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Abstract
In this paper we introduce a new subclass R*(p, g, v, 0, 8, ¢,7, ) of p-valent

functions with negative coefficient defined by Hadamard product associated
with a generalized differential operator. Radii of close-to-convexity,
starlikeness and convexity of the class R*(p, g, %, 0, 3, ¢,7, () are obtained.
Also, distortion theorem, growth theorem and coefficient inequalities are
established.

1 Introduction and Definitions

Let G be class of functions f(z) of the form

f(z)=z+ Z lyz" (1.1)
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which are holomorphic in the open unit disk A = {z € C: |z| < 1}.

For f(z) belongs to G, Opoola [6] (see also [11}[12]) has introduced the following

differential operator:
DYYf(2) = f(2)
Dglf(2) = (1+ (6 =7 = DOf(2) = 2(y = &) + 2(f'(2) = D} (f(2),  (1.2)
D31f(2) = D} (DS (=),
DY f(2) = D} (DAEY £ (2)), (1.3)
if f(z) is given by , then by and , we see that
DEf(z) =2+ 3 (L4 (w6 — 7 — 1)) 12", (1.4)
w=2

where 0 < ¢ <~v,(>0and h € Ny ={0,1,2,3,--- }.
Let T denote the subclass of G consisting of the form
f(z) =2z— i Lz, (1.5)
w=2
where [, > 0 and w € N. This class has introduced and studied by Silverman [9].
The Hadamard product of two power series
TG ST WS S o
w=2 w=2
and it is defined in T as follows:
(fxg) = f(2)xg(z) = f(2) = 2 - i b 2"
w=2

Let G, denote the class of functions of the form

f(z) =2+ i L2V (1.6)

w=1
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that are holomorphic and p-valent in |z| < 1.

Also let 7, denote the subclass of G, consisting of functions that can be

expressed as
f(z) =2P — Z lprw2P . (1.7)
w=1

The Hadamard product of two power series
(o ¢] o
f(Z) =2P - Z lp-i—wszrwa g(z) =2P - Z jp-i—prer
w=1 w=1

and it is defined in 7, as follows:

o
(fx9) = 1) % 9() = F(2) = 2= 3 ppudprw*".
w=1
From the above differential operator, the convolution of two power series f(z) and
g(z) is given by

o

DZZZ,p(f wg)(2) = p'aF — Z(l +p+w+o—v— 1)) lprwiprwz™, (1.8)

w=1
where p € N = {1,2,3,---}. Motivated by [2], [10], [7], we define a new subclass
R*(p,g,%, 0, B, 9,7, () of the class 7).

Definition 1.1. For 0 < ¢ <1, 0> 0and 0 < ¢ <4, 0< B < 1, (>0, we
let R*(p, g, %, 0, B, ®,7,() be subclass of the class T, consisting of functions of the
form ([1.7)) and satisfying the analytic criterion

" {zDggz,pwgy(z) . DY 9)"() ¢} - 2D (f+g)(2)
DY (f % 9)(2) DY (f % 9)(2) T DY (fx0)(2)
2 yh,y «q)!
z thjf’p(f 9)"(2) ~1l (.9
DY (f *9)(2)

The main purpose of this paper is to investigate some geometric properties of

the class R*(p, g, v, 0, B, ®,7, () such as the coefficient bounds, growth and radii
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of starlikeness, distortion properties, convexity and close to convexity for the class
R*(p.g, . 0, 8,6,7.C). 5], [9], [1], [, [, [B], study the univalent functions for

different classes.

2 Coefficient Inequalities

In the following theorem we obtain necessary and sufficient condition for a function
f(2) to be in the class R*(p, g, ¢, 0, B, ¢,7, (). We have the following lemma useful

for this work.

Lemma 2.1. [§] Let ¢ > 0 and v be any complex number. Then R(v) > ¢ if and
only if
=1+ <lv+1-v)

Lemma 2.2. [§] Let 0 >0, 0 <1 and § € R. Then
R(v) > oy — 1]+
if and only if
R (1/(1 + 0e') — gei‘g) > 1),
where v is a complex number.

Theorem 2.3. Let f(z) € 7T, be given by (L.7). Then f(z) €
R*(p, 9, 0,8,9,7,€) if and only if

S Ap+R) I+ @+w-1)81(1+9) = (e+ V) 1+ P+w+é—7 1) "lhrwiptw

w=1

<p'lp—vl (21)
The result is sharp for the function

p(p— ) +p"(p— 1o+ Bp" T (p— 1)2"(1 - o)
{p+E)1+(p+w-1)B(1+9)—(e+9)}
I+@+w+o—v—1){"ptw

f)=2-
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Proof. 1If f(z) € R*(p,g,%. 0,8, ¢,7,¢) and |z| = 1, then by Definition [1.1]

. {ZDZZp(f*g)’(z) 2Dgzp<f*g>"<z>_ ¢}> D8, (f +9)'(2)
~ Db )(2)
(

2DyY L (f *9)"(2) _1'

+
DY (f % 9)(2) DM (fg)(2)

é.¢p
g ¢Cp(f*g)(z)

Using Lemma [2.2] it is sufficient to show that

Dy, (F9)() | DL, (F *9)"(2) o
R 6Gp Y ) N ezg}z |
{< Dy (f % 9)(2) DY (f*9)(2) (1+ee%) —e (e

(D47, (F + 9) (21 + 0e) + 822D, (f #9)" ())(1 + 0e)
— 0e? DY (f * 9)()

DL (f*9)(2)

(2.2)
For convenience, let
A(2) = [2D}7 (F#9) (2)(1+0e™)+[82DlY (fx9)" (2)](140e™)—0e DY (f59)(2)

and
h:
B(z) = Dyl ,(f * 9)(2).
That is equation is equivalent to

*(5) 2

applying Lemma

’“g((;) —(sz)‘ < ]j+(1—w>‘

ENECHSSLG
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|A(2) + (1 = 9)B(2)| = |A(2) = (1 + 9)B(2)]-

Now,

|A(z) + (1= ¢)B(2)| =

[ph“zp S A ptwdé—y— 1)

w=1

(p+w)lptwiprw? ™| (1+ Qew) +

P -1 =) [+ (p+w+¢—y—1)¢]"
w=1

(p+w)(p+w—1)lprwiprw?

B(1+ 0e™) [p 2P — Zl—i— (p+w+o—y—1)¢)"

. +w
ptwptw??

oe”’+(1—1) [p”zp > l+p+wto—7y- 1)C]hlp+wjp+wz”+WI ‘

w=1

o0
= " P p" T 2P ge — Z [1+(p+w+<b—’y—1)§]h(p+w) (1+Qele)lp+wjp+wzp+w
w=1
o0

+p" (p—1)2PB(1406®) =D (14 (p+w+o—y— 1)) (p+w)(p+w—1)(1+0e”)

w=1

S

/Blp+wjp+wzp+w_pthgew+z[1+(p+w+¢_’7_1)4]hQewlp+wjp+wzp+w+pth_wpth
w=1

00

— ) L+ (p+w+é—v— D prwipro™

w=1

o0

= "=+ 1]+p" 2" 0e” [p—1]+p" ! (p—1) 27 B(1+06") =Y

(p+w)(1+0e™)

+B(p+w) (p+w—1)(1+0e™) —0e™+(1—1))

[1+<p+w+¢_'7_1)C]hlp+wjp+wzp+w] ‘ .
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Now with |z| =1

> p"p—p+1]+p" olp—1]+p" " (p—1)B(1+0) Z (p+w)[14B(p+w—1)](1+0)

—o+(1—-19)

l+(pt+w+¢—v-— 1)g]hlp+wjp+w] . (2.3)

Also,

|A(z) = (1+¢)B(2)| =

[ph“zp > +p+w+o—y-1)¢"

w=1
] [o¢]
(P + )lprudprw?” | (14 0¢”) + [P (p—1)2F = >[I+ (p+w+¢—y—1)¢]"
w=1

(p+w)(p+w—=Dlpswiprw?” ™| B(1+06) —

p"F = [+ (p+wt+é—y—1)¢)"
w=1

lerwijrw Zp_HU] i 1 + d}

o0
Pt — Z [1+(p+w+o—y—1)(] lp+wjp+wzp+w”

(o)
PP+ p 2P e = (14 (pw+p—y— 1)) (p+w) (1406 ) p g w2 T
w=1
oo

+p" (p—1)2PB(1+0e®) = D [+ (p+w+o—7—1){ " (p+w)(p+w—1)(1+e”)

w=1

o
Blprwiprw? T —p" 2P 0+ " [1+(ptw+d—y—1)¢1" 06 Lyt pw 2T —p" 2P —app" 2

w=1

- (1 - d}) Z[l + (p +w+ ¢ -7 1)<]hlp+wjp+wzp+w

w=1

o

= |p" 2P [p—p—1]+p" 2P 0e” [p—1]+p" ! (p—1)2P B(1+0¢”) = Y | (p+w)(1+0€)

+B(p+w) (p+w—1)(1+0e™) —0e™ — (1+))

[1+<p+w+¢_'7_1)C]hlp+wjp+wzp+w] ‘ .
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Now with |z| =1

< P p+1-pl+p" olp— 149" (p—1)B(1+0)+ D

w=1

l+(+w+od—7-— 1)<]hlp+wjp+w] . (24)

(p+w)[1+B(p+w—1)](140)

—(1+9)

It is easy to show that

[A(2)+(1=9)B(2) || A(2) —(1+4)B(2)| = 2p" [p—¢] =2 Y _ | (p+w)[1+B(p+w—1)]
w=1

(1+o0) —(e+9)

[1 + (p +w+ ¢ -7 1)C]hlp+wjp+w] > 0

w=1

(p+w)[1+B(p+w—1)](1+0)—(0+¥)

[1+(p+w+¢_7_1)C]hlp+wjp+w]

D [ +w)[1+B(p+w=1))(1+0)— (0+7)

w=1

[1+(p+w+¢_'7_ 1)<]hlp+wjp+w]

<p'lp—vl.
Conversely, suppose the inequality . holds, we need to show that

[ (2D52,(F % 9) (2))(1+ e”) + (B2 DG (f * 9) (2))(1 + 0¢™)
B 9610D¢<p(f *g)(2)

§R 9y
Di2pF *)(2) -

[ (250, (f *9)(2)](1+ o) + (B2 D7, (f % 9)"(2)](1 + ge™)
o —0e®Dp7 (f % 9)(z) = ¢DET (f * 9)(2) -

DY (f +9)(2)
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Since |e?| = 1, hence R(e?) < |e?| = 1, letting |z| — 17! yields, we let H =
L+@+wto—y-1)C"

p(p— ) +p"p— 1o+ Bp" p—1)(1 = 0) = Xovy Hlprwiptw

(p+w)[1+Bp+w—1)](1+0) —(o+v)

> 0,

ph - Zf;:l Hlp-‘rwjp—i-w
(2.5)

then we have

Y Hlprwjpro | (p+w)[1+B(p+w—1))(1+0) ~ (o+¢) | < p"(p—v)+p"p—1]0

w=1

+ 8p"H(p— 1)2P (1 — o)

o M=)+ =1+ 8" (p—1)2P(1 - o)
f#) == S+ ptwt+o—y—1)¢" 20

(p+w)[1+B8p+w—-1]1+0) —(e+)

jp—i—w

which completes the proof. O

Corollary 2.4. Let f(z) € R*(p,9,%, 0, 8,%,7,(). Then

p"(p— )+ p"p— 1o+ Bp" T (p—1)2P(1 — o)

lerw <

I+ @+w+o—y=1)7"(p+w[l+Bp+w-1](1+0) — (0+¥)|jptw

Taking 8 = 0 in Theorem [2.3] we have the following corollary.

Corollary 2.5. Let f(z) € T,. Then f(z) € R*(p,9,v, 0, 8,9,7,C) if and only if

S H{p+R)(A+¥) = e+ )1+ p+w+¢—v—1)" <p'p—¢].

Earthline J. Math. Sci. Vol. 6 No. 1 (2021), 87-103
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3 Growth Theorem and Distortion Theorem

Theorem 3.1. If f(z) € R*(p, 9%, 0, 8,6,7,¢) and jpw > ja, then

"= v ) < ()]
[(p+ 1)1+ Bpl(1 4 0) — (0 + V[ + (p+ & —7)¢]"jpra -
<y ) ol
B [(p+ D)1+ 8pl(1+0) — (0 + VN1 + (p+ & — )¢ dpt1
and
ool (p+ Dp"(p = ¥) < 1F(2)]

[(p+ DL+ BpI(1+ 0) — (e + D)1+ (p+ ¢ — 7)1

(p+ Lp"(p — )
[(p+ D[+ Bp(1+0) = (e + DN+ (P + & = 7)) pta
The result is sharp for, (|z| =1r < 1)

<prPl 4 P

p"(p— 1)

f(z)=2P — T PPt

[(p+ D1+ 8pl(1+0) — (e + V)1 + (p+ ¢ —7)¢]"dps1

Proof. Since

a Z lp+wzp+w7
w=1
we have
FEN=12 = 3 o < [P+ 3 byl P <72 1Sl (31)

w=1 w=1 w=1

[(p+ D)L+ Bpl(1+0) = (e + V)L + P+ ¢ = 7)¢]"Jpr1
<p+w)l+Bp+w-1DI1+0) — (e+ )L+ m+w+¢—v— 1) jpruw
Using Theorem we have

[(p+ D1+ Bpl(1+0) = (e + DL+ 0+ & =V dpt1 Y lptu

2:1Hwh+leﬂﬂD+ﬂ@+w D](140)— (o+)][1+(pF+w+¢—7—1)¢T"jptw

<p'(p—v)
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that is
p"(p— )
;—:1 e = [(p+ DI+ Bpl(L+0) = (e + Y[+ (p+ & — )] Ip1

using the above equation in we have

z rP P'p—¢) rpHl
()] < T+ DA+ 0 - et O+ @t é—1 s
and
OIS Pp=v) .

[(p+ D)L+ Bpl(L+0) — (e + V)L + (p+ & — 7)) jp+1
The result is sharp for

£(:)] = 2 - P'p—v) -~
[(p+ D[+ Bpl(1+0) — (e + VN1 + (p+ &=V dpr1

Similarly, since

o0
fl(2) =p" ' = (p+ w)lpye? !
w=1
we have that
oo (o)
1F/(2)] = 1p2" " = (04 W)™ S PP+ (0 A )l 2PT
w=1 w=1
o0
<prP7l 4 (p+ )P Z lptw (3.2)
w=1

[(p+ D[+ Bpl(1+0) = (e + )L+ P+ & = 7)) dpsa
<[p+w)1+8p+w-1]1+0) = (e+ V1 +P+w+¢—7=1)"jprw
Using Theorem we have

[(p+ D1+ 8pl(1+0) = (0 + DL+ 0+ & =NV dpt1 Y lptu

E:zwmhﬁup+wﬂl+6@+w D] (140)—(o+¥))[1+(p+w+¢—7—1)¢] " jpsw

<p'(p—v)
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that is

= P"(p—v)
wzl e = [(p+ DI+ Bpl(L+0) = (e +D)[L+ (p+ & — )]Gt

using the above equation in

(p+1)p"(p— )

T DI+ Ao — (et DL+ ot é—NTjprs”

[f' () < prt™t +

and

(p+ Dp"(p— 1)
[(p+D[1+8p](1+0) — (e + V)14 (p+ ¢ —7)¢] Jps1

(p+L)p"(p— )
[(p+ 1)1+ Bpl(1+0) — (e + V)1 + (p + & —7)C]"dpr1

This completes the proof. ]

/()] > pr?~! - r?

rP.

[f'() = 1-

4 Radii of Univalent Starlikeness, Convexity and
Close to Convexity

Theorem 4.1. If f(z) € R*(p,g,v,0,5,0,7,(), then f(z) is starlike of order
0(0 <0< 1) in the disc |Z’ < Tl(p7ng7ga67¢7’77470—); where

r1(p, 9., 0,8, 9,7,¢,0) =

1-0)[(p+w)1+B(p+w-D)1+0) — (o+ )] T
1+ (@+w+o—v— 1) jptw
(p+w—a)[p"(p— ¥) + p'p — Lo + Bp1(p — 1)2¢(1 — o)) )

infptw

(4.1)
where p € N={1,2,3,---}.
Proof. 1t is sufficient to show that

2f'(2)
f(2)

—1‘§1—0 (0<o<1)
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for |Z’ < Tl(p7ga¢7gvﬁ7¢>’77gvo—)a we have

zf’(z) B _ z[pzp—l _ quozl (p + w)lp+wzp+w—1] L
f(Z) z[lel _ 2730:1 lp+wzp+w71]

_ paPt — Yooei @+ W)lpyp2P T )

- 2Pl =3 2Pt

_ PP ~L — S (p+ W)l PO — [P = 00 ] 2P

zp—1 ZZ’:l lp 2P Tl

_ pzp_l — Z?:l(p + w)lp+wzp+w_1 — Zp_l —+ Z?:l lp+wzp+w_1

B prl — Z'Z)Ozl lerprerfl

B (p — l)zp—l — Zz}":l(p +w — 1)lp+wzp+w—1

o 1 0 1 <l-o (42)
2P~ — szl lp+wzp+w_

if
i (p+w-— i’)lp+w|z|p+w_l <1
— 0

w=1

Hence by Theorem (4.2) will be true if

(P +w — 0)lpyuwlzfP!
1—0
[(p+w)1+8p+w—-1D](1+0) —(e+ D1+ @+w+¢—7—1){"jprw
p"(p — ) +p"[p — 1o + Bp" ™ (p — 1)2P(1 - 0)]

<

and hence
(1—0)[(p+w)[L+Bp+w—1)](1+0) — (0+)] T
2| < [1+(p+w+¢_7_1)dhjp+w
| (p+w—o)p(p ) +pp — o+ Bp"Tp — 1)2P(1 — 0)]

(4.3)

setting

12| = r1(p, 9,9, 0,8, 0,7.¢,0)
we get the desired result. O

Earthline J. Math. Sci. Vol. 6 No. 1 (2021), 87-103
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Theorem 4.2. If f(z) € R*(p,9,¢,0,8,¢,7,C), then f(z) is conver of order
U(O <o < 1) in the disc |Z| < T2(p?ga¢7gaﬁ’¢7’ya<:7o-); where

ro(p, 9,9, 0,8, 9,7,¢, 0) =
(1—0)[(p+w)[1+ B(p+w—1)](1+0) — (0 + )] pro1
L+ (p+w+é—7— 1) ip
(p+w)(p+w—o)pt(p—v)+ptp— 1o+ Bt (p —1)zP(1 — 0)]

in fptw

(4.4)
where p € N=1{1,2,3,---}.

Proof. 1t is sufficient to show that

) | e D S k0o w Dy
f'(2) p2P~t = 320 (P + w)lp 2P
1) =T _ P
P = w1 (P + W)lppw2?
then -
S @t )t w =Dl
<1-o.
1—0
w=1
Hence, by Theorem (4.5) will be
(p+w)(p+w—o)prul ™t 1
l-0o T et ot
(p+w)(p+w = O)prul L

l1—0
[(p+w)[1+Bp+w—D]1+0) — (0+V)][1+@+w+d—v—1){"jpiw
[p"(p — ) +pp — 1o+ Bp"*1(p — 1)2P(1 — o)]

and hence

(1—o)(p+w)l+Bp+w—1D)1+0) — (o+v) )t
L+ pt+wto—7=1)
[p"(p = ¥) + pp — Lo + Bp"1(p — 1)2r(1 - g)]

lz| < (4.6)
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setting
|Z| = T2(p7ga¢7 9, B? qbv’% C?O-)

we get the desired result. O

Theorem 4.3. If f(z) € R*(p,g,¢, 0,5, ¢,7,(), then f(z) is close to convez of
order (0 < o < 1) in the disc |z| < r3(p, 9,0, 0, B, d,7,(,0), where

r3(p7ga¢a Qvﬁagba’)/ag’o-) =
(1-0)(p+w)1+Bp+w—1)1+0) —(e+¢)] )7t
inf L+ @+w+é—7=D"jptw
PR (p+ w)[ph(p — ) + ph[p — Lo+ BpPH(p — 1)2r(1 — o)] ’

(4.7)
wherep € N={1,2,3,---}.
Proof. Tt is sufficient to show that
If'(z)—1]<1—-0 (0<0<1)

for |Z’ < T3(p,g,¢,@,ﬁ,¢,’y,(,0) we have

o
1F/(2) = 1] = |p2P ' =D (p+ w)lpyw2 T = 1| < plaP!
w=1
oo
= P+ w)lprwlzPTT 1< 1 -0, (4.8)
w=1
If .
Z (p + w)lp | 2P <1,
1—0
w=1
then by Theorem (4.8) will be true if
(b + Wyl

1—0o
[(p+w)[1+Bp+w—1D]1+0) —(0+V)]1+p+w+d—7—1){"jprw
[p"(p — ) +pp — 1o+ Bp"*1(p — 1)2P(1 — 0)]
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and hence
1
[(p+w)1+Bp+w—1]1+0)—(o+)] pFw=
’Z’< [1+(p+w+¢_7_1>dhjp+w (49)
| e+ w)p(p - ) +pp — Lo+ BphTH(p — 1)2P(1 - o]
setting
|Z’ = 7“3(17,971% Q757¢>’77C70—)

we get the desired result. The proof is complete. ]

Remark 4.4. If we put p = 1 in Theorems and we obtain the
corresponding result studied by Godwin and Opoola [7].
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