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Abstract

In this paper, we introduce the notions of T-fuzzy ideal, T-fuzzy quasi ideal,
T-fuzzy bi-ideal, and T-fuzzy interior ideal. Some related properties are

obtained. in coupled I' semirings. Our work is inspired by [1].

1 Some New Notions and Notations
Remark 1.1. Throughout we make the following assumptions:
(a) M is an ordered I'-semiring as defined in [I].
(b) T is a triangular norm as defined in [I].
(¢) The triangular norm 7" is a combined translation as defined in [IJ.

(d) The imaginable property is as defined in [I], except p is a fuzzy subset of
M x M.

Definition 1.2. Let M be an ordered I'-semiring. A fuzzy subset u of M x M
will be called a T-fuzzy left (right) ideal, if it satisfies the following conditions for
all (x,m),(y,v) € M x M, and o € T

(a) p(x +y,m+v) >T(u(z,m), u(y,v));
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(b) plzay,mav) = p(y,v) [uz,m)];
(¢) If x <y and m < v, then pu(x,m) > u(y,v).

Definition 1.3. Let M be an ordered I'-semiring. If p is both a T-fuzzy right
and left ideal of M x M, then we say p is a T-fuzzy ideal of M x M.

Definition 1.4. Let M be an ordered I'-semiring, and p be a nonempty fuzzy
subset of M x M. We say u is a fuzzy left (right) ideal of M x M, if it satisfies
the following conditions for all (z,m), (y,v) € M x M and o € T

(@) p(z+y,m+v) = min{u(z,m), u(y,v)};
(b) plzay,mav) = u(y,v) [u(z,m)];
(¢) If x <y and m < v, then p(x,m) > u(y,v).

Definition 1.5. Let M be a nonempty set, and A be a nonempty subset of
M x M, we define the characteristic function of A by

Definition 1.6. Let M be an ordered I'-semiring, and (x,m) € M x M. By

Mz m) we mean the set
Mm)y ={(,2), (v,2") € M x M|z < yaz,m <vaz',a €T}

In particular, for any fuzzy subsets p and w of M x M, we define pow : M x M
[0,1] by

n €M T ! if M,
(M o w)(x, m) _ { SUD(y,2),(v,2) S (z,m) [:u(y7 U)v w(zv z )] 1 (z,m) 7& 0

0 otherwise.

Definition 1.7. Let M be an ordered I'-semiring, and A be a nonempty subset
of M x M.
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(a) We say A is a left(right) ideal of M x M, if A is closed under addition, and
(M x M)TAC A(AT(M x M) C A)

and for any (z,m) € M x M, (y,v) € A, x < y and m < v, implies
(x,m) € A.

(b) We say A is an ideal of M x M, if it is both a left and right ideal of M x M.

Definition 1.8. Let M be an ordered I'-semiring, and u,w be two fuzzy subsets
of M x M. We define

(n Aw)(z,m) = Tlp(z,m),w(x, m)]

and

(LNw)(z,m) = min{ﬂ(m7 m),w(z, m)}
for all (x,m) € M x M.

Definition 1.9. Let M be an ordered I'-semiring. A fuzzy subset p of M x M
will be called a T-fuzzy left (right) k-ideal of M x M if it satisfies the following
conditions for all (z,m), (y,v) € M x M, and o € T

(@) p(x +y,m+v) = Tlu(z,m), uly,v)l;
(b) plzay, mav) > p(y,v) [pl,m)];
(¢) If <y and m < v, then u(x,m) > u(y,v).

Definition 1.10. Let M be an ordered I'-semiring. If u is a T-fuzzy left k-ideal
and a T-fuzzy right k-ideal of M x M, then we say p is a T-fuzzy k-ideal of M x M.

Definition 1.11. Let p be a fuzzy subset of X x X, a € [0,1 —
sup{u(z,m)|(x,m) € X x X}, and b € [0,1]. The mapping

pl s X x X [0,1]
will be called a fuzzy translation of pu, if

W2 (2, m) = (e, m) + a.
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Definition 1.12. Let p be a fuzzy subset of X x X, a € [0,1 —
sup{u(z,m)|(x,m) € X x X}, and b € [0,1]. The mapping

pi s X x X+ [0,1]
will be called a fuzzy multiplication of u, if
T _
Ky (ar,m) - b:u’(xam)

Definition 1.13. Let u and 3 be fuzzy subsets of X x X. The cartesian product
of p and B will be defined as

(:u X ﬁ)(($am)a (yvv)) = T[M($am)aﬁ(yvv)]
for all ((w,m), (y,v)) € X2 x X2

Definition 1.14. Let M be an ordered I'-semiring, and p and S be T-fuzzy
k-ideals of M x M. We say p x 3 is a T fuzzy left (right) k-ideal of M? x M? if
the following holds for all ((x,m), (2, 2")), ((y,v), (w,w")) € M? x M?

(@) (uxp)[((z,m), (z,2)+((y,v), (w,w))] = Tu(z+y, m+v), Bz+w, 2’ +w')]

() (1 x B)((x,m), (2,2"))a((y,v), (w,w)] > T[(p x B)((y,v), (w,w")), (1 x
B)((x,m), (2,2))]

(¢) T (2, m), (,2')) < ((y,v), (w,w)), then
(1 B)((@,m), (2,2)) = (1 x B)((y,v), (w, w))

(d) (nx B)((z,m),(2,2) = Tl x B)((z + y,m + v), (2 + 5,2 +v)), (1 x
B)((y, v), (y,v))].

Definition 1.15. Let M be an ordered I' semiring. A fuzzy subset pu of M x M

will be called a T' fuzzy quasi ideal if it satisfies the following conditions

(a) p(x+y,m+v) > T[pu(z,m), u(y,v)));

(b) polpr Alpsop C u;
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(c) If <y and m < v, then u(x,m) > p(y,v) for all (z,m), (y,v) € M x M.

Definition 1.16. Let M be an ordered I'-semiring. A fuzzy subset p of M x M
will be called a fuzzy bi-ideal if the following holds

(@) p(x+y,m+v) > min{u(z,m), u(z,2)}

(0) p(xayBz,mavfz') > min{u(z, m), u(z,2')}

(¢) Tt <y and m < v, then pu(z,m) > pu(y,v)
for all (z,m), (y,v), (z,2') € M x M, a, 3 € T.

Definition 1.17. Let M be an ordered I'-semiring. A fuzzy subset pu of M x M
will be called a T-fuzzy bi-ideal if the following holds

(a) plz+y,m+v)>Tlu(z,m), u(z,2")]

(b) w(xayBz,mavpz’) = Tlu(x,m), u(z, 2')]

(¢c) If z < y and m < v, then p(z,m) > u(y,v)
for all (x,m), (y,v),(z,2") € M x M, o, € T.

Definition 1.18. Let M be an ordered I" semiring. A fuzzy subset p of M x M will
be called a fuzzy interior ideal if the following holds for all (x,m), (y,v), (z,2') €
M x M, and o, 8 €T.

() p(x+y,m+wv)=min{u(z,m),u(y,v)};
(b) p(zayBz, mavpz’) = p(y, v):;
(¢) If z <y and m < v, then u(x,m) > p(y,v).

Definition 1.19. Let M be an ordered I" semiring. A fuzzy subset p of M x M will
be called a T-fuzzy interior ideal if the following holds for all (z,m), (y,v), (z,2') €
M x M, and o, 8 €T.

(a) p(z+y,m+wv) =2 Tlu(,m), u(y,v)l.
(0) p(zaypBz, mavpBz') > p(y,v).

(¢) If x <y and m < w, then p(x,m) > u(y,v).
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2 Some Properties

Proposition 2.1. Let M be a I'-semiring. If p is a T-fuzzy right ideal of M x M,
T(u(x,m), p(x,m)) > p(x,m) for all (x,m) € M x M, and (a.b) € M x M, then
Iiap) is a right ideal of M x M where

Tiapy = {(c;d) € M x M|u(c,d) > p(a,b)}.

Proof. Let M be an ordered I'-semiring, and u be a T-fuzzy right ideal of M x M,
and T'(u(z,m), p(x,m)) > p(z,m) for all (x,m) € M x M. Then I, # 0, since
(a,b) € Iiqp). Let (z1,72), (Y1,y2) € I(ap), and a € T'. Then p(xq,z2) > p(a,b),
and p(y1,y2) > p(a,b). Thus,

(1, m2), (Y1, y2))
[1u(a,b), u(a,b)]
> p(a,b).

(1 +y1, 2 +y2) >

So (z1+y1, 22 +y2) € I(4p)- On the other hand
p(zrax, zoam) > p(z1, x2) > pla,b)

for all (z,m) € M x M. Hence (r1ax,v2am) € I(qp). Now let (z1,72) € I(4p),
Y1 < 21, and ya2 < xg. Then. p(x1,22) > p(a,bd), and p(yr,ye) < p(r1, ). Thus,

we have
1(y1,y2) > pr1, v2) > p(a,d).
So (y1,y2) € I(qp)- It now follows that I,y is a right ideal of M x M. O

Theorem 2.2. Let M be an ordered I'-semiring. Every fuzzy ideal of M x M s
a T-fuzzy ideal of M x M.

Proof. Let pu be a fuzzy ideal of M x M, (x,m), (y,v) € M x M, and « € T.

Observe

u(x +y,m+v) > min{p(z, m), u(y,v)}
= T(u(x,m), p(y, v)).
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Also
p(zay, mav) > max{u(z, m), u(y, v)}
> T(u(x,m), u(y, v)).
It follows that p is a T-fuzzy ideal of M x M. O

Theorem 2.3. Let M be an ordered I'-semiring, and p be a fuzzy subset of M x M .
Then w is a T-fuzzy left ideal of M x M iff u satisfies the following conditions

(a) Larxamropm Cp
() w(x+y,m+v) > Tlu(z,m), p(y,v)]
for all (x,m), (y,v) € M x M.

Proof. Let M be an ordered I'-semiring, (z,m) € M x M, and p be a T-fuzzy
ideal of M x M.

Case 1: If (Lprxas o p)(z,m) =0, then
(]lMXM O/,L)([If,?’ﬂ) =0 < M(xvm)
So Lyrxarop C p

Case 2: If (Larxar o p)(z,m) # 0, then there exists (y,v),(z,2") € M x M
such that z < yaz, m < vaz’, and a € I'. Thus

(Larxnr o p)(x,m) = sup T(Larsn(y,v), p(z, 2')]
(y,v),(z,z’)EM(x’m)

= sup w(z, 2"
(yvv)v(zvz/)eM(z,m)

< p(yaz, vaz')

< p(z, m)
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which implies (Ip7xar © ) € p. For the converse, assume the given conditions
hold, and let (z,m), (y,v) € M x M, « € T'. Since (Lpsxps 0 p) C p,

w(xay, mawv) > (Layrxar o p)(xay, mawv)

sup T[:H-MXM(CL7 b),,LL(C, d)]
(azb)v(cvd)EM(xay,mav)

> T[Larsene(z,m), u(y, v)]
= M(yav)'

Now let (z,m), (y,v) € M x M and z <y, m <v, and o € I'". Then

w(x,m) > p(ray, mav)

= sup T (y,v), w(y, v)]
(yvv)v(yvv)eM(zay,mav)

= :u'(yv ’U)

which implies u(x,m) > u(y,v). It now follows that u is a T-fuzzy left ideal of
M x M. O

Theorem 2.4. Let M be an ordered I'-semiring. M x M is reqular iff AUB =
AN B for any right ideal A and left ideal B of M x M.

Proof. Let A and B be right and left ideals, respectively of M x M, where M is

a regular ordered I'-semiring. Obviously,

AI'B C AnB.

Let (z,m) € AN B. Since M x M is regular, there exists o, f € I', and (y,v) €
M x M such that z < zayfz and m < mavpm. Since (ray, mav) € A and
(z,m) € B, then

(zayBz, mavBm) € AT'B.

Thus, (x,m) € AT'B, which implies ATB = AN B.
Conversely, suppose that AI'B = A N B for every right ideal A and left ideal

http://www. earthlinepublishers.com



T-Fuzzy Ideals in Coupled Ordered I'-Semirings : Some Properties 385

Bof M x M. Let (x,m) € M x M, and I be the right ideal generated by (x,m),
and J be the left ideal generated by (z,m). Then (x,m) € INJ = IT'J. Thus,

Tr=zxay =20z

and

m = mov = 2 fm

for a, B €T, (y,v),(2,2") € M x M. So

x = xayQzfz
and
m = mavQz fm
for some 2 € I'. Hence, M x M is regular. 0

Theorem 2.5. Let M be an ordered I'-semiring. Then M x M is regular iff
Ao = AAp for any T-fuzzy right ideal A and T-fuzzy left ideal p of M x M.
Proof. Let M be an ordered I'-semiring, A and p be T-fuzzy right and T-fuzzy
left ideals of M x M, and (x,m) € M x M. Then

(Ao p)(xz,m) = sup T[A(y,v), u(z,2)].
(y’”)v(z’zl)eM(m,m)

Since r < yaz and m < vaz/,

p(x,m) > plyaz,vaz’) > p(z, 2').
So

Az, m) > Myaz,vaz') > Ay, v).
Thus

This implies

(Ao p)(x,m) = sup Ty, v), u(z,2)]
(yvv)v(zvz/)eM(z,m)

< TN (z,m), p(x,m)]
= (AA p)(x,m).
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Thus Ao C A A p. Now let (x,m) € M x M. Since M x M is regular, there
exists o, 8 € T, (a,b) € M x M such that z < xaafz and m < mabBm. Suppose
(y,v),(2,2) e M x M, QeTl, z<yQz and m < vQz/, then

Az, m) > MyQz,vQz2") > Ay, v)

which implies
plz,m) > p(yQz, vQ2') > u(z,2').

On the other hand
T[A(y,v), (2, 2')] < T[AN(zaa, mab), p(z, m)]
which implies

(Aop)(z,m) = sup TA(y,v), (2, 2')]
(yvv)v(zvz/)eM(z,m)

> T[\(zaa, mab), u(z, m)).
Thus

(Ao p)(x,m) > T[AN(zaa, mab), u(x, m)]
> TA(z,m), p(x,m)]
= (AA p)(,m).

So AA € Ao pu, which implies Ao u = A A pu. Conversely, suppose Aoyt = AA
for T-fuzzy right ideal A and T-fuzzy left ideal p of M x M. Let A and B be right
and left ideals, respectively, of M x M. Then 14 and 1p are T-fuzzy right and
left ideals of M x M, respectively. Thus,

lgolgp=14A15.

Obviously, AI'B C ANB. Suppose (z,m) € ANB, then, 14(z,m) = 1p(x,m) =1
implies
(]lA VAN HB)(ZU,m) = T[]lA, ]lB] = T[l, 1] =1

http://www. earthlinepublishers.com



T-Fuzzy Ideals in Coupled Ordered I'-Semirings : Some Properties 387

which implies (14 o 15)(z,m) = 1. Consequently, there exists (a,a’) € A and
(b,b') € B such that z < aab, m < d'ab’, and (aab,d’ab’) € AT B, which implies
(xr,m) € AI'B. Thus, A'B = AN B. It now follows that M x M is regular by

the previous theorem. O

Theorem 2.6. Let M be an ordered I'-semiring. If p and X\ are T-fuzzy left
k-ideals of M x M, then pu A X is a T-fuzzyy left k-deal of M x M.

Proof. Let M be an ordered I'-semiring, u and A be T-fuzzy left k-ideals of M x M.
Further, let (x,m), (y,v) € M x M, and a € T'. Observe we have the following

(AN (x+y,m+v)=Tux+y,m+v), Nz +y,m+v)]

[
> T[T [z, m), p(y, v)], T[A(z, m), Ay, v)]
= T[T [u(z, m), Ax,m)], T[u(y, v), Ay, v)]]
= T{(u A A (@, m), (A A (y, v)]-

Since p and A are T-fuzzy left k-deals we have p(zay,mav) > p(y,v) and
AMzay, mav) > Ay, v). Thus,

(1 AN (zay, maw) = Tp(ray, mav), A(zay, mav)]
> Tlp(y, v), Ay, v)]
= (u ANy, v).

Suppose (z,m), (y,v) € M x M with z <y and m < v. Then p(z,m) > u(y,v)
and A\(zx,m) > A(y,v). So,

(:u A )\)(.CI}, m) = T[:u(xv m)v )\(.%', m)]
> Tlu(y,v), Ay, v)]
= (LA A)(y,v).

Thus, pu A X is a T-fuzzy left ideal of M x M. Since p and A are T-fuzzy left
k-ideals,
p(x,m) = Tlu(z +y,m +v), u(y, v)]
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and
A@,m) > T+, m + ), A(y, )]
for all (x,m), (y,v) € M x M. So
Tlp(z, m), Az, m)]
TT[p(z +y,m + ), ply, v)], TNz + y,m +v), Ay, v)]]
=T[T[u(z +y,m+v), Az +y,m + vv)], T[u(y, v), A(y, v)]]
=T{(u AN +y,m+v), (LA (y,v)].
So u A A is a T-fuzzy left k-ideal of M x M. O

(1 A Xy m) =
>

Theorem 2.7. Let M be an ordered I'-semiring. A fuzzy subset p is a T-fuzzy
left k-ideal of M x M iff pI' is a T-fuzzy left k-ideal of M x M provided t-norm

T is a combined translation.

Proof. Let t-norm T be a combined translation, u be a T-fuzzy left k-ideal of
M x M, (x,m),(y,v) € M x M, and o € I". Observe we have the following

uf(m—i—y,m—i—v):,u(:c+y,m+v)+a
Tlp(z,m), uly, v)] + a
Tlp(x,m) + a, p(y, v) + al
Tlug (x,m), g (y, )]

and
pl (zay, mav) = p(zay, mav) + a
> p(y,v) +a
= 11g (y,v).
Also

uT (@,m) = p(z,m) +a

Tz +y,m+v), u(y,v)] +a
Tlp(z +y,m+v) + a, u(y,v) + a
T[

Vv

pa (x4 y,m+v), pud (y,0)].
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Now suppose (x,m), (y,v) € M x M, z <y and m < wv. Then p(x,m) > u(y,v),
and thus u(z,m) +a > p(y,v) +a. So, ul(x,m) > ul(y,v). Hence ul is a
T-fuzzy left ideal.

Conversely, suppose that ul is a T-fuzzy left k-ideal. Then obviously u is a
T-fuzzy left ideal. Let u(y,v) =t and p(z +y, m + v) = tg, and

t= min{tl,tg} > T(tl,tQ).

Then (y,v) € p, (x +y,m +v) € p. Since py is a k-ideal (z,m) € py which

implies
p(x,m) =t
= min{tq,ta}
> T(t1,t2)
= Tlu(y,v), p(x +y,m +v)].
It follows that u is a T-fuzzy left k-ideal of M x M. O

Theorem 2.8. Let M be an ordered I'-semiring. A fuzzy subset u is a T-fuzzy
left k-ideal of M x M iff ubT 18 a T-fuzzy left k-ideal of M x M provided t-norm

T is a combined translation and b € [0, 1].

Proof. Let M be an ordered I'-semiring, u be a T-fuzzy k-ideal of M x M, t-norm
T be a combined translation, (x,m), (y,v) € M x M, and a € I'. Observe we
have the following
! (z +y,m+v) = bu(z + y,m + v)
> 0T [p(z, m), p(y, v)]
= T'[bp(z, m), bp(y, v)]
= Ty (x,m), " (y, v)]

and

w! (way, mav) = bu(zay, mav)
> bu(y, v)
=y (y,v).
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Also

! (z,m) = bu(z, m)
> 0T [p(x 4y, m +v), u(y,v)]
=T[bu(z +y,m+v),bu(y,v)]
= T (z + y,m +v), 1! (y, ).

Now if x < y, m < v, then u(x,m) > u(y,v), and thus bu(z,m) > bu(y,v). So
M (z,y) > pM(y,v). Hence pi is a T-fuzzy left k-ideal of M x M. O

Theorem 2.9. Let M be an ordered I'-semiring. If p is an imaginable T fuzzy
left k-ideal of M x M, then u is a fuzzy left k-ideal of M x M.
Proof. Let M be an ordered I'-semiring, u be an imaginable T-fuzzy left k-ideal
of M x M, (x,m),(y,v) € M x M, and « € T". Since p is imaginable,
min{u(z,m), u(y,v)} = Tlmin{u(z, m), p(y, v)}, min{p(z, m), p(y, v)}]
< Tlu(x, m), u(y, v)]
< min{pu(z,m), u(y,v)}.

Thus
Tu(z, m), p(y,v)] = min{p(z, m), p(y,v)}.
Now
(@ +y,m+v) > Tlu(z,m), pu(y,v)] = min{p(z, m), u(y,v)}
and

p(xay, mav) = p(y,v).
If x <y and m < w, then p(z,m) > u(y,v). So
p(z,m) = Tlp(z +y,m+ ), p(y, v)] = min{u(z + y,m +v), u(y, v)}-
Hence the result. O
Theorem 2.10. Let M be an ordered I'-semiring, and u be an imaginable T'-fuzzy

left k-ideal of M x M. If i is a T-fuzzy left k-ideal, then p X @ is an imaginable
T-fuzyy left k-ideal of M? x M?.
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Proof. Let M be an ordered I'-semiring, and p be an imaginable T-fuzzy left
k-ideal of M x M, and ((z,m), (x,m)) € M? x M?. Obviously, u x p is a T fuzzy
left k-ideal of M2 x M?. Now

T(p x u)((w m), (z,m)), (u x p)((z,m), (z,m))]
= T[T [p(z,m), plz, m)], T{p(z, m), p(z, m)]]

T[ (z, m), (w m)]

= (e x p)((z,m), (x, m))

which implies 1 x p is imaginable. On the other hand

x p)((z,m), (,2))

[

[T (u(x +y,m +v), w(y,v)), Tlu(z +y, 2" +v), u(y, v)]]
[Tlu(z +y,m+v), u(z +y,2" +0)], Ty, v), u(y, v)]

(e x p)(x +y,m+v), (z+y,2" +0)), (10 x w)((y,v), (y,v))]

for all ((z,m),(z,2")) € M? x M? and (y,v) € M x M. Thus, g x u is an
imaginable T-fuzzy left k-ideal of M? x M?. O

Theorem 2.11. Let M be an ordered I semiring. A fuzzy subset p is a T-fuzzy
quasi ideal of M x M iff

pa,m) =T swp oplye), suwp (=)
(yfz)v(vvz/)eM(m,m) (y,z),(v,z’)GM(%m)

for all (x,m) € M x M.

Proof. Let M be an ordered I'-semiring, and u be a T-fuzzy quasi ideal of M x M.
By definition
pa,m) = 1o Ty Ay o ul, m)

iff

,u(:v,m) 2 T[,u © HM(x7m)a Ly o M(x7m)]
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iff

p(x,m) > T

sup (T[u<y,v>,nmz,z/)LTmM@,v),u(z,z’)])]

(yvz)’(”’z,)eM(x,m)
iff
/“L(xv m) =T |: sup M(yv U)’ Sup(y,z),(v,z’)GM(m’m):U’(Zv Z/):|

for all (x,m) e M x M.
g

Theorem 2.12. Let M be an ordered I'-semiring. Every fuzzy bi-ideal of M x M
15 a T fuzzy bi-ideal of M x M.

Proof. Let M be an ordered I'-semiring, p be a fuzzy bi-ideal of M x M,
(z,m), (y,v),(z,2") € M x M, and a, § € T'. Observe, we have the following

pw(x +y,m +wv) > min{u(z, m), u(y,v)}
> Tlu(x,m), u(y, v)].

Also

p(zayBz, mavgz') > min{u(z, m), u(z, 2') > Tlu(z,m), p(z, 2)]
which implies p is a T-fuzzy bi-ideal of M x M. O

Theorem 2.13. Let M be an ordered I'-semi ring. Every fuzzy interior ideal of
M x M is a T-fuzzy interior ideal of M x M.

Proof. Let M be an ordered I'-semiring, and p be a fuzzy interior ideal of M x M.

Since
min{u(z,m), u(y,v)} > Tlu(x,m), u(y,v)],

w is a T-fuzzy interior ideal of M x M. O
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3 Concluding Remarks

In the present paper we introduced notions of T-fuzzy ideal, T-fuzzy quasi ideal,
T-fuzzy bi-ideal, and T-fuzzy interior ideal and obtained some related properties

in coupled I' semirings.
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