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Abstract 

In this paper, we propose the notion of fuzzy multigroups under t-norms. Some properties 

of them are explored and some related results are obtained. Also inverse, product, 

intersection and sum of them will be defined and investigated properties of them. Finally 

under group homomorphisms, image and pre image of them will be introduced and 

investigated. 

1. Introduction 

Classical set theory is a basic concept used to represent various situations in 

mathematical notations where repeated occurrences of elements are not allowed. This 

theory was formulated by a German Mathematician George Ferdinand Ludwig Cantor 

(1845-1918). Cantor defined a set as a collection into a whole, of definite, well-

distinguished objects (called elements) of our intuition or of our thought. For a set, the 

order of succession of its elements is ignored and the elements shall not be allowed to 

appear more than once. Mathematics requires that all mathematical notions including 

sets must be exact. The issue of vagueness or imperfection knowledge has been a 

problem for a long time for philosophers, mathematicians, logicians and computer 

scientists, particularly in the area of artificial intelligence. Multiset in particular is 

necessary because in various circumstances repetition of elements become mandatory to 
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the system, for example considering a graph with loops in chemical bonding, molecules 

of a substance, repeated roots of polynomial equations in mathematics, repeated readings 

in volumetric analysis experiment, repeated observations in statistical samples and so on. 

Taking these facts into consideration, the term multiset as (Knuth, 1981) noted was first 

suggested by De Bruijin in 1970 in one of their private communications. The 

development of multiset theory is in fact, one small part of the remarkable proliferation 

of non-classical or non-standard set theory. A multiset (mset), which is a generalization 

of classical or standard (Cantorian) set, is a set where an element can occur more than 

once. Fuzzy set is a mathematical model of vague qualitative or quantitative data, 

frequently generated by means of the natural language. The model is based on the 

generalization of the classical concepts of set and its characteristic function. The concept 

of fuzzy sets proposed by L. A. Zadeh [34] is a mathematical tool for representing vague 

concepts. The idea of fuzzy multisets was conceived by Yager [33] as the generalization 

of fuzzy sets in multisets framework. For some details on fuzzy multisets see [3, 6, 31]. 

Recently, by Shinoj et al. [28], the concept of fuzzy multigroups was introduced as an 

application of fuzzy multisets to group theory, and some properties of fuzzy multigroups 

were presented. In fact, fuzzy multigroup is a generalization of fuzzy groups. The theory 

of fuzzy sets has grown stupendously over the years giving birth to fuzzy groups 

proposed by Rosenfeld [27]. In mathematics, a t-norm (also T-norm or, unabbreviated, 

triangular norm) is a kind of binary operation used in the framework of probabilistic 

metric spaces and in multi-valued logic, specifically in fuzzy logic. A t-norm generalizes 

intersection in a lattice and conjunction in logic. The name triangular norm refers to the 

fact that in the framework of probabilistic metric spaces t-norms are used to generalize 

triangle inequality of ordinary metric spaces. The author by using norms, investigated 

some properties of fuzzy algebraic structures [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 

19, 20, 21, 22, 23, 24, 25, 26]. The study of fuzzy multigroup structure under t-norms is 

very natural. The organization of this paper is as follows: Section 2 provides some 

preliminaries of multisets, fuzzy multisets, sum of fuzzy multigroups. In Section 3, we 

introduce fuzzy multigroups under t-norms and investigate some properties and results 

about them. In Section 4, we define inverse, product, intersection and sum of two fuzzy 

multigroups under t-norms and we relationship between them and obtain some results. In 

Section 5, we define group homomorphisms on fuzzy multigroups under t-norms and we 

prove that image and pre image of fuzzy multigroups under t-norms is also fuzzy 

multigroups under t-norms. 
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2. Preliminaries 

Definition 2.1 ([29]). Let { }...,...,,, 21 nxxxX =  be a set. A multiset A over X is a 

cardinal-valued function, that is, N→XCA :  such that ( )ADomx ∈  implies ( )xA  is a 

cardinal and ( ) ( ) ,0>= xCxA A  where ( ),xCA  denotes the number of times an object x 

occur in A. Whenever ( ) ,0=xCA  implies ( ).ADomx ∉  The set X is called the ground 

or generic set of the class of all multisets (for short, msets) containing objects from X. 

A multiset [ ]cccbbaaA ,,,,,,=  can be represented as [ ] 3,2,2,, cbaA =  or 

[ ]322
,, cbaA =  or .

3
,

2
,

2 





 cba

 Different forms of representing multiset exist other 

than this. See [10, 20, 30] for details. We denote the set of all multisets by ( ).XMS  

Definition 2.2 ([30]). Let A and B be two multisets over X. Then A is called a 

submultiset of B written as BA ⊆  if ( ) ( )xCxC BA ≤  for all .Xx ∈  Also, if BA ⊆  

and ,BA ≠  then A is called a proper submultiset of B and denoted as .BA ⊂  Note that 

a multiset is called the parent in relation to its submultiset. Also two multisets A and B 

over X are comparable to each other if BA ⊆  or .AB ⊆  

Definition 2.3 ([6]). Let X be a set. A fuzzy multiset A of X is characterized by a 

count membership function  

[ ]1,0: →XCM A  

of which the value is a multiset of the unit interval [ ].1,0=I  That is, 

( ) { } ,...,...,,,
21

XxxCM
n

A ∈∀µµµ=  

where [ ]1,0...,...,,,
21 ∈µµµ n  such that 

( ).......
21 ≥µ≥≥µ≥µ n  

Whenever the fuzzy multiset is finite, we write 

( ) { },...,,,
21 n

A xCM µµµ=  

where [ ]1,0...,,,
21 ∈µµµ n  such that 

( ),...
21 nµ≥≥µ≥µ  
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or simply 

( ) { },i
A xCM µ=  

for [ ]1,0∈µi  and ....,,2,1 ni =  

Now, a fuzzy multiset A is given as 

( )






 ∈= Xx

x

xCM
A A :  or ( )( ){ }.:, XxxxCMA A ∈=  

The set of all fuzzy multisets is depicted by ( ).XFMS  

Example 2.4. Assume that { }cbaX ,,=  is a set. Then for ( ) { }4.0,5.0,1=aCM A  

and ( ) { }6.0,9.0=bCM A  and ( ) { }0=cCM A  we get that A is a fuzzy multiset of X 

written as 

.
6.0,9.0

,
4.0,5.0,1







=

ba
A  

Definition 2.5 ([6]). Let ( )., XFMSBA ∈  Then A is called a fuzzy submultiset of B 

written as BA ⊆  if ( ) ( )xCMxCM BA ≤  for all .Xx ∈  Also, if BA ⊆  and ,BA ≠  

then A is called a proper fuzzy submultiset of B and denoted as .BA ⊂  

Definition 2.6 ([2]). Let ( )., XFMSBA ∈  Then the sum of A and B denoted as 

,BA +  is defined by the addition operation in [ ]1,0×X  for crisp multiset. That is, 

( ) ( ) ( )xCMxCMxCM BABA +=+  

for all .Xx ∈  The meaning of the addition operation here is not as in the case of crisp 

multiset. 

Example 2.7. Assume that { }cbaX ,,=  is a set and ( )XFMSBA ∈,  such that 







=

cba
A

2.0,7.0,9.0
,

3.0,6.0,9.0
,

4.0,5.0,1
 

and 

.
1.0,3.0

,
8.0,1

,
3.0,8.0,9.0







=

cba
B  
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Then 

.
1.0,2.0,3.0,7.0,9.0

,
3.0,6.0,8.0,9.0,1

,
3.0,4.0,5.0,8.0,9.0,1







=+

cba
BA  

Definition 2.8 ([4]). A group is a non-empty set G on which there is a binary 

operation ( ) abba →,  such that 

(1) if a and b belong to G, then ab is also in G (closure), 

(2) ( ) ( )cabbca =  for all Gcba ∈,,  (associativity), 

(3) there is an element Ge ∈  such that aeaae ==  for all Ga ∈  (identity), 

(4) if ,Ga ∈  then there is an element Ga ∈−1  such that eaaaa == −− 11  

(inverse). 

One can easily check that this implies the unicity of the identity and of the inverse. A 

group G is called abelian if the binary operation is commutative, i.e., baab =  for all 

., Gba ∈   

Remark 2.9. There are two standard notations for the binary group operation: either 

the additive notation, that is ( ) baba +→,  in which case the identity is denoted by 0, 

or the multiplicative notation, that is ( ) abba →,  for which the identity is denoted by e: 

Proposition 2.10 ([4]). Let G be a group. Let H be a non-empty subset of G. The 

following are equivalent: 

(1) H is a subgroup of G. 

(2) Hyx ∈,  implies Hxy ∈−1  for all ., yx  

Definition 2.11 ([1]). A t-norm T is a function [ ] [ ] [ ]1,01,01,0: →×T  having the 

following four properties: 

(T1) ( ) xxT =1,  (neutral element), 

(T2) ( ) ( )zxTyxT ,, ≤  if zy ≤  (monotonicity), 

(T3) ( ) ( )xyTyxT ,, =  (commutativity), 

(T4) ( )( ) ( )( )zyxTTzyTxT ,,,, =  (associativity), 

for all [ ].1,0,, ∈zyx  
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We say that T be idempotent if ( ) xxxT =,  for all [ ].1,0∈x  

It is clear that if 21 xx ≥  and ,21 yy ≥  then ( ) ( ).,, 2211 yxTyxT ≥  

Example 2.12. (1) Standard intersection t-norm ( ) { }.,min, yxyxTm =  

(2) Bounded sum t-norm ( ) { }.1,0max, −+= yxyxTb  

(3) algebraic product t-norm ( ) ., xyyxTp =  

(4) Drastic T-norm 

( )








=
=

=
.otherwise0

,1if

,1if

, yx

xy

yxTD  

(5) Nilpotent minimum t-norm 

( ) { }


 >+

=
.otherwise0

,1if,min
,

yxyx
yxTnM  

(6) Hamacher product t-norm 

( )







−+

==
=

.otherwise

,0if0

,
0

xyyx

xy

yx

yxTH  

The drastic t-norm is the pointwise smallest t-norm and the minimum is the 

pointwise largest t-norm: ( ) ( ) ( )yxTyxTyxTD ,,, min≤≤  for all [ ].1,0, ∈yx  

Lemma 2.13 ([1]). Let T be a t-norm. Then 

( ) ( )( ) ( ) ( )( ),,,,,,, zyTwxTTzwTyxTT =  

for all [ ].1,0,,, ∈zwyx  

3. Fuzzy Multigroups under t-norms 

Definition 3.1. Let ( ).GFMSA ∈  Then A is said to be a fuzzy multigroup of G under 

t-norm T if it satisfies the following two conditions: 

(1) ( ) ( ) ( )( ),, yCMxCMTxyCM AAA ≥  
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(2) ( ) ( ),
1

xCMxCM AA ≥−  

for all ., Gyx ∈  

The set of all fuzzy multisets of G under t-norm T is depicted by ( ).GTFMS  

Example 3.2. Let { }cbaeG ,,,=  be a Klein 4-group such that 

.,,, 222
ecbaabcbaccab ======  

Again, let 

.
5.0,7.0

,
6.0,8.0

,
5.0,7.0

,
9.0,1







=

cbae
A  

Then ( ).GFMSA ∈  Let T be a standard intersection t-norm as ( ) ( )yxTyxT m ,, =  

{ }yx,min=  for all [ ].1,0, ∈yx  Now 

( ) ( ) ( ) ( )( ) ,5.0,7.0,5.0,7.0 =≥== aCMeCMTaCMeaCM AAAA  

( ) ( ) ( ) ( )( ) ,6.0,8.0,6.0,8.0 =≥== bCMeCMTbCMebCM AAAA  

( ) ( ) ( ) ( )( ) ,5.0,7.0,5.0,7.0 =≥== cCMeCMTcCMecCM AAAA  

( ) ( ) ( ) ( )( ) ,5.0,7.0,5.0,7.0 =≥== bCMaCMTcCMabCM AAAA  

( ) ( ) ( ) ( )( ) ,6.0,8.0,6.0,8.0 =≥== cCMaCMTbCMacCM AAAA  

( ) ( ) ( ) ( )( ) ,5.0,7.0,5.0,7.0 =≥== cCMbCMTaCMbcCM AAAA  

( ) ( ) ( ) ( )( ) ,9.0,1,9.0,1 =≥== aCMaCMTeCMaaCM AAAA  

( ) ( ) ( ) ( )( ) ,9.0,1,9.0,1 =≥== bCMbCMTeCMbbCM AAAA  

( ) ( ) ( ) ( )( ) ,9.0,1,9.0,1 =≥== cCMcCMTeCMccCM AAAA  

( ) ( ) ( ) ( )( ) ,9.0,1,9.0,1 =≥== eCMeCMTeCMeeCM AAAA  

( ) ( ) 5.0,7.0
1 ==−

aCMaCM AA  and ( ) ( ) 6.0,8.0
1 ==−

bCMbCM AA  

( ) ( ) 5.0,7.0
1 ==−

cCMcCM AA  and ( ) ( ) .9.0,1
1 ==−

eCMeCM AA  

Thus ( ).GTFMSA ∈  
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Lemma 3.3. Let ( )GFMSA ∈  and G be a finite group and T be idempotent. If A 

satisfies condition (1) of Definition 3.1, then ( ).GTFMSA ∈  

Proof. Let ., exGx ≠∈  As G is finite, so x has finite order, say .1>n  Then 

ex
n =  and .

11 −− = n
xx  Now by using condition (1) repeatedly, we have that 

( ) ( ) ( )xxCMxCMxCM
n

A
n

AA
211 −−− ==  

( ( ) ( ))xCMxCMT A
n

A ,
2−≥  

( ( ) ( ) ( ))
������ ������� ��

n

AAA xCMxCMxCMT ...,,,≥  

( ).xCM A=  

Thus ( ).GTFMSA ∈  □ 

Theorem 3.4. Let ( ).GTFMSA ∈  If T be idempotent, then for all ,Gx ∈  and 

,1≥n  

(1) ( ) ( );xCMeCM AA ≥  

(2) ( ) ( );xCMxCM A
n

A ≥  

(3) ( ) ( ).1−= xCMxCM AA  

Proof. Let Gx ∈  and .1≥n  

(1) 

( ) ( ) ( ( ) ( ))11
,

−− ≥= xCMxCMTxxCMeCM AAAA  

( ( ) ( )) ( )., xCMxCMxCMT AAA =≥  

  (2) 

( ) ( ) ( ( ) ( ) ( )) ( )....,,,... xCMxCMxCMxCMTxxxCMxCM A

n

AAA

n

A
n

A =≥=
������ ������� �������

 

(3) ( ) (( )) ( ) ( ).111
xCMxCMxCMxCM AAAA ≥≥= −−−  Then ( ) =xCM A  

( ).1−
xCM A  □ 
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Corollary 3.5. Let T be an idempotent t-norm. Then ( )GTFMSA ∈  if and only if  

( ) ( ( ) ( ))yCMxCMTxyCM AAA ,
1 ≥−  

for all ., Gyx ∈  

Proof. Let ., Gyx ∈  If ( ),GTFMSA ∈  then 

( ) ( ( ) ( )) ( ( ) ( )).,,
11

yCMxCMTyCMxCMTxyCM AAAAA ≥≥ −−  

Conversely, let ( ) ( ( ) ( ))yCMxCMTxyCM AAA ,
1 ≥−  for all ., Gyx ∈  Then 

( ) ( ) ( ( ) ( ))xCMeCMTexCMxCM AAAA ,
11 ≥≥ −−  

( ( ) ( )) ( )., xCMxCMxCMT AAA =≥  (Theorem 3.4 (part 1)) 

Also 

( ) ( ( ) ) ( ( ) ( )) ( ( ) ( )).,,
111

yCMxCMTyCMxCMTyxCMxyCM AAAAAA ≥≥= −−−  

Then ( ).GTFMSA ∈  □ 

Proposition 3.6. Let ( )GTFMSA ∈  and .Gx ∈  If T be idempotent-norm, then 

( ) ( ) GyyCMxyCM AA ∈∀=  if and only if ( ) ( ).eCMxCM AA =  

Proof. Let ( ) ( ) .GyyCMxyCM AA ∈∀=  Then by letting ,ey =  we get that 

( ) ( ).eCMxCM AA =   

Conversely, suppose that ( ) ( ).eCMxCM AA =  By Theorem 3.4 we have that 

( ) ( )xyCMxCM AA ≥  and ( ) ( ).yCMxCM AA ≥  Now 

( ) ( ( ) ( )) ( ( ) ( ))yCMyCMTyCMxCMTxyCM AAAAA ,, ≥≥  

( ) ( ) ( ( ) ( ))xyCMxCMTxyxCMyCM AAAA ,
1 ≥== −  

( ( ) ( )) ( )., xyCMxyCMxyCMT AAA =≥  

Therefore ( ) ( ) .GyyCMxyCM AA ∈∀=  □ 

Proposition 3.7. Let ( )GTFMSA ∈  and T be idempotent t-norm and ( )1−
xyCM A  

( )eCM A=  for all ., Gyx ∈  Then ( ) ( ).yCMxCM AA =  
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Proof. Let ( ) ( )eCMxyCM AA =−1  for all ., Gyx ∈  Then 

( ) ( ) ( ( ) ( ))yCMxyCMTyxyCMxCM AAAA ,
11 −− ≥=  

( ( ) ( )) ( ( ) ( )) ( )yCMyCMyCMTyCMeCMT AAAAA =≥= ,,  

( ) ( ) ( ( ) ( ))11111
,

−−−−− ≥== xyCMxCMTxyxCMyCM AAAA  

( ( ) ( )) ( ) ( )xCMxCMeCMxCMT AAAA === −− 11
,  

and then ( ) ( ).yCMxCM AA =  

Proposition 3.8. Let ( )GTFMSA ∈  and ( ) ( )yCMxCM AA ≠  for all ., Gyx ∈  

Then ( ) ( ( ) ( ))., yCMxCMTxyCM AAA ≥  

Proof. Let ( ) ( )yCMxCM AA >  for all Gyx ∈,  and we get that ( ) >xCM A  

( )xyCM A  and then  

( ) ( ( ) ( ))yCMxCMTyCM AAA ,=  

and 

( ) ( ( ) ( ))., xyCMxCMTxyCM AAA =  

Now 

( ) ( ( ) ( )) ( )yCMyCMxCMTxyCM AAAA =≥ ,  

( ) ( ( ) ( ))xyCMxCMTxyxCM AAA ,
11 −− ≥=  

( ( ) ( )) ( )xyCMxyCMxCMT AAA == ,  

and then 

( ) ( ) ( ( ) ( ))., yCMxCMTyCMxyCM AAAA ==  □ 

Proposition 3.9. Let ( ).GTFMSA ∈  Then 

(1) ( ) ( ){ }eCMxCMGxA AA =∈=∗
:  is a subgroup of G. 

(2) ( ){ }0: >∈=∗ xCMGxA A  is a subgroup of G. 
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(3) If T be idempotent t-norm, then 

[ ] ( ){ }α≥∈=α
xCMGxA A:  

is a subgroup of G for all [ ].1,0∈α  

Proof. Let ., Gyx ∈  

(1) If ,,
∗∈ Ayx  then ( ) ( ) ( ).eCMyCMxCM AAA ==  Now 

( ) ( ( ) ( )) ( ( ) ( ))yCMxCMTyCMxCMTxyCM AAAAA ,,
11 ≥≥ −−  

( ( ) ( )) ( ) ( )11
,

−−=== yxxyCMeCMeCMeCMT AAAA  

( ( ) ( )) ( ( ) ( ) )11111
,,

−−−−− =≥ xyCMxyCMTyxCMxyCMT AAAA  

( ( ) ( )) ( ).,
111 −−− =≥ xyCMxyCMxyCMT AAA  

Thus ( ) ( )eCMxyCM AA =−1  and then .
1 ∗− ∈ Axy  Now as Proposition 2.10 we get that 

∗
A  is a subgroup of G. 

(2) Let ,, ∗∈ Ayx  then ( ) 0>xCM A  and ( ) .0>yCM A  Then 

( ) ( ( ) ( ))11
,

−− ≥ yCMxCMTxyCM AAA  

( ( ) ( )) ( ) 00,0, =>≥ TyCMxCMT AA  

and so ( ) 0
1 >−

xyCM A  and then .
1

∗
− ∈ Axy  Thus Proposition 2.10 give us that ∗A  is a 

subgroup of G. 

(3) Let [ ]
,,

α∈ Ayx  then ( ) α≥xCM A  and ( ) .α≥yCM A  Now 

( ) ( ( ) ( ))11
,

−− ≥ yCMxCMTxyCM AAA  

( ( ) ( )) ( ) α=αα≥≥ ,, TyCMxCMT AA  

and so [ ]α− ∈ Axy
1  and from Proposition 2.10 we get that [ ]α

A  is a subgroup of G. □ 
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4. Inverse, Product, Intersection and Sum of Fuzzy Multigroups under t-norms 

Definition 4.1. Let ( ).GTFMSA ∈  Then 1−
A  is called inverse of A and defined as 

( ) ( )1
1

−=− xCMxCM AA
 for all .Gx ∈  

Corollary 4.2. ( )GTFMSA ∈  if and only if ( ).1
GTFMSA ∈−  

Proof. Let ., Gyx ∈  If ( ),GTFMSA ∈  then 

(1) 

( ) ( ) ( )111
1

−−− ==− xyCMxyCMxyCM AAA
 

( ( ) ( ))11
,

−−≥ xCMyCMT AA  

( ( ) ( ))xCMyCMT
AA

11 , −−=  

( ( ) ( ))., 11 yCMxCMT
AA

−−=  

(2) 

( ) ( ) ( ) ( ).11
1111

xCMxCMxCMxCM
AAAA

−− =≥= −−−−  

Thus ( ).1
GTFMSA ∈−  

Conversely, let ( ).1
GTFMSA ∈−  Then 

(1) 

( ) (( ) ) (( ) )111
1

−−−
−== xyCMxyCMxyCM

AAA  

( ) ( ( ) ( ))1111
111 , −−−−

−−− ≥= xCMyCMTxyCM
AAA

 

( ( ) ( )) ( ( ) ( )).,, yCMxCMTxCMyCMT AAAA ==  

(2) 

( ) ( ) ( ) ( ) ( ).1111
111 xCMxCMxCMxCMxCM AAAAA =≥== −−−−

−−−  

Therefore ( ).GTFMSA ∈  
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Definition 4.3. Let ( )., GTFMSBA ∈  Then the product of A and B denoted as 

BA �  is governed by 

( ) ( ) ( )( )


 =

= =

.otherwise0

,if,sup yzxzCMyCMT
xCM

BAyzx
BA�  

Note that 

( ) ( ( ) ( )) ( ( ) ( )).,sup,sup 11
yCMxyCMTxyCMyCMTxCM BA

Gy
BA

Gy
BA

−

∈

−

∈
==�  

Definition 4.4. Let ( )., GTFMSBA ∈  Then the intersection of A and B denoted as 

BA ∩  is governed by 

( ) ( ( ) ( ))xCMxCMTxCM BABA ,=∩  

for all .Gx ∈  

Proposition 4.5. Let ( )., GTFMSBA ∈  Then ( ).GTFMSBA ∈∩  

Proof. Let ., Gyx ∈  

(1) 

( ) ( ( ) ( ))xyCMxyCMTxyCM BABA ,=∩  

( ( ( ) ( )) ( ( ) ( )))yCMxCMTyCMxCMTT BBAA ,,,≥  

( ( ( ) ( )) ( ( ) ( )))yCMyCMTxCMxCMTT BABA ,,,=  (Lemma 2.13) 

( ( ) ( ))., yCMxCMT BABA ∩∩=  

(2) 

( ) ( ( ) ( ))111 , −−− = xCMxCMTxCM BABA∩  

( ( ) ( )) ( )., xCMxCMxCMT BABA ∩=≥  

Therefore ( ).GTFMSBA ∈∩  

Corollary 4.6. Let { }....,,2,1 nIn =  If { } ( ).GTFMSIiA ni ⊆∈|  Then 

( ).GTFMSAA iIi n
∈= ∈∩  
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Proposition 4.7. Let ( )., GTFMSBA ∈  Then the following assertions hold: 

(1) ( ) .
11

AA =−−  

(2) If ,BA ⊆  then .11 −− ⊆ BA  

(3) ( ) .111 −−− = ABBA ��  

(4) ( ) .
111 −−− = BABA ∩∩  

Proof. Let .,, Gzyx ∈  Then 

(1) ( ) ( ) ( ) (( ) ) ( )xCMxCMxCMxCM AAAA
=== −−−

−−−
111

111  and so ( ) .
11

AA =−−  

(2) As BA ⊆  so ( ) ( )11 −− ≤ xCMxCM BA  and then 

( ) ( ) ( ) ( ).11
11

xCMxCMxCMxCM
BBAA

−− =≤= −−  

Thus .11 −− ⊆ BA  

(3) 

( ) ( ) ( )( )1
1

−=− xCMxCM BABA ��
 

( ( ) ( ))11 ,sup
111

−−

= −−−
= zCMyCMT BA

zyx

 

( )
( ( ) ( ))11 ,sup

11

−−

= −−
= zCMyCMT BA

zyx

 

( )
( ( ) ( ))11 ,sup

11

−−

= −−
= yCMzCMT AB

zyx

 

( ( ) ( ))yCMzCMT
AB

zyx
11 ,sup −−

=
=  

( )( ).11 xCM
AB

−−=
�

 

Then ( ) .
111 −−− = ABBA ��  
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(4) 

( ) ( ) ( )( )1
1

−=− xCMxCM BABA ∩∩
 

( ( ) ( ))11
,

−−= xCMxCMT BA  

( ( ) ( ))xCMxCMT
BA 11 , −−=  

( )( ).11 xCM
BA −−=
∩

 

Thus ( ) .
111 −−− = BABA ∩∩  

Proposition 4.8. ( )GTFMSA ∈  if and only if A satisfies the following conditions: 

(1) ,AAA ⊆�  

(2) .
1

AA =−  

Proof. Let Gzyx ∈,,  such that .yzx =  If ( ),GTFMSA ∈  then 

(1) 

( ) ( ) ( ( ) ( )) ( ) ( )xAAzCMyCMTyzCMxCM AAAA �=≥= ,  

so .AAA ⊆�  

(2) ( ) ( ) ( )xCMxCMxCM AAA
== −

−
1

1  and then .1
AA =−  

Conversely, let .Gx ∈  As AAA ⊆�  so 

( ) ( ) ( ) ( )xCMxCMyzCM AAAA �≥=  

( ( ) ( ))zCMyCMT AA
yzx

,sup
=

=  

( ( ) ( ))., zCMyCMT AA≥  

Also since AA =−1  so ( ) ( ) ( ).1
1

xCMxCMxCM AAA == −
−  

Therefore ( ).GTFMSA ∈  

Proposition 4.9. Let ( )., GTFMSBA ∈  Then ( ) ( )GTFMSBA ∈�  if and only if 

.ABBA �� =  
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Proof. Let ( ),, GTFMSBA ∈  then from Proposition 4.8 we get that AAA ⊆�  and 

BBB ⊆�  and AA =−1  and .1
BB =−  

If ( ) ( ),GTFMSBA ∈�  then from Proposition 4.7 and Proposition 4.8 we get that 

( ) .
111

BABAABAB ���� === −−−  

Conversely, let .ABBA �� =  As 

(1) 

( ) ( ) ( ) BABABABA ������ =  

( ) BBAA ���=  

( ) ( )BBAA ���=  

BA �⊆  

(2) 

( ) BAABABBA ���� === −−− 111
 

so Proposition 4.8 gives us that ( ) ( ).GTFMSBA ∈�  

Proposition 4.10. Let ( )GTFMSBA ∈,  and T be idempotent t-norm. Then 

BAA �⊆  if and only if ( ) ( ).eCMeCM BA ≤  

Proof. Let Gzyx ∈,,  and ( ) ( ).eCMeCM BA ≤  Then 

( )( ) ( ) ( )( )zCMyCMTxCM BA
yzx

BA ,sup
=

=�  

( ) ( )( )eCMxCMT BA
xex

,sup
=

≥  

( ) ( )( )eCMxCMT BA ,≥  

( ) ( )( )eCMxCMT AA ,≥  

( ) ( )( )xCMxCMT AA ,≥  

( )xCM A=  

and so ( )( ) ( )xCMxCM ABA ≥�  and then .BAA �⊆  
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Conversely, let .BAA �⊆  If ( ) ( ),eCMeCM BA >  then we will have 

( )( ) ( ( ) ( ))1,sup
1

−

= −
= xCMxCMTeCM BA

xxe

BA�  

( ) ( )( )eCMeCMT BA ,≤  

( ) ( )( )eCMeCMT AA ,≤  

( )eCM A=  

and we get that ABA ⊂�  and this is a contradiction. Therefore ( ) ( ).eCMeCM BA ≤  □ 

Proposition 4.11. Let ( )GTFMSBA ∈,  and ( ) ( )eCMeCM BA =  and T be 

idempotent t-norm. Then BAA �⊆  and .BAB �⊆  

Proof. Let Gzyx ∈,,  and ( ) ( ).eCMeCM BA =  Then 

( )( ) ( ) ( )( )zCMyCMTxCM BA
yzx

BA ,sup
=

=�  

( ) ( )( )eCMxCMT BA ,≥  

( ) ( )( )eCMxCMT AA ,=  

( ) ( )( ) ( )xCMxCMxCMT AAA =≥ ,  

and then ( )( ) ( )xCMxCM ABA ≥�  that is .BAA �⊆  

Also 

( )( ) ( ( ) ( ))zCMyCMTxCM BA
yzx

BA ,sup
=

=�  

( ) ( )( )xCMeCMT BA ,≥  

( ) ( )( )xCMeCMT BB ,=  

( ) ( )( ) ( )xCMxCMxCMT BBB =≥ ,  

therefore ( )( ) ( )xCMxCM BBA ≥�  and so .BAB �⊆  

Proposition 4.12. Let ( )GTFMSBA ∈,  and ( ) ( )eCMeCM BA =  and T be 

idempotent t-norm. If ( ),GTFMSBA ∈�  then BA �  is generated by A and B. 
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Proof. Suppose that ( ).GTFMSBA ∈�  Then we show that BA �  is the smallest 

containing A and B. As Proposition 4.11 we get that BAA �⊆  and .BAB �⊆  Let 

( )GTFMSC ∈  such that CBA ⊆,  and .,, Gzyx ∈  Then 

( )( ) ( ) ( )( )zCMyCMTxCM BA
yzx

BA ,sup
=

=�  

( ) ( )( )zCMyCMT CC
yzx

,sup
=

≤  

( )( ) ( )xCxCM CC == �  

and then .CBA ⊆�  Thus BA �  is generated by A and B. □ 

Proposition 4.13. Let ( )., GTFMSBA ∈  Then ( ).GTFMSBA ∈+  

Proof. Let ., Gyx ∈  Then 

(1) 

( )( ) ( ) ( )xyCMxyCMxyCM BABA +=+  

( ) ( )( ) ( ) ( )( )yCMxCMTyCMxCMT BBAA ,, +≥  

( ) ( ) ( ) ( )( )yCMyCMxCMxCMT BABA ++= ,  

( ) ( )( )., yCMxCMT BABA ++=  

(2) 

( )( ) ( ) ( )111 −−−
+ += xCMxCMxCM BABA  

( ) ( )xCMxCM BA +≥  

( )( ).xCM BA+=  

Thus ( ).GTFMSBA ∈+  

Remark 4.14. Let { } ( ).GTFMSA
Iii ∈∈  Then ( )∑ ∈ ∈

Ii i GTFMSA .  

5. Group Homomorphisms and Fuzzy Multigroups under t-norms 

Definition 5.1. Let G and H be groups and HGf →:  be a homomorphism. Let 
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( )GFMSA ∈  and ( ).HFMSB ∈  Define ( ) ( )HFMSAf ∈  and ( ) ( )GFMSBf ∈−1  as 

( )( ) ( ( ) )( ) ( ) ( ){ } ( )


 ∅≠=∈|==

−

otherwise0

if,sup
1

hfhgfGggCM
hCMhCMf A

AfA  

and 

( )( ) ( )( ) ( )( )gfCMgCMgCMf BBfB == −
−

1
1  

for all .Gg ∈  

Proposition 5.2. Let G and H be groups and HGf →:  be an epimorphism. If 

( ),GTFMSA ∈  then ( ) ( ).HTFMSAf ∈  

Proof. Let Hvu ∈,  and Gyx ∈,  such that ( )xfu =  and ( ),yfv =  then 

( )( ) ( ) ( ) ( ){ }yfvxfuxyCMuvCMf AA ==|= ,sup  

( ) ( )( ) ( ) ( ){ }yfvxfuyCMxCMT AA ==|≥ ,,sup  

( ) ( ){ } ( ) ( ){ }( )yfvyCMxfuxCMT AA =|=|= sup,sup  

( )( ) ( )( )( )., vCMfuCMfT AA=  

Also 

( )( ) { ( ) ( )}1111
sup

−−−− =|= xfuxCMuCMf AA  

{ ( ) ( )}xfuxCM A
111

sup
−−− =|=  

{ ( ) ( )} ( )( ).sup uCMfxfuxCM AA ==|≥  

Thus ( ) ( ).HTFMSAf ∈  □ 

Proposition 5.3. Let G and H be groups and HGf →:  be a homomorphism. If 

( ),HTFMSB ∈  then ( ) ( ).1
GTFMSBf ∈−  

Proof. Let ., Gyx ∈  Then 

( )( ) ( )( ) ( ) ( )( )yfxfCMxyfCMxyCMf BBB ==−1  
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( )( ) ( )( )( )yfCMxfCMT BB ,≥  

( ( )( ) ( )( )).,
11

yCMfxCMfT BB
−−=  

Also 

( )( ) ( ( )) ( ( ))xfCMxfCMxCMf BBB
1111 −−−− ==  

( )( ) ( )( ).1
xCMfxfCM BB

−=≥  

Therefore ( ) ( ).1
GTFMSBf ∈−  
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