|λ0(Cn(W ))|2 , max

1≤j≤n−1
|λj(Cn(W ))|2

)1/2

and

max
1≤j≤n−1

|λj(Cn(W ))| =

∣∣∣∣∣∣
n−1∑
p=0

ω−jpWp

∣∣∣∣∣∣ ≤
n−1∑
p=0

∣∣ω−jp∣∣ |Wp| =
n−1∑
k=0

|Wp| =
n−1∑
k=0

Wp = λ0(Cn(W )).

Hence

‖Cn(W )‖2 = |λ0(Cn(W ))| =
n−1∑
p=0

Wp.
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By applying Theorem 2.9 (or from Theorem 1.1), we obtain

‖Cn(W )‖2

=
Wn+2 − (r − 1)Wn+1 − (s+ r − 1)Wn −W2 + (r − 1)W1 + (s+ r − 1)W0

t+ s+ r − 1
.

The following corollary presents the spectral norms of (r, s, t)) circulant

matrix: Cn(G) = Circ(G0, G1, ..., Gn−1) and Lucas (r, s, t) circulant matrix:

Cn(H) = Circ(H0, H1, ...,Hn−1).

Corollary 2.11. Suppose that Gp ≥ 0 and Hp ≥ 0 for all the nonnegative integers

p. The spectral norm of Cn(G) and Cn(H) are

‖Cn(G)‖2 =
Gn+2 − (r − 1)Gn+1 − (s+ r − 1)Gn − 1

t+ s+ r − 1

and

‖Cn(H)‖2 =
Hn+2 − (r − 1)Hn+1 − (s+ r − 1)Hn + 2r + s− 3

t+ s+ r − 1

respectively.

Proof. Take Wn = Gn, G0 = 0, G1 = 1, G2 = r and Wn = Hn, H0 = 3, H1 =

r,H2 = 2s+ r2 in Theorem 2.10.

The following corollary presents properties of the spectral norms of Hadamard

product and Kronecker product of Cn(G) = Circ(G0, G1, ..., Gn−1) and Cn(H) =

Circ(H0, H1, ...,Hn−1)

Corollary 2.12. Suppose that Gp ≥ 0 and Hp ≥ 0 for all the nonnegative integers

p. The spectral norm of Hadamard product of Cn(G) and Cn(H) has the following

property:

‖Cn(G) ◦ Cn(H)‖2 ≤
Υ

(t+ s+ r − 1)2

and the spectral norm of Kronecker product of Cn(G) and Cn(H) has the following

property:

‖Cn(G)⊗ Cn(H)‖2 =
Υ

(t+ s+ r − 1)2
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where Υ = (Gn+2 − (r− 1)Gn+1 − (s+ r− 1)Gn − 1)(Hn+2 − (r− 1)Hn+1 − (s+

r − 1)Hn + 2r + s− 3).

Proof. Since ‖Cn(G) ◦ Cn(H)‖2 ≤ ‖Cn(G)‖2 ‖Cn(H)‖2 and ‖Cn(G)⊗ Cn(H)‖2 =

‖Cn(G)‖2 ‖Cn(H)‖2 , the proof is trivial from Corollary 2.11.

Next, we present the determinant of Cn(W ).

Theorem 2.13. The determinant of Cn(W ) is given by

det(Cn(W )) =

Λn
1

(
1−

(
Λ2−
√

Λ2
2−4Λ1Λ3

2Λ1

)n

−
(

Λ2+
√

Λ2
2−4Λ1Λ3

2Λ1

)n

+
(

Λ3
Λ1

)n)
(−1)n+1(Hn + (1−H−n)tn − 1)

where

ω = exp(2πi/n),

Λ1 = Wn −W0,

Λ2 = −Wn+1 + rWn +W1 − rW0,

Λ3 = Wn+2 − rWn+1 − sWn −W2 + rW1 + sW0,

Proof. By considering identities

n−1∏
j=0

(x− yω−j) = xn − yn,

n−1∏
j=0

(x− yω−j + zω−2j)

= xn

(
1−

(
y −

√
y2 − 4xz

2x

)n

−

(
y +

√
y2 − 4xz

2x

)n

+
( z
x

)n)
and

(rω−j + sω−2j + tω−3j − 1) = (αω−j − 1)(βω−j − 1)(γω−j − 1),

we see that

n−1∏
j=0

(rω−j + sω−2j + tω−3j − 1) = (−1)n+1(Hn + (1−H−n)tn − 1).
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and

n−1∏
j=0

((Wn −W0)− (−Wn+1 + rWn +W1 − rW0)ω−j

+(Wn+2 − rWn+1 − sWn −W2 + rW1 + sW0)ω−2j)

= Λn
1

(
1−

(
Λ2 −

√
Λ2

2 − 4Λ1Λ3

2Λ1

)n

−

(
Λ2 +

√
Λ2

2 − 4Λ1Λ3

2Λ1

)n

+

(
Λ3

Λ1

)n
)

ω = exp(2πi/n),

Φj = (Wn −W0)− (−Wn+1 + rWn +W1 − rW0)ω−j

+(Wn+2 − rWn+1 − sWn −W2 + rW1 + sW0)ω−2j

and

Λ1 = Wn −W0,

Λ2 = −Wn+1 + rWn +W1 − rW0,

Λ3 = Wn+2 − rWn+1 − sWn −W2 + rW1 + sW0,

From Theorem 2.10, we have

det(Cn(W )) =
n−1∏
j=0

λj(Cn(W ))

n−1∏
j=0

Φj

(rω−j + sω−2j + tω−3j − 1)

=

∏n−1
j=0 Φj∏n−1

j=0 (rω−j + sω−2j + tω−3j − 1)

=

Λn
1

(
1−

(
Λ2−
√

Λ2
2−4Λ1Λ3

2Λ1

)n

−
(

Λ2+
√

Λ2
2−4Λ1Λ3

2Λ1

)n

+
(

Λ3
Λ1

)n)
(−1)n+1(Hn + (1−H−n)tn − 1)

which completes the proof.

Remark 2.14. Note that choosing suitable values on r, s, t and W0 = a,W1 =

b,W2 = c (initial values) in Theorems 2.8, 2.9, 2.10, 2.13, lower and upper bounds
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of the Euclidean norm, eigenvalues, the spectral norm and determinant of circulant

matrices for the special case of all third order sequences can be obtained.
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