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Abstract

In the present paper, we establish some differential subordination properties for analytic
functions defined in the open unit disk associated with the fractional integral by using
Wanas differential operator.

1. Introduction

Let H(U) denote the space of all analytic functions in the open unit disk U =

{zOC:|z|<1}. Assume that A, ={f OH(U), f(2) = 2+ ayq2" ' +---, 20U} with
Al = A

Given two functions f and g which are analytic in U, we say that fis subordinate to g,
written f < g or f(z) < g(z) (zOU), if there exists a Schwarz function w which is
analytic in U with w(0) =0 and |w(z)| <1 such that f(z) = g(w(z)), (zOU). In

particular, if the function g is univalent in U, then we have the following equivalent (see

[5]), f < g < f(0)=g(0) and f(U) O g(U).

Let @ C3xU - C and let h be univalent function in U. If p is analytic in U and

satisfies the (second-order) differential subordination
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W(p(2), 20'(2). 2°p"(2); 2) < h(z), (1.1)

then p is called a solution of the differential subordination. The univalent function ¢ is
called a dominant of the solutions of the differential subordination, or more simply

dominant if p < ¢ for all p satisfying (1.1).
Definition 1.1 [6]. For f U A. The Wanas differential operator is defined by
o
a” +n
Wap/ 9=0y Z( ] ’"{—B] ap2", (12)
2Lm=1 a” +p"
n= m
where a OR, B =0 with a +B >0, m, 30N, = NU{0}.

Definition 1.2 [1]. The fractional integral of order N (A >0) is defined for a
function f by

D;)‘f(z)=r(1)\)jz AN (13)

0 (Z _ t)l—)\
where fis an analytic function in a simply-connected region of the z-plane containing the

t))\ -1

origin, and the multiplicity of (z — is removed by requiring log(z — ) to be real,

when (z = 1) > 0.

From Definition 1.1 and Definition 1.2, we conclude that

Ak S ey~ 1 1+A
Yo/ ()= v 15y

)
co k
M(n+1) [k) m+1[ o+ np" n+A
+ (-1) a,z- ", (1.4)
e P Ce
It is easily verified from (1.4) that

«(D —)\W Bf( 2) = [ + i(:;j(— 1)m+1[%)m]DZ->\Wk €+1f( )

m=1

+ [)\ - Zk:[:J(— 1)’”*1(%)’"}05 M1 (2). (1.5)

m=1
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To establish our main results, we require the following lemma.

Lemma 1.1 [5]. Let g be a convex function in U and let h(z) = g(z) + nyg'(z), for

z OU, where y >0 and n is a positive integer.

+1

If p(z) = g(0) + pnzn + pn+1zn +.--, for z O U, is analytic in U and
p(2) + vep'(z) < h(z),
for z OU, then
p(z) < g(2)
and this result is sharp.

Such type of study was carried out by various authors for another classes (see [2, 3,

4]).

2. Main Results

Theorem 2.1. Let g be a convex function such that g(0) =1 and let h be the

function h(z) = g(z) +z¢'(z), for zOU. If fOA satisfies the differential
subordination:

i g (e (2)]

DM £ (2)
el 0 ) >SS N
+ Z_?’M (DWELF(2) < h(z), @1

then

N(DWES ()

m =< (2).

Earthline J. Math. Sci. Vol. 3 No. 2 (2020), 199-205



202 Abbas Kareem Wanas

Proof. Suppose that

B
o(e) = AL(D; V:)\Bf( )). o)

Then p is analytic in U and p(0) = 1.

Differentiating both sides of (2.2) with respect to z and using the identity (1.5), we
have

p(z) + 2'(2)

(1- )\))‘{1 * anﬂ (:J - l)mﬂ[g)m} pwk 1

_ 0 wp (@)
] MHA - {1 + Z';zl(:lj (- 1)’"”5%)’"}} + Zl;q(:;j (- 1)'"“(%)’"} DPWER(2)
' z )I\L)\ (D_)\W Bf( )) -

In view of the subordination (2.1), we find from (2.3) that
p(z) + '(2) < h(z).

Making use of Lemma 1.1, yields p(z) < g(z). By (2.2), we obtain

Al(DA
(D; V:A Sr@) < elo)

This completes the proof of the theorem.

Theorem 2.2. Let g be a convex function such that g(0) =1 and let h be the
function h(z) = g(z) +z¢'(z), for zOU. If fOA satisfies the differential

subordination:
k m
AL+ 1+ ¢ [ j(—l)m”[“)
1 m=1\m B Aqprk, 5+
D."W_

ey T
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_(1+)\)!an=1[%)(‘ 1)’”“(3] (DAL | < h(2) 2.4)

Z

then

(1+ADMWEL 1 (2)
1+A < 8().
Z

Proof. Suppose that

1+ A DAWk
p(Z) _ ( ) zl+)\ a,ﬁf(z). 25)
Z

Then p is analytic in U and p(0) = 1.
Differentiating both sides of (2.5) with respect to z and the identity (1.5), we get

p(z) + 2p'(z)
7\(1+)\)!|:1+z;: ’]; (- 1)m*! a m}
l}\ _Zk (kjl(_ 1)’"*1(0()”!} Z:E\ j (B) D—)\Wk 5+1f( )
m=1\m B

) (DPWESF () |- 2.6)

From the subordination (2.4) and the equation (2.6), we deduce that
p(z) + zp'(2) < h(z).
Making use of Lemma 1.1, yields p(z) < g(z). By (2.5), we obtain the required result.

Theorem 2.3. Let g be a convex function such that g(0) =1 and let h be the
function h(z) = g(z) +z¢'(z), for zOU. If fOA satisfies the differential
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subordination:
Ak, 5+ '
AD; "Wy f(2))
e < h(2), @.7)
DZ W(;(:Bf(z)
then
—Ayyr k, 0+1
D "Wy f(2)
. 5(2):

Proof. Suppose that

(2.8)

Note that
| M) [ (* a” +np" |
L . © T+1) _1 m+l| O +np™ n+A
r(2 + )\) Z anz r(n +1+ )\) |:Zm:1 (mj( ) [ am + Bm J_ apz
k

1 1+A ® M(n+1) k [ o+ np" | n+A
r(2+)\)Z +Zn:2 r(n+1+)\) |:Zm:1(mj( 1) ( a™ +Bm | dnt

plz) =

1 o T(n+1) ko (kY e @™ +np™ )] n=1
~ F(2+)\)+Zn=2r(n+1+)\){zm=1£mj( 1 [q’"+[3m | “n’

LN F(n+1) ko (kY ymet[ 0" +np" n— .
e Do D) e |

Then p is analytic in U and p(0) = 1. A simple computation using (2.8) gives

«DWE R f (2 N

DWW s f(2)

D—)\Wk €+1f( )
DIW R (2)
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I

DIW R F() (D W 2T £(2)) = DI W R £ () (DM £ (2))
(D Wy Bf( 2))?

= p(2) + 2'(2).
In the light of (2.9), the subordination (2.7) can be written as
p(z) + '(2) < h(2).

Making use of Lemma 1.1, yields p(z) < g(z). By (2.8), we have

D Loy +1]£(2)
Pl

which completes the proof of the theorem.
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