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Abstract

In this paper, we obtain explicit Euclidean norm, eigenvalues, spectral
norm and determinant of circulant matrix with the generalized Tribonacci
(generalized (r,s,t)) numbers. We also present the sum of entries, the
maximum column sum matrix norm and the maximum row sum matrix norm
of this circulant matrix. Moreover, we give some bounds for the spectral
norms of Kronecker and Hadamard products of circulant matrices of (r, s, )

and Lucas (r, s,t) numbers.

1 Introduction

The generalized (r,s,t) sequence (or generalized Tribonacci sequence or

generalized 3-step Fibonacci sequence)
{W,(Wo, Wi, Wa;r, s,t) }n>o
(or shortly {W;,}n>0) is defined as follows:
Whn =1mWo1+ sWy_o +tW, _3, Wo=a,Wi=bWy=¢, n>3 (1.1)

where Wy, W1, Wy are arbitrary complex (or real) numbers and r,s,t are real

numbers.
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This sequence has been studied by many authors, see for example
1) 5 23 23, B i, 5 ) 2.

The sequence {W,,},>0 can be extended to negative subscripts by defining
] r 1
W_, = _ZW—(n—l) - ;W—(n—Q) + EW—(TL—S)

forn =1,2,3,... when t # 0. Therefore, recurrence holds for all integer n.
As {W,} is a third-order recurrence sequence (difference equation), its
characteristic equation is
23 —ra? —sx—t=0 (1.2)

whose roots «, 3,y satisfy the following identities:

a+B+y =
aptay+py = —s,
afy = t.

It is well known that the generalized (r, s,t) numbers (the generalized Tribonacci

numbers) can be expressed, for all integers n, using Binet’s formula

n

pra” p2B" D3y

Ll Y N BT B Rl vy oy

(1.3)

where
p1 = Wo — (B +7)Wi + ByWo, p2 = Wa — (o + v)Wi 4+ ayW,

p3 = Wa — (a + B)W1 + afWo.

We need the special cases of the generalized (r, s,t) sequence {W,,} which are
called (r,s,t) and Lucas (r,s,t) sequences. (r,s,t) sequence{Gp}n>0 and Lucas
(r,s,t) sequence {Hy,},>0 are defined, respectively, by the third-order recurrence

relations

Gnys = 1Gpys+ sGuy1 +tGy, Go=0,G1=1,Gs =, (1.4)
H,,3 = 7vHypo+sH, 1 +tH,, Hy=3H =7 Hy=2s+7r% (15)
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Ezxplicit Euclidean Norm, Figenvalues, Spectral Norm and Determinant 133

The sequences {G,,}n>0 and {H,, },>0 can be extended to negative subscripts

by defining
s r 1
G = —>G_(n_1) = G _m_2) + ~G_(n_3),
;G- — G2 T 1 G-(n-3)
K] T 1
H., = —H_ (n1y— - H_(n_oy+ - H_,_
p A=)~ yH(m-2) T 7 H-(n-3)

for n = 1,2,3, ... respectively. Therefore, recurrences (1.4)) and ((1.5)) hold for all

integers n.
Some special cases of (r, s, t) sequence {Gy (0,1, r;7,s,t) }n>0 and Lucas (r, s, t)

sequence {H,(3,7,2s +12%;7,8,t) }n>0 are as follows:
1. Gn(0,1,1;1,1,1) = T,,, Tribonacci sequence,
2. H,(3,1,3;1,1,1) = K,,, Tribonacci-Lucas sequence,
3. Gp(0,1,2;2,1,1) = P,, third order Pell sequence,
4. H,(3,2,6;2,1,1) = Qy, third order Pell-Lucas sequence,
5. Gn(0,1,0;0,1,1) = U, adjusted Padovan sequence,
6. H,(3,0,2;0,1,1) = E,, Perrin (Padovan-Lucas) sequence.

Note that we use the Lucas (7, s,t) numbers in Lemma for calculating the
determinants.
The following Theorem presents a summing formula of generalized Tribonacci

numbers with positive subscripts.

Theorem 1.1. Let x be a real or complex number. For n > 0, we have the
following formula: If ta® + sx® + rz — 1 # 0, then

S W = ©1(z)
=0

O(x)’

where
O1(z) = 2" B3Wi3 — (rz — 1) 2" 2 Wh0 — (s2? +ro — D2 W,
—2?Wy + 2 (rz — 1) Wi + (s2? + rz — 1)Wy,
O(z) = tad + sa? +ro — 1.
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Proof. 1t is given in [40]. O

Now, we give an alternative proof. By using Binet’s formula of generalized

Tribonacci numbers and the following identities

atfty =7

af+ay+py = -—s,
afy = t,
we obtain
n—1 - k k k
By, P p2f3 psY )
kzj ¢ Z ( Bla— B-a@-1  G-an-8

)
D1 ()™ — 1 Do (Bx)" —1
" la-Ala—7) < a1 >+ (B~ )(B—) < Br—1 )
3 (yz)" =1
ICEORET) < va—1 >
pi((az)" = 1)(Bzr — 1)(yz — 1)(B —7)
+p2((Bz)" — 1)(ax — 1) (v — 1) (v — @)
+p3((v2)" = 1)(Bz — 1)(az — 1)(a — B)
(= B)(a=7)(B—)(az —1)(Bz — 1)(yz - 1)
2" P2W o — 2" (re — D)Wyyy — 2" (s2® + 712 — D)W,
—2*Wo + x(re — )Wy + (s2? +ro — 1)W
tad 4+ sx? +re—1

Now, from the equality

n n—1
Z 1‘ka = wan + Z .’L’ka,
k=0 k=0

the claim of the theorem follows. OJ
Note that

n—1 9
k
Wi, = 1.6
Za: Pt sl — 1 (16)

where

http://www. earthlinepublishers.com



Ezxplicit Euclidean Norm, Figenvalues, Spectral Norm and Determinant 135

0 =a"P2W o — 2" ra — )W,y — 2" (s2? + 12 — D)W, — 22Ws
+z(rz — )Wy + (sz? + rx — 1)Wo.

The case £ = 1 of the above theorem can be given as follows.

Theorem 1.2. For n > 0, we have the following formula: Ift+s+r —1# 0,
then

n @1
WZ*)
L

where
0, = Wn+3—(7‘ — 1) Wn+2—(S+T—1)Wn+1—W2+(T — 1) W1+(S+T—1)W0,
O=t+s+r—1.

Let
A=(s+rt—t*+1)(r+s+t—1)(r—s+t+1).

Theorem 1.3. If A # 0, then

n
Ay
wW2=—"-,
FTOA
k=1
where
Ay = (P Hrt+s—DW2 43— (FPt+r* P +r2s+ P+ 2+ 2rst +rt+s — W2,

—(PPt+ 2+ 82 — st — P st drst+ 02 + 87+ bt + s — W2

+2(r +1t) (s + 1) Wi sWhga + 2t (r + st) Wy sWhi1 — 2t (s — 1) (s + 78) Wy 1:2Whia
+(2rst +2r% 12 Frt 45 — DWW + (r3t + 022 +r2s + 2rst + 02 12 +rt + 5 — )W
+(r3t + 2% 4 522 —rs?t — s risfArst + 2 + 52 t2 Frt s — 1)WE

—2(r + st) WyWs — 2t(r? — 52 + 1t + 8)WsWy + 2t (s — 1) (s + rt) WoW.

Proof. 1t is given in Soykan Theorem 2.1]. See also Soykan Theorem
3.1]. O

Remark 1.4. Using Theorems and we give relatively short proofs

for our results which are given in the next section.
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2 Main Results

In this section, we obtain explicit Euclidean norm, eigenvalues, spectral norm
and determinant of circulant matrix with the generalized Tribonacci (generalized
(r,s,t)) numbers. We also present the sum of entries, the maximum column sum
matrix norm and the maximum row sum matrix norm of this circulant matrix.
Moreover, we give some bounds for the spectral norms of Kronecker and Hadamard
products of circulant matrices of (7, s,t) and Lucas (r, s, t) numbers. For our work,
we need to recall a n x n circulant matrix and various norm on matrices and their
properties.

Let n > 2 be an integer. An n X n matrix C' = (¢;j) € Myxn(C) is called a

circulant matrix if it is of the form

Co C1 Cy ++ Cp—2 Cp—1
Cn—1 (&) Cl -+ Cp—3 Cp—2
C = Cp—2 Cp—1 €0 *** Cp—4 Cp-3
c c c3 -+ Cpe c
1 2 3 n—1 0 X
i.e.
D S = R
Cij = . .
Cn+j—i 5 J <t

and the circulant matrix C is denoted by C' = Clirc(cy,cy, ..., ¢p—1). Circulant
matrix was first proposed by Davis in [7]] This matrix has many interesting
properties, and it is one of the most important research subject in the field of the
computational and pure mathematics (see for example references given in Table
1).

For a m x n matrix A = (a;;) € Mpmxn(C), the spectral norm of A is given by

1/2
Il = (e ()

where \;(A*A) ’s are the eigenvalues of the matrix A*A and A* is the conjugate

of transpose of the matrix A. The Frobenius (or Euclidean) norm a m x n matrix

http://www. earthlinepublishers.com



Ezxplicit Euclidean Norm, Figenvalues, Spectral Norm and Determinant 137

A = (aij)mxn € Mpmxn(C) is as follows:

1/2

Al = [ DO lagl?

i=1 j=1
The following inequality holds for any matrix A = (aij)mxn € Mnxn(C) (see
Theorem 1 and Table 1]):

\f 1Al < lAlly < Al - (2.1)

It follows that
[Ally < Al < vl All, -

In literature there are other types of norms of matrices. The maximum column

sum matrix norm of n x n matrix A = (a;) is ||Al]; = 11£a<x >oieq laij| and the
maximum row sum matrix norm is | 4|, = = max Z; 1 laggl -

The maximum column length norm ¢;(.) and the maximum row length norm

r1(.) of an matrix of order m x n are defined as follows:

1/2

1/2
)= g (S ot = > ool

There is a relation between |.||,, ¢1(.) and 71(.) norms:

Lemma 2.1. For any matrices A = (aij)mxn € Mmxn(C) and B =
(bij)mxn € Mmxn(C), we have

[A o Blly < ri(A)ei(B)

and
Ao Blly < [[Ally IBll,

and
|A® Blly = [|All5 | B,

Earthline J. Math. Sci. Vol. 6 No. 1 (2021), 181-151
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where A o B is the Hadamard product which is defined by
A ® B is the Kronecker product which is defined by

A® B = (a;;B),

" o\ 1/2 N 5\ 1/2
and r1(A) = maxi<i<n <Zj:1 |ai;] ) , c1(B) = maxi<j<n (Z¢:1 |ij )

The Kronecker product is also sometimes called matrix direct product.

For more details on norm of matrices, see for example . In the following
Table 1, we present a few special study on the Frobenius norm, spectral norm,
maximum column length norm and maximum row length norm of circulant
(r-circulant, geometric circulant, semicirculant) matrices with the generalized
m-step Fibonacci sequences which require sum formulas of second powers of
numbers in m-step Fibonacci sequences (m = 2,3,4). For m-step Fibonacci

sequences, see, for example, .

Table 1. Papers on the norms.

Name of sequence Papers

second order] second order

Fibonacci, Lucas @
[

Pell, Pell-Lucas |

Jacobsthal, Jacobsthal-Lucas \ )
third order] third order]
Tribonacci, Tribonacci-Lucas | |
Padovan, Perrin \E \
fourth order] fourth order]
Tetranacci, Tetranacci-Lucas ﬂ%h

See also Polath for the spectral norms of k-circulant matrices with a type
of Catalan triangle numbers.

We need the following three lemmas for our calculations.

http://www. earthlinepublishers.com
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Lemma 2.2. [} [J] Let C = Circ(c,c1,...,cn—1) be a n x n circulant matriz.

Then the eigenvalues of C' are

Ai(C) = Zw_jkck (2.2)
and the corresponding eigenvectors are
vj = (17 w*j,waj’ w73j, -“7(")7(n71)j),11
where w = exp(2mi/n), i =v/—1,7=0,1,2,....,n — 1.

Note that (2.2) is equivalent to

n—1
Aj(C) =D wiPey, j=0,1,2,...,n—1
p=0
or
n—1
Am(C) :Zwmpcp, m=n,n—1,..,21
p=0
or
n—1
1i(C) :Zw”’cp, 7=0,1,...,n =1 (uj = A—j).
p=0

We have the determinants and inverses of nonsingular circulant matrices
[Bl:

Lemma 2.3. Determinant of a circulant matriz C' is

n—1 n—1 [n—1 n—1 [n—1
det(C) = H A(C) = H Zw_jpcp = H ijpcp
J=0 Jj=0 \p=0 j=0 \ p=0

and if C' is nonsingular circulant matriz then its inverse is
C~! = Circ(ag, ai, ..., an—1)

where

n

— -1 —
1 n—1 ik o 1n 1 L1y
= o (L) LY p12
k=0 Jj=0

—1
j=0

Earthline J. Math. Sci. Vol. 6 No. 1 (2021), 181-151
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or
n—1

1 -1
1 n . .
—— Jk —pjJ — _
ap nZ(Zw Wk> w  p=0,1,2,...,n—1.
= k=0
Lemma 2.4. Let A be a n X n matriz with eigenvalues A1, Ao, A3, ..., Ap.
Then, A is a normal matriz if and only if the eigenvalues of AA* are
AP, A2, [ Asl?, oo [An|? where A* is the conjugate of transpose of the matriz
A.

Next, we define circulant matrix with generalized (r, s,t) numbers entries.

Definition 2.5. A n x n circulant matrix with generalized (r,s,t) (generalized

Tribonacci) numbers entries is defined by

Wo Wy Wy o Wy o Wy
Wpae Wo Wio-oro Wiz Wio
Cn(W) = anQ anl WO T Wn74 an?) = CiT‘C(W(), Wl, vy Wn—l)-
441 We Wz - W1 Wy

nxn

(2.3)
We call this matrix as generalized Tribonacci (generalized (r,s,t)) circulant

matrix.

We consider two special cases of generalized Tribonacci (generalized
(r,s,t)) circulant matrix, namely (r,s,t)) circulant matrix: C,(G) =
Cire(Go,G1,...,Gn—1) and Lucas (r,s,t) circulant matrix:  Cp(H)
Circ(Hy, Hy, ..., H,—1).

We denote the sum of entries of C, (W) as S(Cp(W)).

Lemma 2.6. The sum of entries of Cp,(W) is

where ©1 and © are as in Theorem [1.9

http://www. earthlinepublishers.com
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Proof. From the definition of C,, (W), using Theorem we obtain

n—1 @1
S(Cn(W)):nZWi—n W+ZW —n( W+®>

=0

O]

Next, we present the maximum column sum matrix norm ||C,,(W)||; and the
maximum row sum matrix norm ||Cp,(W)||, of matrix C,(W) = (a;;) under

certain condition on the generalized Tribonaci sequence W,,.

Theorem 2.7. Suppose that W, > 0 for all the nonnegative integers p. Then we

have the following formula:

©1

1C, W)l = 1IC(W) |l = —Wa + — 5

Proof. From the definition of the matrix C, (W) = (ai;) we can write

ICaW)ll = fggggljijlcu;!—— max {as;| + [ay] +las;| + v + lang]}

= |a1n| + |agn| + lagn| + ... + |ann]
= Wi+ Wh o+ ..+ Ws+Wo+ W14+ Wy

= Wut) Wi
I
= W, + 2t
MG
Similarly, we have
O
[Ca (Wl = =W +

O]

The following theorem gives the Euclidean (Frobenius) norm of circulant
matrix Cy, ().

Earthline J. Math. Sci. Vol. 6 No. 1 (2021), 181-151
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Theorem 2.8. The Euclidean norm of circulant matriz Cp (W) is:

ICa (W) = \/n (wg-wz+ )

where A and Ay are as in Theorem [1.3,

Proof. From the definition of the Euclidean norm of a matrix, using Theorem

we obtain

n—1 n

A

Al = = - wit o ow ) < (- wit o 1),
i=0 i=1

It follows that

ICu (W) = \/n (wg-wz+ 3.

The following theorem gives us the eigenvalues of the matrix in (2.3)).

Theorem 2.9. The eigenvalues of Cp, (W) are
0;
rw=I 4 sw™ 4 tw3 — 1
where (IDj = (Wn — W()) - (—Wn+1 +rW, + Wy — TWo)w_j + (Wn+2 —rWhy1 —
sWy, — Wo + Wi + sWo)w™ ¥, and

Aj(Cn(W)) =

w = exp(27mi/n),
i o= 0,1,2,3,..,n—1.
Proof. By using (1.6 or Theorem (by putting z = w™/), we obtain

A (Cn(W))
n—1
= wajka
k=0
= —w "W, + Z(w_j)ka
k=0
w AW, — I (T - D)Wy — w T (sw™H +rw — D)W,

~w Wy + w ™ (rw ™ = 1) Wi + (sw™ % +rw™ — )W

tw™3 + sw™ +rw=i — 1

http://www. earthlinepublishers.com
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By simplifying the last equality, we get

P
A(Cn(W) = rwJ +sw= +tw3 — 17

The following theorem presents the spectral norm of C,, ().

Theorem 2.10. Suppose that W, > 0 for all the nonnegative integers p. The
spectral norm of Cp, (W) is

Whtao—(r—=1)Wpi1 — (s+r—=1)W, =Wat+(r—1) Wi+ (s+r—1)W,

”CH(W)”Q: t+s+r—1
Proof. For j =0, we have
n—1 n—1
M(Cr(W)) =Y w kW, =Y "W,
p=0 p=0

Note that the matrix C, (W) is a normal matrix since
C,(W)*C,(W) = C,,(W)Cp (W)™

Now, using Lemma we see that

1/2
167, = (max Iy (Ca00E)

1<j<n

In the last equality, if we take j = 0, then A\ becomes the maximum eigenvalue
because

1/2 1/2
1627, = (e ISCUMIE) = (MalCuE, max Iy (Cal )P

1<j<n 1<j<n—1
and

n—1

n—1 n—1 n—1
L (G W] = 3w Wyl < 37 w97 Wyl = 3 Wyl = 3 Wy = Ao(Ca(IV))
=I= p=0 p=0 k=0 k=0

Hence

n—1
IC(W)ly = Ao(Ca(W))] = D Wy
p=0

Earthline J. Math. Sci. Vol. 6 No. 1 (2021), 181-151
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By applying Theorem (or from Theorem , we obtain

[Cr (W)l
Whto —(r—=D)Wyp1 —(s+r—1)W, = Wo+(r—1) Wi+ (s+7r—1)W)
t+s+r—1 ’

O

The following corollary presents the spectral norms of (r,s,t)) circulant
matrix: Cp(G) = Cire(Go, G, ...,Gn—1) and Lucas (r,s,t) circulant matrix:
Cn(H) = Circ(Ho, Hi, ..., Hy—1).

Corollary 2.11. Suppose that G, > 0 and H,, > 0 for all the nonnegative integers
p. The spectral norm of C,,(G) and C,(H) are

Gpnyo— (r—1)Gps1 — (s+r—-1)G, — 1

Ch(A)||, =
[Cn(G)lo e
and
(G (H), = Pnt2 = (r = DHnps = (s r— DHy +2r 45 -3
' i t+s+r—1
respectively.

Proof. Take W, = G,,, Go = 0,Gy = 1,Gy = r and W,, = H,, Hy = 3,H; =
r, Hy = 25 4+ r? in Theorem m O

The following corollary presents properties of the spectral norms of Hadamard
product and Kronecker product of C),(G) = Circ(Go, G1,...,Gn-1) and C,,(H) =
CiTC(H(), Hl, ceey Hn—l)

Corollary 2.12. Suppose that G, > 0 and H, > 0 for all the nonnegative integers
p. The spectral norm of Hadamard product of Cp(G) and C,(H) has the following

property:
T

(t+s+r—1)2
and the spectral norm of Kronecker product of Cy,(G) and Cy(H) has the following
property:

1Cu(G) o ()], <

T

ICu(€) @ Cult)la = s =1

http://www. earthlinepublishers.com
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where T = (Gpy2 — (r —1)Gpy1 — (s+r—1)Gp, — 1)(Hpy2 — (r — 1)Hpy1 — (s +
r—1)H, +2r+s—3).

Proof. Since [|Cr(G) 0 Cr(H) [y < [[Ca(G)ly |Cn(H )l and [[Cr(G) @ Cr(H )| =
1Ch(G)|l5 |Cr(H)||5 , the proof is trivial from Corollary O
Next, we present the determinant of C,,(W).

Theorem 2.13. The determinant of C,, (W) is given by

w1 (ReoyAEA )" (der/WERA )" ()"
s S (L) )

where
w = exp(2mi/n),
Al = Wn - WO>
Ay = —Wyp +rWy + W1 —rWp,

As = Wyppo — Wy — sW,, — Wo + rWh + sWy,

Proof. By considering identities

|
—

n

(x —yw™) =a" —y",

I
- o

S W

(. — yw™ + 2w~ )

_ <1_ (MW>_ <y+¢£ﬁ>+ <Z>n>

2z T

<
Il
o

and
(rw™ +sw™ +tw™ — 1) = (aw™ = 1)(Bw™ = 1)(w™ - 1),
we see that

n—1
H(rwij 5w ftw ™ —1) = (=1)"TNH, + (1 - H_,)t" —1).
j=0

Earthline J. Math. Sci. Vol. 6 No. 1 (2021), 181-151
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and
n—1 .
H (Wn —=Wo) = (—Wagr + Wy + Wi —rWo)w™
=0
+(Whio — Wyt — sWy — Wo 4 7Wy 4+ sWo)w ™)
0 Ay — VAT =AM A\ (Ao /AZ AN\ [As\"
== Al 1-— —_ + i
2A1 2A1 Al
w = exp(2mi/n),
D = (Wo—Wo) = (—Whpr +rWy + W1 — rWo)w*j
+(Wn+2 - TWn-i—l —sWy, — Wy +rW; + 8W0)Ld72j
and

Al = Wn - WO:
Ay = _Wn+1 + rWy + Wi — rWy,
As = Wyppo — Wy — sW,, — Wo + rWh + sWy,

From Theorem [2.10] we have

n—1
det(C,(W)) = ] A(Ca(W))

I <

=0
(rw=7 + sw=2 + tw=3 — 1)
-1
H?:o @

H?:_& (rw=J 4+ sw=2 4+ tw=37 — 1)

0

.
Il

2/\1 2A1

AT <1 B <A2—w/A§—4A1A3>n B <A2+\/A§—4A1A3>n N <A3

1

)

()" (H, + (1 - Ho)t" — 1)

which completes the proof.

O

Remark 2.14. Note that choosing suitable values on r,s,t and Wy = a, W1 =

b, Wy = ¢ (initial values) in Theorems lower and upper bounds

http://www. earthlinepublishers.com
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of the Euclidean norm, eigenvalues, the spectral norm and determinant of circulant

matrices for the special case of all third order sequences can be obtained.
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